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INTRODUCTION

The idea of analytically defining a surface by three ggnathat serve to express the
ordinary coordinates as functions of two arbitrary petedent variables andv had to
come to mind in the early research in analytic geometnd it is found to have been
pointed out explicitly in the writings of Euler and Lagrangnoreover; however, it is
Gauss that deserves credit for having shown its impartanndeed, in his celebrated
Disquisitiones generales circa superficies curvdmst famous author established a set of
formulas and theorems that constitute a true schotilafght that is entirely new upon
adopting the general viewpoint that we just mentioned. Wgrtbose theorems, one of
the more remarkable ones relates to the surfacesahdtecmapped to each other. Gauss
obtained it by chance, in effect: He proposed to evalatg he called the measure of
the curvature of the surface (i.e., the inverse ofptwduct of the radii of principal
curvature) as a function of the variablesndv, and found that the measure depended
only upon some functiorts, F, G that appear in the expression for the line elemerfteof t
surface. He concluded from this that if two surfaces lma mapped to each other (i.e.,
one can make each point of the first one correspongtona of the second one, in such
a fashion that the distance between two arbitranpitefy-close points on the first one
will be constantly equal to the distance between We ¢orresponding points on the
second one, in which case the functidsF, G can be considered to have the same
values on the two surfaces) then the measures outlvatare will also be the same for
the corresponding points.

That beautiful theorem of Gauss has led geometersutwifa theory of surfaces that
can be mapped to an arbitrary given surface that is gmadoto the older theory of
developable surfaces, namely, ones that be mapped to a pMamging, in tome XIX of
the Crelle’s Journa) and after him, several geometerg,(have already indicated the
means of recognizing when two given surfaces can or cdnenotapped to each other.

() This paper is unaltered from the one that was ptedén competition for the mathematics prize that
was proposed by the Académie des Sciences de Paris §6&gr 1

(") SeeLiouville’s notes in Monge'sAnalyse appliquéand my paper “Sur la théorie générales des
surfaces” (Journal de I'Ecole Polytechnique, CaB2mpp. 80).



Bonnet — Surfaces that can be mapped to a given surface 2

For his own part, an English geometer Jellett has preegeral remarkable properties in
a very beautiful paper. Nonetheless, the subject hgseeh touched upon. Among the
guestions that remain to be solved, one of the more iagodnes has the goal of
determining all of the surfaces that can be mapped toea gine. That is the one that the
Academy has chosen to be the subject of the competitidrithat we have tried to solve
in the present paper. Our article is composed of two.pdite first one contains a new
proof of Gauss’s theorem. One knows that the numdnoosn proofs leave much to be
desired. Those of Bertrand, Puiseux, are Diguet aretdietcdo not lead to a precisely
expression for the measure of curvature; those of Gangsd.iouville tell one what the
measure of curvature is, but they are indirect and suppasé¢he theorem is known in
advance. Our proof presents none of those inconveniencesaké/our starting point to
be the relation that expresses the equality of theesponding elements on the two
surfaces, and by some simple transformations, we wileth to Gauss’s theorem and an
expression for the measure of curvature of the surfamesidered in a natural and, so to
speak, inevitable manner. The second part of the papedicatid to the determination
of the surfaces that be mapped to a given surface. Uppiogng variables whose
importance Gauss and Liouville showed a long time age,wW easily reduce the
guestion to the integration of a second-order partialemdihtial equation. That
integration is unapproachable in the general case, but sonme cases for which the
result is easy to predict will permit one to verify thethod and, at the same time, show
how the calculations can be achieved.

In addition, we shall give several formulas thattelto the lines of curvature,
asymptotic lines, and the radii of principal curvature tratuseful in the case where one
wants the desired surfaces to fulfill certain geometoiedition. Those formulas lead to
the following theorem:

Two surfaces that can be mapped to each other and for which the asyinpéstiof
one and the other system are corresponding lines must necessarilyleoinci

PART ONE

Proof of Gauss’s theorem. — Method of recognizing whether
two given surfaces can or cannot be mapped to each other.

1. — Suppose that we have two surfaces, which we reprieg&andS’, for brevity.
Suppose that the rectangular coordindteg, { of the various points of the first one are
expressed as functions of two arbitrary independenaibiasu andv. The elements of
that surface will be given by the equality:

d€ =E di + 2F du dv+ G dV/,

(S (2

in which one has:
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du dv dudv du dv

2 2 2
G= E + % + K .
dv dv dv
Similarly, if we suppose that the rectangular cooresdt, /7, {’ of the various

points of the surfac®’ are expressed as functions of the two variablesdv’then we
can determine the elemetd of the second surface by the equality:

FLUEdE & &

d¢?2=E’du ?+ 2F’du dv + G’ dv’?,

(55 (e (%)

du dd du

pod€dE Ay oy & &
du dvn du dv du dv

SN2 N2 N\ 2
S ANC/ANE O
dv dv dv
and if the surfaces can be mapped to each other figuch a way that each point of the
first one corresponds to a point of the second one ih aufashion that the distance
between two infinitely-close points of the first onél be constantly equal to the distance

between the two corresponding points on the secondt@e)here must exist values of
u’andv’that are functions of one and the otheuahdv and that verify the relation:

where:

(1) E df + 2F du dv+ G dV¥ =E du’? + 2F du dv+ G dv’?,

no matter whati, v, du, dv are.

2. — In order to deduce the equality (1) of the various canditihat this equality
includes, it is first important to simplify the variable, v, u’, v’ by specializing them.
Now, Gauss showed in his “Mémoire sur les cartes géograghiquoeironné par
'Académie de Copenhague” that there exist variablasdv for any surface for which
one has:

E=G, F=0.

If one denotes those variables &syand 5 when one is dealing with the first surface
and bya’ and 8’ when one is dealing with the second one then the egajitcan be
written thus:

A(da?+dB? =A'(da’? +dB’?),
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Upon setting:
a+if =x a-ip =y,

0"+i,3':X', O"—I,B':yl,
one will have, even more simply:

(2) ¢* dx dy= ¢’ dx’ dy’,

in which ¢° represents the value afwhen it is expressed in termsoéndy, and¢’? is
the value ofl"when it is expressed in termsxbfandy’.

3. — The equality (2) shows immediately thétdepends upon only one of the
variablesx andy, and thaty’ will depend upon the second of those variables. Indeed, if
one sets:

dx = %dx+d—){ dy,
dx dy

dy’= ﬂdx+d—y dy
dx dy

then the equality (2) will give:

o[ dX dx dy dy
2dx dy= ¢"?| —dx+— dy|| — dx+—2 dyl.
/ y=¢ dx dy y dx dy

Now, sincedx anddy are arbitrary, the coefficients di¢ anddy? in the right-hand
side must be zero; one will then have:

dx dx dy dy
S0, sincex andy are independent variables:

X =f(X), y’ =11 (y),
or rather:

X =f(y), y=fX.

4. — The first result reduces the equality (2) to:

3) =92t f(¥);

hence, upon taking logarithms:
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log ¢” = log ¢"% + log ' (x) + f;(y).

Upon differentiating this once with respectx@nd once with respect §9 one will
get:
d*logg® _ d’logg'
dx dy dxdy

or rather, when one recalls the valueg'aindy’:

d*logg® _ d’logg'
dx dy dxX dy
and due to the relation (3):

FO) £ (y),

¢ dxdy ¢° dxXdy

We then obtain the remarkable consequence that timbesurfacess andS’ can be
mapped to each other then the function:

k=1 d?logg?
¢ dxdy
will have the same value for the two surfaces at tineesponding points.

5. — It now remains for us to understand the geometric ssgniée ofk. In order to
do that, we shall determine the form that this functiakes when one employs the
arbitrary variablesi andv, in place of the particular valugsandy.

| first return to the variableg and 8, which have the advantage of being real, so |
will have:

2 2
4k:1 d Iog)l+d Iog)l .
Al da dg

| then multiply this by the surface elemed® on the surface, which is an element that
will have the valued da dg here, and integrate while taking the boundary to be an
arbitrary closed contour that is traced on the surfacsidered; | obtain:

(4) a[kds= [[ d;';?" da dp+ [ d;';?" dor dB.

The right-hand side can be simplified. Considherfirst term:
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(1428 ca o

Upon performing the integration over and omitting the second integration, for the
moment, one will get:

ds _[dlog/]} _{dlog/l} _[dlog/]} +[d|og/l} +__‘_(dlog/lj +( dlog/lj
da ), da ), da ), d )/, & ) & ),

1, 2, 3, ..., 2Zn are the successive points (which are always even irb@)mvhere the
coordinate lineB = const. (prolonged in the positive sense) meets thedaoyircontour,
and represents the value aflog A / da at the pointp, in general. However, if one
supposes that the boundary contour is traversed in the dbas the points that
immediately follow the points 3, 5, ...n2— 1 are likewise on the side to which one
countsa as negative with respect to the ljie const. then one will have:

JAdB =sinids

for the points of odd rank 1, 3, 5, ...m2 1, in which one generally letsdenote the
positive angle that the contour thus-traversed wilinfavith the positive and letsds
denote the element of the contour (which is takenipek):

JAdB =-sinids

for the points of even rank 2, 4, ...m2 Having said that, the expression above will
amount to:

-y dlog/ sini ds

da JA

in which the sum is taken over all point 1, 2, 3, .m,\#here the boundary contour is met
by the line = const.; consequently, upon performing the integrati@n 8that has been
temporarily omitted, one will find that for the reducedluea of the term
'U d? logA
da®

da dg, the simple integral:

S|n|—
A

J»dlog)l sini de IdJ_

when it is taken over all points on the perimetiethe contour.
d? Iog)l

When an analogous transformation is applied tdeha J'J' da dg, that will

permit one to replace that term by the simple irgkeg
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which is also extended over all points on the perimetéhe contour, and the equality
(4) will then reduce to:

2[[kds= j{ */—sum \/_cosj)l

or rather to:

¢l d(sini/\yA) d(cod A/A) cos di sin di
(5) 2jjkds_j{ da\/_ - dﬁA/_JdS_J{f ” \Fdﬁjd'

Now letda anddg be the positive or negative increments ttrend 5 will receive
when one passes from the first extremity of theneletdsto the other, and leda, Jg, be
the increments in the same variables for a displece that is equal tén, perpendicular
to the elementls and external to the boundary contour: No mattkatwoint of the
contour that one considers, one will have:

JAda=cosids JAdB=sinids
(6)
JA da=-sini &, JA dB=cosi &,
o)
ds ds
7 dg =- — aaq, da =— oG
(7) B on on B,

The relation (6) permits one to put the equaliyifito the form:

Z.deS:.[(d(l/dS)dﬁ d(llﬁds) st j(—diﬂ+_dii?jd

d

and the relations (7) will then give:

in whichdi is the positive or negative increment thatill receive when one passes from
the first extremity of the elemedss to the second one, ards is the increment thats

receives under a displacement that is equahtand normal tals and external for the
boundary contour. Furthermore:
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jdi=A+B+c+...—(n—2)n,

whereA, B, C, ... are the interior angles of the contour, antg the number of those
angles; one finally has:

olds
8 2|| kdS= ds-A-B-C-..+(h=-2)7
(8) [[kds=]—- (n-2)
then.
6. — The preceding relation implicitly includes allf ahe formulas of the

“Disquisitiones generales circa superficies curvispse of my paper on the general
theory of surfaces, and the somewhat-more-genaed that Liouville gave in his course
at the Collége de France. Here, we shall confursalves to deducing the valuekads a
function of the variableg andv.

Suppose that the boundary contour to which thegnatls that are contained in the
right-hand sides of the equality (8) are referrsdthie infinitely-small parallelogram
BACDthat is defined by the coordinate lingss, u + du, v+ dv (du anddv are positive).

The integralﬂde will reduce to just one element, and sin&=+/ EG- F? du dy in

which E, F, G are always the functions that figure in the exgioas of the line of the
surface, one will have simply:

2. EG- F? [kdu dv

for the left-hand side of the equality (8). As tbe right-hand side, one will first hane
= 4, and then, upon letting the angide between the linesandyv :

A=
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2
D= a)+d—wdu+d—wdv+ d'w

du dy,
du dv dudv

and consequently:

2
-A-B-C-..+(n=-2)1=- d wdudv,
dudv

) i{;(fdj L FOG_, dF dj} du v

dv| 2./EG- F2\E du G du d

upon observing that:
F
COSW= ——.
J EG

Finally, the mtegralj dsreduces to four elements that correspond to the four sides

onds
of the parallelograrBACD. The element that relates to the sid2has the value:

AB - AB
AA

AA andBB are normal tAB, andEAF’B' is the line ¢ + du); however:

[ _ 2
AA =AEsin w=- ﬂd‘u,

o

AB -AB=EF-AB+FB -EA = dfdvdﬂ—%\\l/@dvcﬂ;
u

one will then have:
1 dG F dG dF
- -2 dv

JEG-Fldu Gav ~ a

du G dv dv
for that element. One immediately deduces from that the element that relates to the
sideCD is:

L_(do, Fdo o) dv+_di;(16+_@_z d'ﬂdu o

2 EG-F2du G dv dv du2/EG- P\ du G dv d

One will likewise find:
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i —1 (d_G+_F£;—2ﬂ:j du dv
du| 2./EG-F2\ du G dv dv,

S wil

for the sum of the two elements that relaté&@andBD; hence, the mtegraj'
ds

have the value:

d 1 (dG F dG 2dFj du dve 8 1 [iE _F_dE_Z_ildudv.
du| 2 JEG_F2ldu G dv ~ dy dvo[EG-F2\ dv Edu d ’
consequently, the equality (8) will reduce to:
9) 4, EG- F* k
=d ;(d_%fﬁ_zij __4 _1(15__F_d<1
du| JEG-F2\ldu Gdv dvy| dy /Ec-pR\ dv G du|
That is the formula that give the valuekdds a function of the arbitrary variableandv.

7. — Itis now quite easy to find the geometric signife@nfk and to prove that two
times that function will express the measure of cureatup to sign. Indeed, suppose
thatu andv are the rectangular coordinatgs;, so one will have:

E= 1+[de F=00d 5oy [d(j
dé dé dn dn

in which is the third coordinate, and then:

L ¢
L_ (40, Fdo ). dé dy’
_e2ld G d d 2 2 2
e LT
dn dé d7
dZ d’¢

df dé d7

" LTS

1 (dE F dG) _

J EG-F?

consequently:
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_d¢d¢
% = 12 2 dig 2 i d,72 2 2
M TS
dé d7 d7 & d7
dg d*¢
: d¢ dé o
d 2 2 2
(e N () (%)
dn d¢ d7
_dd
_ 1 _d¥ d dé
2 2 dn? d 2 2 2
()| N () (5)
dé d7 d7 & d7
d¢
L4 d d¢

4z dp dn{l{zgjz}\/l{zgz{ﬂ

or, upon developing this and reducing it:

( d% jz_ d¢ d%
déd7) d& o’

()]

which is indeed the expression for the inversehef product of the radii of principal
curvature in terms qof, 77, {, up to sign.

2k =

8. — It results from all of the preceding that whevotsurfacesS and S’ can be
mapped to each other, the measures of the curgatulidoe equal for the two surfaces at
the corresponding points. One will also get theautiful theorem of Gauss as a
consequence of the equality (1). Moreover, forn{@l which one met up with in the
course of the proof, will provide the value of theeasure of curvature for the general
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case and in the elegant form that Liouville had pointed @uie knows that none of the
known proofs present that double advantage.

9. — Gauss'’s theorem constitutes a necessary, but natienfficondition; one must
therefore always revert to the equality (1) in ordekriow whether two given surfaces
can or cannot be mapped to each other. Nevertheless,velthat when one obtains a
first relation between the corresponding points oftWine surfaces, it is easy to deduce a
second one. One can then calculate the valuasanflv that are the only one admissible
ones, and one will no longer have to substitute thoseesan the equality (1) in order to
see whether the surfaces are or are not truly mappakelach other. Let us go into that
topic in some detail.

10. — Letk be a function ofi andv, and letk”be a function ofi' andv’. Suppose that
when the two surfacesandS can be mapped to each other, one has:

(10) k=k’

for the corresponding points. (One knows from Gauigsrem that this will be true
when one takek andk' to be the measures of curvature.) Upon differentiatiost will
give:

%du+ﬂ(dv = %du#d—K dv,

du dv du dv
or, to simplify the writing:
(11) mdu+ndv=m du +n' dv.

Equation (1) and equation (11) determoh¢ anddv as functions ofdu and dv.
However, the values of those differentials must bedr indu anddy, sinceu’” andv' are
supposed to be functions afandv; due to the form of equations (1) and (11), that
obviously cannot be true, unless there exists a certaitiore betweemm, n, nt, n', E, F,

G EF,G"

In order to get that relation, | take the square of emuafll) and add the
corresponding sides of that with equation (1), whichldees previously multiplied by an
indeterminate factod ; we will have:

(m? + A E) di + 2 mn+ A F) du dv+ (n® + A G) dV?
=(M2+AE)du?+2(@n +AF)du dv + (n?+ A G) dv?
If one now determinegd in such a fashion that the left-hand side is the sqofee
first-degree binomial irdu and dv then it will be necessary that the right-hand side

becomes the square of a first-degree binomiauiranddv. In other words, the values
of A that make both sides into squares must be equal. Orihevilhave:
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En*—=2Fmm+ GmM _ E'n?-2F'niri+ Gt
EG- F? EG-F? '

That is the desired relation. We then write it as:
(12) H=H’

and upon adjoining equation (1) to it, along with the tworesponding differential
equations:

mdu+ ndwv= rh di- 'n dy

13 ' y
(13) dH du+ dH dv= dH du+d—|_| dy;

du dv du dv

we will get four equations that permit us to deteen’, V', du, dv as functions of, v,
duy, dv, in such a way that it will suffice to require #®ovalues to verify the equality (1),
for any u, v, du, dv, in order to get the conditions that express tteaithat the two
surfaces can be mapped to each other.

11. — One can perform some of the calculations andiol# simpler result. | first
observe that if one subtract the product of cowadmg sides of the equalities (1) and
(12) from the square of the equality (11) then wiikget:

[(En-Fm du( Fu- G d¥ _ [(E'n- Frd) du+( FU- G dy
EG-F? - E'G - F? !

le.:
(14) en—-fmdu+ (fn—gmdv=(En —fmM)du + f'n —gm) dv,
upon setting:

ga

E F G
— =g —:f, -
Jee-F JEG-F? JEG-F?

E’ F’ G’
N S VA < S
JEG-F? JEG-F? JEG-F? °

which is a relation that can replace the equaly (
Upon now eliminatinglu anddv from equations (11), (13), and (14), and expr@ssin
the idea that the final equation is satisfied foy du anddv, one will have:

d—H[(e’rf— f'm) n-( f= g |‘]1+d—H[—( ‘er 'fm Af en )fm]i '
du dv _dH
e’ -2 fmn+ gm du ’
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- g ne( e g B ST Tie g mC en ol g
u dv —
e’ —2 fmn+ gm dv

from which, one easily deduces that:

dH dH , dH’ dH’
n——-m-—— n -m
du dv_ _ du dv
e -2 fmm+ gMm  e€n?-2f mni+ gt

dH dH dH’ dH’
fn— ———(en fMh—— f'n'—gm -(en-f
( gm)du( n)ldvz(ng)du,( rﬁdv
erf -2 fmn+ gm en’-2f mn+ gt ’
or rather, due to the equality (12):
dH dH  dH’ dH’
n——-m nN—-—ml
(15) du dv_ _ du dv ,

J EG- F? J EG- F?

Fn-em (e T EFr-em ™ o (za- £ mdd
(16) du dv _ dn dv
EG- F? E'G - F?

It will then suffice that the values of andVv' that are both inferred from the four
equations (10), (12), (15), (16) will verify thehet two, not matter whatandv are.

12. — Before going on, it would not be pointless tdicate the geometric significance
of the equalities (12), (15), (16). Now, in thesfiplace, the equality (12) expresses the
idea that the quotient that is obtained upon digdiy Js the incrementk thatk takes on
for a displacement that is equal d®that is performed on the surfaBsmormally to the
curve k = const. is equal to the quotient that is obtaigdn dividing byd the
incrementd’ thatk' takes on for a displacement that is equadddhat is performed on
the surfaceS normally to the curvé( = const. Indeed, if we ledu and ov denote the
increments thatl andv take on when one passes from the first extrenfidgs®o the other
then we will have the three equations:

mau+n dv =,
(En—Fnm A+ (Fn-Gm =0,

EAP+2F U N+G N =F
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Squaring the first and adding corresponding sides to theahggdwhen it was previously
En’ -2Fmmn+ G

multiplied by FI_EG

, one will get:

— 2_
[(En— Fn) d u+( an— Gmd}f: 32 + En 22an+ G 42
EG-F F?-EG

or simply, due to the second:
ok’ _ Enm*-2Fmm+ Gm
ds’ EG-F? '

One will likewise find that:
Ok’  EM?-2Fnin+ Gnr

ds? E'G-F?

hence, the equality indeed comes down to:

3k _ oK

ds d<’

As for the relations (15) and (16) — or rathege times that one gets upon multiplying

corresponding sides of the latter Wﬁ: '/Hi — they express the idea (one easily

verifies this, so it should not be necessary t@ giproof) that the two quotients that are
obtained upon dividing bgisthe increments thad takes on under displacements that are
equal todsand are performed on the surf&along the curvé& = const. and normally to
that curve are respectively equal to the two qutdie¢hat are obtained upon dividing by
ds the increments thatl” takes on under displacements that are equakt@and are
performed on the surfa& along the curvé&’= const. and normally to that curve.

13. — We have excluded two cases from the preceding:
1. The one in which equations (10) and (12) acenmpatible.

2. The one in which those two equations imply eattier.

In the former case, the surfaces cannot be magpedch other. In the latter case, which
will occur only whenH is a function ok andH " is the same function &, the surfaces
can be mappable to each other, but one must eraplog special considerations in order
to insure that they really are.

First observe that equations (10) and (12) willshasfied by that very reason itself,
So one can always replace the equality (1) withetingality (14):

(14) en—-fmdu+ (fn—gmdv=(En —f'm)du + {f'n —gnT) dv,
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in such a way that the question comes down to expresgnge¢a that there exist values
of u" andVv, which are functions af andv, resp., that verify equations (10) and (14) for
anyu, v, du, dv.

If we substitute the values of anddv in the equality (14) that are inferred from
equation (10) and the corresponding differential equation:

mdu+ndv=nt du +n' dv
then we will have:

[M(en- fm~n{ f b~ gM| de[~6 f dm (0" fn
+[m’(f’rf—grh)—r(éh— 'rh)] di=0

(the line that is placed over an expression indicdtaisane has replacetiwith its value
that is inferred from setting= k'), and it will suffice to demand that the latter equat®n
satisfied by a value af that is a function ofi andv for anyu, v, du, anddv. In order to

do this, it is necessary that the integrability conditmust be fulfilled, which is, as one
knows:

[W(en— fm-nf f h gn)]

x {(fn—gm)[d_d—ﬂﬂ“j_ { dfh-gm_md'f'n 'g’ﬂ

du  n dv du h dv

, , n dr eh- f ndn nm@d'f'a’
Pt - ot av (1 IR h( dv g}r

+[W(fn-gm-n( f b~ §M]

gl dn_ndh) At A g Mm@t gin
{ (en fm[ Y rfdvj "ﬁ du Y }

— (eri- f,m)mdri d enh- ﬁ)+(fh g ! ndm nm(d'f'A 'd
av dv ndv h dv

+[m’(f'r1— gm) - eh ‘rm]

_,d(en- fnm) ndh ————— dr
——~+(en- fM)———( f h- —
n dv (en n)rf dv ( g dv
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_ o d(f'n-gnm) n_ c(fn— gm_ mdn— dn m(d' fn ' d)
"W W TR A A T r—
=0,

dm_dn dm _ dn

or, upon simplifying this by means of the relatichs = —, —= —:
P PITyIng this by dv_ du' av  du

dien-fm) _d fn- gp  d(er-fnm) dfh- gm
dv du - dv du
e’ —2 fmn+ gm en’-2f mn+ gt

That condition, which one can then write:

En-Fm Fn— Gm
di JH dE JH
J En? -2Fmn+ Gri J EA-2 Fmm Gfn

dv du

H\ EG-F?
J40 E'm - F'nf JH do Fri- Grh JH

JEn?-2Fnidn+ gt - [ ER-2 Ftnn G
_ v du

HEG-F?

upon recalling the values eff, g, €, f’, g, and which will then reduce to the following:

40 En—-Fm d Fn- Gm

JEW-2Fmn+ GM |/ EA-2 Fmm Gfn
dv du

JEG-F?
J40 E'M - F'ni 40 Fri- Grh

JEN?-2Fnin+ gt | EF-2 Fm'r G'h
_ dv du

sincek =k, H=f (k), H' =f (k'), will replace equation (12) in the present ca$eve set:

(17) L=L
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for brevity, then upon operating as in the general caseyilWsee that the necessary and
sufficient condition for the two surfaces to be mappeeach other is that the valuesiof
andv that are deduced from the two equation (10) and (17) muiy Wiee following
equations identically:

n%—mﬂ' r d _ n‘\dL
du dv__ du dv

a5 JEG-F  JEG-F?

Fn-em - (em L (rh ep - En Ept
du dv _ du dv
EG- F? EG-F?

14. — One sees effortlessly that the second of the piregedquations is a
consequence of the two equations:

k=K, L=L

and can consequently be omitted. Indeed, from the forthatd gave in the volumé2

of the Comptes rendysand much later in my paper on the use of a new sysfem o
variables in the study of the properties of curved surfageish was included in volume

V, second series, of thiournal de Liouville, Lrepresents the geodesiarvature of the
curvesk = const.; hence, the expression:

(Fn- Gn’)%—( En- Frr)ﬂ'
du dv
EG- F?

is, up to the factor,/1/H , the quotient that is obtained upon dividing 8y the

increment that this geodesic curvature will takeuoder a displacement that is equal to
dsand situated on the surfaand the normal to the curke= const. On the other hand,
sinceH is a function ok, the curves = const. are equidistant and have geodesic limes f
their trajectories; consequentlggemy paper on the general theory of surfaces (Jburna
de 'Ecole Polytechnique, 82, p. 52)], one has:

(Fn—Gn’)%—( En- Frr)ﬂ'

dU dV i + L2 — k
EG-F? V H

One similarly has:

dL du

Fri-am) 3t —(en- pr It
( )du’ ( rﬁd\} i+L/2:k/.
EIGI_FIZ HI
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having said that, the two conditions:
k=K, L=L,

the first of which already includd$ = H’, will necessarily imply the second of equations
(18).

15. — It can happen that the relatibr= L' will lead back to the equality (10), or in
other words, thal is a function ok andL’ is the same function &f. In that case, upon
multiplying corresponding sides of equation (14) and this one:

1 —jﬁdk: 1 e—j%dk’
NCA.

one will obtain a new equality whose left-hand d&léhe exact differential of a function
of u andv and whose right-hand side is an exact differemtfad function ofu’ andv'.
Indeed, one has:

_ - idk - idk
qrn |_Ifme jJF dEfn— gmefm

AL

dv du
En—-Fm Fn— Gm
L dOd
_ o JER-2Fmn+ Gm |/ EA-2 Fmn G
dv du

L dk dk
+ ﬁ[(fn— gm)a—( en- fma}}

= e_jﬁdk[L«/ EG- F —ﬁ(eﬁ—z fmr gﬁ')}: 0,

and also:
o [ oy [
4 fmeJm ol gmehq

SR A

dv du

hence, one can reduce equations (14) to anothevfdhe form:

(19 F(u,v) =F’(Uu, v) + const.
by quadratures.
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In the last case, the surfaces will always be mappaldach other, and the values of
u' andv will be given by equations (10) and (19). Due to the aryitcanstant that is
contained in equation (19), one will see that there isindinitude of systems of
corresponding points.

16. — It still remains for us to speak of the interestipgcsal case in which the
measure of curvaturk of the surfaceS is equal to a constant. In that case, one will
immediately see whether the surf&és or is not mappable to the surf&eln order for
the two surfaces to be mappable to each other, itdsssary and sufficient that the
measure of the curvatuké must be the curvature &f, reduced by the same constant as
the measuré& of the surfac&s. However, the search for the corresponding pointthen
two surfacesS andS’ presents some very great difficulties. That searchaddsthat one
must know the geodesic lines on the surfateNow, although the first integral of the
general equation for the geodesic lines on surfaces otasinsurvature has a very
simple, well-known form, as far as | know, it has mheen further obtained when the
surface is given in a general manner by three equationgitiesthe coordinates h, z as
functions of twoarbitrary independent variablesandv.

To conclude this first part, | would like to remark tHa tinalysis that | made use of
in order to recognize whether two surfaces are or are appable to each other offers
some great analogies with the one that Minding predeimtevolume 19 of Crelle’s
Journal Meanwhile, | have added some developments to theisolat that German
scholar of geometry that seem to me to be worthy ehatin.

(End of Part Ong




