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1. — As we showed in a paper that was included in the fissidie of the year 1900
of this collection, a material system is characterizg the function:

S=1% mJ?,

in whichJ denotes the acceleration of the point of mmasdJpon calling the parameters
01, %, ---, On , Whose virtual variations are arbitrary, the funct®will be a function of

degree two ing;, @, ..., g, that one can suppose to be reduced to only the terufs in
O, ---, .. The coefficients of that function can depend uggrp, ..., g, , and some

other parameters whose virtual variations are given lif@anogeneous functions of the
variations ofg;, O, ..., gn . FOr an arbitrary virtual displacement that is imgoggon the
system, the sum of the works done by the applied foiitée:

Ql dl{l"’QZd:{Z"' +Qn d:{n-

Moreover, the equations of motion are written:

a—?zQa (a=1,2,...n).
aq

De Saint-Germain proposed [Comptes rendiBf) (1900), pp. 1174] to call the
function Sthe energy of acceleration, by analogy with the termsgnetic energy or energy
of velocity that are given to one-half thesviva T.

We now propose to show that the funct®oan be chosen arbitrarily as a function of
the parameters under only certain conditions on the ds@®q’, d,, ..., q and g,

O, ---, g,. If the functionSis supposed to be known then we will show how one can

deduce the correcting terms in the Lagrange equationsallygiwe will give some
indications of how one applies transformation methodghe problems of dynamics to
which the Lagrange equations do not apply.

We suppose, to simplify, that the constraints do npede upon time and that the
coefficients ofS contain onlyq, O, ..., On.
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2. — From the expression f&@that was given in the preceding paper:
S=1Y m(x?+y'?+7'%,
that function will have the following form:
1) S=¢(q Uy, ) TP A+, Ao H Y, O

in which ¢ is a quadratic form in thg”:

2 é(a),-. ) = > a4 (8 = &)

whose coefficients;; are supposed to depend upon anlydp, ..., 0., and in whichy ,

¢, ..., ¢n, are quadratic forms i, q,, ..., g, whose coefficients also depend upon
di: G2y ---»On-

One-half thevis viva of the system:
T= %Zm(xrz +y12+212)

is a quadratic form in the, g, ..., g, whose coefficients are the same as the one in the
form ¢, in such a way that:

3) T=¢(q. &%, - q)=D.3dd.

That results from calculating with the two functicsandT. In order to simplify the
notation, we set:

g(q, &Gy s qy) =2,

$(q, & -y ) = 1.
One will then have:

S=¢,+, i+, ot + Y, qp,
(4) { 2 1M1 2H2

T=¢.
3. Necessary conditionsthat Smust fulfill. — As is easy to show, and as we showed
at the end of the preceding paper, one will have:

(5) d_T:Eqi+§q’+...+§q’
;oo ¢ gy

Let us see what the identity gives from the formso{4g andT. It will become:
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'a¢2 'a¢2 Ia¢2 ] ] ]
2 p g T2 44 + + +oo 4
(6) ql aqi’ q2 aq; qn aq: wlql [/lzqz [/In qn
_ .00 ,0¢ 00, 00, 09, , 09,
=0 i SR L o SRR + + +o+q 2
Yoq %aq o Moq o) "o

identically. The right-hand side of this is the depeld expression fadT / dt that would
result fromT by the intermediary oy, @, ..., Q,, Gi, Oz, ..., . Now the first part of

the left-hand side of (6) is identical to the first tpaf the right-hand side, from an
elementary property of quadratic forms. The identity@il)then reduce to:

. : y_ 409 09 , 09
7 + +.ot =g2+q 2+..-+9 2.
( ) ‘/’1 ql ‘/’qu [/In qn ql aqi’ q2 aqg qn aq;

That relation must be true for anqy, ¢, ..., 0, ¢, O, ..., G,. It then establishes

necessary conditions between the coefficients of fonens ¢a, ¢, ..., ¢h and the
coefficientsa;; of ¢, . To abbreviate the notation, we shall denote wee gides of the
identity (7) by the same symbol. When one sets:

09, . 99 0, o _ oy , :
8 E=""g+ 29 +...+ 1 = + +... 4 ,
(8) aqlql aq, g, 2, O = td,0q; &, a,
the functionE will be a cubic form in they, q, ..., ..

4. Correcting terms in the Lagrange equations. — Suppose that the identity (7) is
fulfilled and look for an expression for the difference:

d(aT) oT _as
e

9 N = — - 7=
®) " dq, oc

Since we have s@t= ¢, , we will have:

2 2 2
E a_-rr :a?; qi’+ al¢1l q;+”.+ al¢ll q:
dt\dq ) O 00,00, 0q,0q,
Wk q + ki) q2+---+—62¢1 G
0qy0q; —  00;0q'2 0q,0q,

becausegl, or% depend upohby the intermediary o€}, d,, ..., 9, 01, G2, ---, On -
% %
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Upon specifying the first row and taking the expressiorEfamto account, one can
write:
0E 0¢,

d(oT
el B :2 n+a n+”.+a " +—= 2"
dt(aqij (allql 12q2 hqn) aqi aql

On the other hand:

oT _ 04,
0g, 0
oS

Pk 2(811QI+312Q"Z+"'+% q:)'“/’:-
g

After reduction, the difference (9) that was callgdwill then become:

OE _0¢
N=——-2-21 -y
! oq, 0q, &

Upon setting:

a

. d [61‘} oT  aS

“dt\oq, ) aq, o)
one will have:
(10) p=E 2% _y,
dq, 0q,

Having said that, the equations of motion will be:

aq
One can then write:
d( oT oT
11 — —|-— = + A a=1,2,...n),
(11) dt[aq;j 20, Qo+, ( )

in which the terml\, is expressed by the quantity in (10). Those dti@sf\, constitute
what one can call theorrecting terms in the Lagrange equations. One sees that the
Lagrange equations can apply to the system whesettermsA, are identically zero.
That situation will come about when the system m@red is subject to constraints that
can all be expressed in finite form and the paramsetre true coordinates. Following
Hertz, one then calls the systéoionomic.

If the system is not holonomic then the motiortitedf system is the same as that of a
holonomic system that admits the saveviva 2T as the first one and is subjected to
forces:
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Qi +A, Q+Ay, vy Qnt+ A

The fact that a non-holonomic system and a holoo@ystem can have the saihe
identically can be proved by a simple example that we gathe Journal fur die reine
und angewandte Mathematibunded by Crelle, v. 122, pp. 205.

3. Vis viva equation: verification. — If the constraints are independent of time then
thevis viva equation will be:

dT . . '
(12) E:Q1Q1+Q2q2+”'+ann'
In order to deduce that equation from (11), one must rulthe first of those
equations byq,, the second byg,, ..., and the last one by,, and then add them
together.

One will then get equation (12), because one will have:
(13) A g +A,0,+-+4,q, =0
identically.

Indeed, from the expressions (10) for the quantiigsand the definition oE [viz.,
equation (8)], one will have:

! ! |- ] aE 1 aE
A q+A,Qy+--+A, Q= qla—oﬂ,+---+qna—q,n—3E-
However, sinceéE is homogeneous and of degree threging,, ..., q,, the right-hand

side of that is zero identically, from the theoremhomogeneous functions.

6. Application of transformation methods. — We conclude by indicating a problem
that presents itself naturally. If the componentthefforce€Q;, Q, ..., Q, depend upon
onlyai, 9z, ..., 0n , @and not upon the velocities then the right-handssideéhe equations
of motion (11) can nonetheless contain the velocitigbe termd\, when the system is
not holonomic: Those terms have degree twqindg,, ..., g, .

Can one make the terms of that nature disappear by performing a change of variables
that involves the parameters and time?

In particular, one can try a transformation of fitwem:
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P, = (o0 0)  @=12,.. 1)

(14) dt=1(q,q,,...,0,)dt,,
, _dp,
Po = at, '

in whichf, andA are functions o, 02, ..., On, Ps are the new parameters, ands the
new time. From a calculation that we made in aiclar“Sur des transformations de
mouvement” (Crelle’s Journal, v. 110, pp. 37), the equatidbmsovion (11) will take the
form:

d(odT, | T, S
15 Bl e S L NG JUE 'Q +A),
(15) dt(ap'zj op, e iZ:l‘,Rg(Q. )
in which ®, is a quadratic form inq, @, ..., ¢, and in which theR! depend upon
only theq:, g2, ..., gn. One can make the derivatives in the right-hadd disappear,

moreover, if one can specialize the transformaticsuch a way that one has:

(16) ¢a+iR;Ai:o @=1,2,..n)

identically.

Those conditions, whose left-hand sides are qtiadams inq;, d,, ..., ¢,, must
be true no matter what those derivatives are, sm igguating the coefficients of the
various powers ofq, q,, ..., g, to zero, one will get a larger number of defining

equations for the functiorfs, f2, ..., f,, andA. Those equations will generally be quite
numerous, and the problem can be solved only feciapsystems.




