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On spaces with an arbitrary number of dimensions
(By prof. ENRICO BETTI, in Pisa)

Translated by D. H. Delphenich

Let z1, 2o, ..., zn be n variables that can take on all real values from — o to + o. The n-fold
infinite domain of systems of values of those variables is called an n-dimensional space and will

be denoted by Sy . A system (z,23,...,2°) will determine a point Lo of that space, and 27, z2, ...,

z° will be called the coordinates of that point.

A system of m equations will determine a domain of systems of values of n — m independent
variables that will be a space Sh-m of many dimensions that is contained in S, . A space of only one
dimension that forms a simple continuum will be called a line.

Let:

F(z1,22,...,20) =0 (1)

be the equation of an (n — 1)-dimensional space Sp-1 . If the function F is continuous and has just
one value for all real values of the coordinate then the space Sn-1 will generally separate Sy into
two regions, in one of which one will have F < 0, and in the other F > 0. Moreover, one cannot
continuously vary the system of values of the coordinates of a point in the first region and pass to
a system of values of the coordinates of a point in the other region without passing through a
system of values that satisfies equation (1). The two regions will be two n-dimensional spaces that
are bounded by the space Sn-1. If one can always pass from the system of values of the coordinates
of an arbitrary point in one of the two regions to the system of values of the coordinates of any
other point in the same region by a continuous variation without passing through the values of a
point in Sy-1 then one will say that the region is a connected space.
Let:

z, =z,(u,U,,...,u,,),
z,=12,(u,u,,...,u, ,),

.............................. )

z,=12,(u,u,,...,u. ;)
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be such continuous, single-valued functions that will satisfy equation (1) identically when they are
substituted. The space Sn-1 can be regarded as the domain of the systems of values of the n — 1 real
variables ui, Uz, ..., Un-1 .

It is obvious that Sy-1 will satisfy the n — 1 equations:

d_Fdzl +d_F£+...+d_FdZ” =0, (3)
dz, du, dz, du, dz, du,

which are obtained by taking m to be the numbers 1, 2, ..., n — 1, in succession.
Let A1, Ao, ..., An denote arbitrary indeterminate quantities and set:

dz, dz dz,
A du, du, du,
A, dﬁ dz, dz,
du, du, du, ,
A= . S (4)
dz, dz dz
A n oo n
du, du, du, ,

2 = Z(STFJ , ©)

m=1

One will then get from equations (3) that:

— == 7
dz, M dA, ()

Now let L be a line that is determined by the equations:
71 =11 (), 22 =12 (1), ceny Zn=h(). (8)

If equation (1) is satisfied by only a finite number of real values of t when those values are
substituted then the line L will intersect the space Sn-1 at only a finite number of points. Let To be
one of those points of intersection that corresponds to t = to . One will have:
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F (I1 (to), I2 (to), ..., In (o)) =0.
Now consider the two points of L that correspond to:

t=t+ oo,
t=t— oo,
in which & is an infinitesimal.
For the first of those values of t, the function F will become:

- st Z dF dI
and for the second one:

5'F =t ZdF dl,
o dz, dt,

Recalling equations (7), one will get:
sF= “Ps

M
5 (©)

S'F = ‘K/I St,,

in which D is the determinant A when the quantities dly / dto are substituted for the Am .

If one now takes the radicals that give positive signs to # and M and conveniently fixes the
ordering of z1, z, ..., zm While traversing the line L by continuously increasing t then one can
deduce from equations (9) that if D > 0 when L intersects Sp-1 at the point To then one will leave
the region in which F < 0 and enter the one in which F > 0, and conversely, if D < 0 then one will
leave the region in which F > 0 and enter the one in which F <0.

If one sets:

ds? = dz/ +dzZ +---+dz? ,

and dsy is the line element on S, (in which case, RIEMANN called the space S, planar) then the
line element dsn-1 in the space Sy-1 will be given by the formula:

ds?, = > > E,du, du,,

in which:

Ers= Zﬁﬁ,

and from a known property of determinants, one will have:
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E11 E12 o El,n—l
E E o E,

- dA 2_:12 :22 :2,1 0
El,n—l E2,n—1 En—l,n—l

dSh=dz1 dz; ... dzm
is the spatial element of S then the element of Sh-1 will be:

dSn-1=Mduz duz ... dun-1 . (12)
Now let:
Fi(ui,uz,...,ur1)=0

be the equation of a space Sn-2 that is contained in Sy-1 . If F1 is a continuous function and has just
one value then S, will generally separate Sp-1 into two regions, one of which will have F1 <0 and
the other of which will have F1 > 0. One can regard Sy-2 as the domain of n — 2 real variables, and
one can repeat everything that was said for Sp—> . The line element will always be a homogeneous
form of degree 2, but the coefficients will have a different form, as well as the coefficient M by
means of which one obtains the spatial element of Sy—> . Analogous observations will be true for
spaces with a lower number of dimensions.

One says that an (n — m)-dimensional space Sn-m is linearly connected if one can take any two
points in it and pass a continuous line that goes from one of those points to the other without
leaving Sh-m. Say that a space Sn-m is closed if one can divide S, into two linearly-connected spaces
in such a way that when one is given one of them, one cannot pass a continuous line from any
point to another that does not intersect Sp-1 . One says that a linearly-connected space is closed if
it divides a closed space Sn-1 into two regions, each of which is linearly connected and is such that
one cannot pass a continuous line that is entirely contained in Sy-1 from one of them to any point
in the other that does not intersect Sy-2 , and so on.

However, instead of considering just one, now consider an arbitrary number of inequalities:

Fi<0, F2<0, .., Fm<O,
which will determine a subset R of a space S; that can be linearly connected. The totality of those

(t—1)-dimensional spaces:
Fi1=0, F=0, ..., Fm=0
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that bound R in such a way that one can pass a continuous line from any point of R to a point
outside of R that does not intersect any of those spaces can be called the contour of R.

One says that a space is finite if the coordinates of all of its points have finite values.

A space is either finite and linearly connected or closed or it will have a contour.

A finite space has properties that are independent of the magnitude of its dimensions and the
form of its elements. Those properties that refer to only the way that its parts are connected were
considered by LISTING for ordinary spaces in a treatise that was entitled “Der Census rdumlicher
Complexe” and were determined for surfaces by RIEMANN.

Other than the linear connections, which are the only ones that present themselves in surfaces,
| have observed that one can consider other types of connections in spaces with a number of
dimensions that is greater than two.

If any closed m-dimensional space (with m < n) in an n-dimensional space R that is bounded
by one or more (n — 1)-dimensional spaces is the contour of a subset of an (m + 1)-dimensional
linearly-connected space that is completely contained in R then it will be (m + 1)-dimensional
connected, and one will simply say that R has a connection of the m™ kind that is simple. If all of
the connections in a space R are simple then one says that it is simply connected. However, if one
can imagine a number pn of closed m-dimensional spaces in R that do not form the contour of a
linearly-connected subset of an (m + 1)-dimensional space that is completely contained in R and
is such that any other closed m-dimensional space forms, by itself or with all or part of the contour,
the contour of a linear-connected subset of an (m + 1)-dimensional line that is contained completely
in R then one will say that R has a (pm + 1)"-order connection of the m™ kind.

Examples. — In the ordinary space, the space that is found between two concentric spheres has
a second-order connection of the second kind and a simple one of the first kind.

The space inside an annulus has a simple connection of the second kind and a second order
connection of the first kind.

Both connections in the space between a sphere and an annulus have second order.

In order to justify the definition that was given for the various kinds of connections, it is
necessary to prove that the number pm is well-defined for any bounded space R —i.e., that no matter
how one defines the m-dimensional spaces that possess the stated property, the number of them is
always the same. We will base that upon the following lemma, as RIEMANN did in order to prove
the corresponding theorem that relates to surfaces:

If a system of closed m-dimensional spaces A, along with another system C, forms the contour
of a linearly-connected (m + 1)-dimensional space Sm+1 that is contained completely with R, and
if another system of closed m-dimensional spaces B, along with the system C, forms the contour of
a linearly-connected space S, ., thatis contained completely in R then the system A, together with

m+1
the system B, will form the contour of a linearly-connected (m + 1)-dimensional space that is
contained completely in R.
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’
m+1

Indeed, the two spaces Sm+1 and S, ., will either be on opposite sides of the contour C or on the

!
m+1

same side. In the former case, the contour of the space that is composed of Sm+1 and S, ., will be

!

the system A, along with the system B. In the latter case, if one removes S, ., from Sm+1 then what
will remain will be a space whose contour is the system A, along with the system B.

If t closed m-dimensional spaces A1, Ao, ..., A, by themselves or with any other closed m-
dimensional space, cannot form the contour of a linearly-connected (m + 1)-dimensional space
that is contained completely in R, and if another system of t”closed m-dimensional spaces Bi, B>,
..., Bt possesses that property then one will have t =t”.

Indeed, suppose that t’>t . If C is any closed m-dimensional space then either the system (As,
Ao, ..., Ay, C)or the system (A1, Az, ..., Ay, B1) will form the contour of a linearly-connected m-
dimensional space that is contained completely in R. Therefore, either the system (A2, As, ..., A,
C) or the system (A, As, ..., Ay, B1), together with Az, will form the contour of a linearly-connected
(m + 1)-dimensional space that is contained completely in R, and as a consequence, from the
preceding lemma, the system (A2, As, ..., Ay, C), along with the system (A, As, ..., Ay, B1) —i.e.,
the system (B1, Az, As, ..., A, C) — will form the contour of an (m + 1)-dimensional space that is
contained completely in R. Therefore, when the system (By, A1, Az, ..., At) is united with any closed
space C, it will form the contour of a linearly-connected (m + 1)-dimensional space, and if one
now continues to substitute one of the spaces B for one of the spaces A, in succession, then one
will finally have that the system (B, Bo, ..., Bt), along with any closed space, and therefore also
with Be+1, will form the contour of a linearly-connected (m + 1)-dimensional space that is contained
completely in R, but that will contradict what we have supposed when t”> t. One likewise proves
that one cannot have t > t” Therefore, t = t’, which was to be proved.

4.

When one supposes that the connection of a bounded space R is routed along a space with a
lower number of dimensions that has its contour on the contour of R, one says that one has made
a transverse section in R.

If one is given an m-dimensional space and one separates from it an infinitesimal part with an
infinitesimal (m — 1)-dimensional space for its contour then one says that one has made a point
section.

If a bounded space R can be reduced to another one R “without making any transverse section,
and only by means of continuous enlargements and reductions of its parts, then one will say that
R can be reduced to R”by continuous transformation.

Two bounded spaces R and R’ that can be reduced to each other by means of continuous
transformation will have equal orders for their connections of each kind. Now, a point is simply
connected, so any space that can be reduced to a point by continuous transformation will be simply
connected.
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One can always make a space with a contour lose one dimension by continuous transformation.

Indeed, let R be that space, let m be its number of dimensions, let C be its contour, let Sm be
the space that it belongs to, and let us, uy, us, ..., um denote a system of coordinates in S, . Imagine
an (m — 1)-fold infinite system of lines that occupies all of Sm continuously. For example, take the
lines whose equations are:

u2=az, Us = as, eery Um-1=am-1,

where az, as, ..., am-1 take all values from — o« to + oo, and consider only that part of the system
that contains the lines that meet the contour C of R. When each of those lines is continued by
increasing uy until it meets C, where it enters R many times and leaves it just as many times, one
can approach each entry point indefinitely with the following exit point and thus make R lose one
dimension, as we wished to show.

One can always make a closed space lose one dimension by continuous transformation after
one has made a point section.

Indeed, after making a point section, the space will acquire a contour, and therefore, from the
previous theorem, it can always lose one dimension by continuous transformation.

If one makes only one point section in a closed m-dimensional space R then that will not change
the orders of its connections. However, if one makes s + 1 point sections then the order of the

(m-2)" kind will increase by unity, while the higher orders of connections will not change.

Indeed, let o + 1 be the order of the connection of the (m — 1) kind in a closed m-dimensional
space R. One can imagine a system A of « closed (m — 1)-dimensional spaces in R that form the
contour of a subset of R, not by themselves, but with any other closed (m — 1)-dimensional space
C. Since R is closed, the system A, together with C, will divide it into two separate regions, R “and
R ”that both have the same contour — i.e., the system A, along with C. Now if one makes a point
section in R then it will be in one of the two regions; suppose that it is in R’ It is then clear that the
system A, along with C, will no longer form the entire contour of R, but rather, it will always
comprise the entire contour of R” Therefore, the order of the connection of the (m — 1) kind of R
will not change under just one point section. However, if one makes two point sections in R then
one can always take C in such a way that one of those points is in R”and the other is in R”, so the
system A, along with C, will no longer form the contour of part of R, and it will be necessary to
add another closed (m — 1)-dimensional space in order to get the entire contour from part of R.
Therefore, one can increase the order of the connection of the (m — 1) kind of R with two point
sections. One proves analogously that that order will increase by 2, 3, ..., Sunits with 3,4, ..., s+
1 point sections, resp.

Now let 3+ 1 be the order of the connection of the (m —t — 1) kind of R, where 0 <t < m.
One can imagine a system of closed (m — t — 1)-dimensional spaces in R that does not form the
contour of an (m — t)-dimensional space T that is contained completely in R by itself. Let as many
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point sections as one desires be made in R, but still a finite number of them. With the given contour,
one can always arrange that T does not pass through any of those point sections. Therefore, an
arbitrary finite number of point sections will not change the orders of the connections of the kinds
that are lower than the (m — 1),

Since one does not change the orders of the connections of a closed space R by making just
one point section, in order to determine those orders, it will make no difference whether one
regards R as closed or as having an infinitesimal contour. Thus, one can always regard a finite
space as being bounded by a contour, and therefore one can always make it lose one dimension by
continuous transformation without changing the orders of its connections.

In order to make a finite space n-dimensional space R simply connected by means of simply-
connected transverse sections, it is necessary and sufficient to make pn-1 linear sections, pn-2 two-
dimensional ones, pn-3 three-dimensional ones, ..., and p1 (n — 1)-dimensional ones, if the orders
of its connection of the 1%, 2", ..., (n—1)""kind are p1 + 1, p2+ 1, ..., pn1 + 1, respectively.

Indeed, let pn-1 + 1 be the order of the connection of the (n — 1)"" kind of R. One can imagine a
system A of closed (n — 1)-dimensional spaces in it that do not form the contour of part of R, but
they will form it with any other closed (n — 1)-dimensional space. One will then have more bounded
regions, each of which will have a contour that is all or part of the system A and part of the contour
of R. Hence, when one makes that region lose one dimension by a continuous transformation, it
will reduce to the system A, which is connected along (n — 2)-dimensional spaces. Thus, R can
reduce to an (n — 1)-dimensional space R1 by continuous transformation, which is a space that is
composed of pn-1 closed (n — 1)-dimensional spaces A that are connected with each other by (n —
2)-dimensional spaces, and R will have the same orders of its connections of the (n — 2)™, (n —
3)™, ..., 1°kind as R. Now, without changing the orders of the connections of R, one can make as
many point sections as the number of closed spaces that comprise it — i.e., pn-1 . Let R/ be the

space R1 in which those point sections are made.
If one reduces R/ to R by continuous transformation then the point sections will acquire one

dimension and become continuous lines that go from a point of the contour of R to another point
of the same contour, i.e., they will become transverse linear sections, and therefore the orders of
the connections of kinds lower than the (n — 1) will again remain the same. Hence, one can make
only a number pn-1 Of transverse sections in R that do not change the orders of its connections of
kinds less than the (n — 1)™.

Now each of those pn-1 transverse linear sections will traverse one of the pn-1 closed spaces A,
which can at most be arranged in R such that it will not comprise the contour of a portion of R by
itself, but it will when one adds another one of dimension n — 1 to it. Therefore, after having made
that transverse section, each of the spaces A will no longer be closed, and thus any closed (n — 1)-
dimensional space will become the contour of a portion of R, and the connection of R of the

(n=1)™ kind will be rendered simple.
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Therefore, in order to make the connection of the (n — 1) kind of R simple by means of simply-
connected transverse sections without changing the orders of the connections of the lower kinds,
it is necessary and sufficient to make pn-1 transverse linear sections.

The (n — 1)-dimensional space R, to which the space R in which one makes the pn-1 transverse

linear sections is reduced by continuous transformation that has a point section in any of the closed
spaces that comprise it and an order of connection of the (n — 2)™" kind that is equal to pa—2 can lose
one dimension by continuous transformation and reduce to a space Rz that is composed of pn-2
closed (n — 2)-dimensional spaces that are connected along (n — 3)-dimensional spaces. Now one
can make at most pn-2 point sections without changing the orders of the connections of Rz . LetR,

denote the space R in which those point sections are made. When one reduces R, to Rz, the point
sections of R, will acquire two dimensions and become two-dimensional spaces that have their

contours on the contour of R and will be simply connected since they are reducible to a point by
continuous transformation, and will therefore be two-dimensional transverse sections. Let R”
denote the space R in which one makes the transverse sections in one and two dimensions. The
two-dimensional sections will make the connection of the (n — 2)"" kind simple. Hence, in order to
reduce R to a space R” that has connections of the (n — 1) and (n — 2)" kind that are simple by
continuous transformation without changing the orders of the connections of the lower kinds, it is
necessary and sufficient to make pn-1 transverse linear sections and pn-2 two-dimensional ones.
One then continues to do that for the connections of the lower kinds.

When a finite space R is reduced to a simply-connected one by means of simply-connected
transverse sections, any closed m-dimensional space that is in R that is composed of as many
closed m-dimensional spaces as the number of transverse (n — m)-dimensional sections that it
meets, the contour of an (m + 1)-dimensional space will be contained completely in R.

Indeed, if pm + 1 is the order of the connection of the m™ kind of R then any closed m-
dimensional space C, along with a system of pm closed m-dimensional spaces, will form the
contour of an (m + 1)-dimensional space S that is contained completely in R. Now, each of the
spaces A will be intersected by one and only one transverse (n —m)-dimensional section that makes
up part of the one that makes R simply connected, and therefore since each of those sections has a
contour that is on the contour of R, if C forms the contour of S, along with s of the spaces A, then
it must intersect precisely those s transverse sections that intersect those s closed spaces in the
system A.

For greater clarity, let us make some applications of that to some ordinary spaces.

The space between two concentric spheres is made simply connected by means of just one
transverse linear section that goes from a point of the outer spherical surface to any point of the
inner one.

The space inside an annular surface is made simply connected by means of just one transverse
surface section that is made along the meridian of the surface.

The space between two annular surfaces is made simply connected by means of just one
transverse linear section that goes from a point of the outer annular surface to a point on the inner
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one and by means of two transverse surface sections that both go through the linear section, one
of which is made along the meridian of the surface and one of them is made along the equator.

The space between a sphere and a ring is made simply connected by means of a transverse
linear section that goes from the surface of the sphere to that of the ring, and the other surface
section that terminates at the linear section also goes from the surface of the ring to that of the
sphere.

Suppose that one is given an n-dimensional space R that is bounded by an arbitrary number of

!

closed (n — 1)-dimensional ones. Let S, ,, S; ., ..., S, be the ones whose equations are:

Fi=0, F2=0, .., F=0,
and let R be determined from the inequalities:
Fi1<0, F.<0, cees Fi<O0.

Let X1, X, ..., Xn be n functions of the points of R that are finite and continuous. Take under
consideration the n-fold integral:

dX,
_+_+...+

Qn =
" -[ dz, dz, dz

n

[dxl dX, ]dzl &z, dz.

n

which is extended over all of the space R.
Let even indices distinguish the values of X, at the points where the line Z; that has the
equations:
Z1=a, > =a, viey  Ir1=a&r-1, ..., In=an (2)

when z; increases cross one of the spaces Sn-1 and enter into the space R in which all of the
inequalities (1) are satisfied. Let odd indices distinguish the values of X; at the points where the
line Z, crosses one of the spaces Sy-1 and leaves the space R. One will have:

| aX, dz, = X = X!+ X = X"+...
dz,

n-1

Thus:
Qn = ZI(XS_X;+Xr"—Xr"'Jr-")lede"'dzrfldzm”'dzn .
-1

Now the number of points at which the line Zr meets each of the closed spaces Sn-1 is even, and Z,
will enter into R as many times as it leaves it. For example, the space S, , will be met by Z, at the
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points 0, 2l1 + 1, 2I2, 2I3 + 1, ..., and the part of the integral Qn that refers to the points of S| ,

will be:
Q= J' (Xro _ Xr(2|2+1) " Xr(2|2) _ Xr(2|3+1)r Jr...)dz1 dz,---dz,_, dz,,---dz,

n-1

Consider S, , to be the domain of the n — 1 real variables u;, u,, ..., u; ;. One has:

021 02z ... Az dzes .. dzn = =92 duzdug .. v, |
dA

which will take the + or — sign according to whether dA / dAr is > 0 or <0, resp.
Now, as was proved in the first section, it results that one can always take the ordering of the
21,22, ...,Zm Insuch a way that the sign of dA / dAr is equal to that of dF: / dz, if the equation of

S, isF1=0.
Now, dF: / dzr <0 at the point of S/ , where Z; enters R, and dF: / dz; > 0 at the point where
it leaves R. One then has:

I X?dz dz,---dz, ,dz, ,---dz, =- I Xf’d—Adul’du;---du,;_l :
o OA

I x (2|1+1) dZ dz d r O er+]_ .o .dzn - J. Xr(2|1+l) d_A dU{ dU; b 'dul”l—l ’
) L

Thus:

Q! :—_[ X,Od—A+ sz'1+1)d—A+-~- du; duj ---du’ , ,
dA dA

or

n

Q =- I Xrtjl—Adul’du;---dur’]_1 :
dA,

n-1

which is extended over all of the space S/ ; .
One can make analogous reductions of the other spaces, and one will get:

Zj X, du duj---du’ , ZI X, du"du” du’, -

However:
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Hence:

Qn

If (z),2),...

equations:

is called the normal to the space S,ﬁﬁ’ , and since one has:

p is called the distance from the point (zz, z2, ..

Xl
X
zxrd_A: 2
dA
Xn
dz
X, Fl‘lt)
dz
X, %2
|
t .
dz,
ST
1

dF
71 — 210 :d—zéz,
1
dF
27 — Zg :d—zéf,
2
dF,
ne gy
n M

dz,
au,
dz,
du,

dz

n

du,

dz,
du®,
dz,
au,

dz,

(t)
du®

dz,
du, ,

dz,
du,,

dz,
du

n-1

® qu® ®
du;” du,’...du.”; .

,z7) is a point of S then a line that passes through that point and has the

P’ = (3, -0 +(2,-20)* +---+(z, - 2°)?,

equal to dp: then one will have:

However:

dz,

r —

dp,

dF, 1

., Zn) tO

dz, u

0 .0 0 ie infinitaci
(z,2,,...,z,). If pis infinitesimal and
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dF, _ dA u

dz,  dA M’
S0:

dz, _dA 1

dp, dA M’

Thus, when one substitutes:

- Z J' (X1%+X2%+...+XH%JM du® du®---du®, .
t n1 dpt dpt dpt

However, if dS(, is the spatial element of S, then one will have:

ds® = Mdu® dul’-.-du®”,,
so:

ZJZX fds“’ .

t S(l) r

Therefore, if:

Xr - d_V
dz,
then one will have:
Qn-j d2V+d2\2/+--- dv dr _—Zj av —ds®,
dzZ  dz dz? TS dp,
and therefore if:
dv  dv dv
ct—t+t— =0
dz; dz; dz,

in all of the space R then one will have:

> dsgz :
t

sgt

If the space R has a simple connection of the (n — 1)™ kind then any closed (n — 1)-dimensional
space C that enter into it will form the contour of a portion of R. Thus, if equation (4) is satisfied
for all R and V, along with its first derivatives, are finite and continuous then one will always have:

jd—vdc 0.

C de
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If the space R has a connection of the (n — 1) kind of order ps-1 + 1 and one passes pn-1 closed
(n — 1)-dimensional spaces Ay, Az, ..., A, through it then any closed space C that is contained in

R, together with the system A, will form the contour of part of R, and if ai, a, ..., a, are the
transverse linear sections that cross the closed spaces A, Az, ..., A respectively, and make the
connection of the (n — 1) kind in the space R simple then C will form the contour of a part of R
in which the spaces of the system that are crossed by the sections a will meet C.

Then set:

——dA =M,

dv
Ie

and one will have:

J'—dC =0,

in which the sum extends over all values of r that are indices of the transverse sections that meet
C, and one will have the following theorem:

If the space R has a connection of the (n — 1) kind of order p, + 1 and that connection can be
made simple by transverse linear sections, and if C is a closed (n — 1)-dimensional space that is
contained in R then the integral:

—dC
¢ dpc

will differ from zero by as many moduli of periodicity as the number of transverse linear sections
that cross the space C.

Since two (n — 1)-dimensional spaces that have the same contour together form a closed space,
one will further have the following theorem:

If one is given a closed (n — 2)-dimensional space in an n-dimensional space R that has a
connection of the (n — 1) kind of order pa-1 + 1, and the former space can make that connection
simple by means of pn-1 linear sections then when the previous integral is extended over a space
C that has I" for its contour and meets s transverse linear sections, it will differ from the same
integral, when it is extended over a space C’that has the same contour and does not meet any
section, by moduli of periodicity that relate to those sections, and therefore if the space R has a
simple connection of the (n — 1) kind then the integral will always have the same value when it is
extended over any space C that is contained in R and has I" for its contour.
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In a closed n-dimensional space R that has a connection of the first kind of order p1 + 2, let s1,
S2, ..s Sy, be the simply-connected (n — 1)-dimensional transverse sections that render the

connection of the first kind in R simple. Let Ly, Lo, ..., L, be p1 closed lines that cross the sections
S1, 52, .-, S, respectively, and are such that any other closed line |, together with the line L that

crosses the same sections that the they go through, will form the contour of a two-dimensional
space that is contained completely in R.
Let:
z1=z1(U), 2=220), ..., Zn=zZn(u)

be the equations of the line | and take under consideration the integral:

Q1= Y [X, dz, =

which extends over the entire line I, in which the X, are finite and continuous in all of R.
Now, if the line | forms part of the contour of C then if the space C is determined by the
equations:

Z1 =121 (V1, Vo), 22=2(V,,V2) ,...,  Zn=12n (V1 V2),
one will have:
dz dz dz
Ldu = —dv, +—"dv,,
du dv, dv,

and therefore:

Q= [Y X, Ly + [ Y X, -
Now, from what was shown in the preceding section:
d —_ I’ r
J‘J‘L—VZ(Z ) VJ (ZX ﬂdv dv, = IZX dv +IZX dvz,

in which the double integral extends over all of the space C, and the simple one extends over the
entire system of lines I, Ly, Lo, ... that form the contour of C.

However, one has:
a2 2 o
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dz, dz,

- dx, | dv; dv, _ dX, dX,

= > oo @ dv, dv, = _UZ[ T J dv, dv, .
dv, dv,

Therefore, the double integral will be zero if the equations:

dx, dX,
dz dz

t r

=0 )

are also verified in all of R. Therefore, if the X, satisfy (2) and are finite and continuous in R then
the integral:
ZI X, dz,

will always be zero when it is extended over all of the lines I, Ly, Lo, ... that form the contour of a
space C, no matter what the closed line I is. One gets the following theorem from that:

If R is an n-dimensional space that has a connection of the first kind of order p; and one has

simply-connected transverse (n — 1)-dimensional sections si, So, ... s,, Of it that make the

connection of the first kind on R simple, and Ly, Lo, ... L, arep: closed lines that meet the sections

S1,82, ... S, respectively, and one sets:

Mc= Y[ X, dz,
L

then the integral:

ZT X, dz,
ZO

when extended between two points Z° and Z* along a line that meets some sections s, will differ
from the one that is taken along a line that goes from the point Z° to the point Z* without meeting
any section s by a quantity M that relates to the sections s that are met, which is taken to be positive
or negative according to whether they are met by proceeding in one direction or the other. If the
connection of the first kind on the space R is simple then the integral will always have the same
value when it is taken along any in R that goes from Z° to Z*.



