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1. — In a recent paper, Weinstet) posed and solved the following problem:

Make an arbitrary matrix X of order n correspond to another matrixofXorder n
according to some rule, in such a way that the product XY of twoasbinatrices will
correspond to the product”X’ of the two corresponding matrices.

If one confines oneself to the case in which nhelements ofX’ are independent
functions of then? elements ofX, and in which the matrices in question have
determinants that are equal to 1, then the problem willdectwo solutions, which are
given by the formulas:

(1) X’'=A™ XA
(2) X'= ATXA,

respectively, in whichA denotes an arbitrary, but fixed, matrix, abd denotes the
matrix that is deduced fro by switching the rows and columns.

If one remarks that thef of a matrixX are the parameters of a linear substitution then
Weinstein’'s problem amounts to finding all parameter toanstions that will leave
invariant the law of composition of the substitutionghsd linear group. A substitution
with determinant 1 can be regarded as defining a homography-irl-dimensional
space, so formulas (1) and (2) will provide all of thensfarmations that can be
performed on the homographies of the projective spacetbagerve thstructureof that
space. Formulas (1) and (2) show timet structure of projective space is invariant unde
the mixed group of homographigsrm. (1)] and correlationgform. (2)]. One sees that,
from that viewpointthe principle of dualitys introduced into projective geometry out of
necessity 9.

The Weinstein problem is a particular case of thewailg general problem:

() Math. Zeit.16 (1923), 78-91.
() One might even say that the structure of ordinaryi@iaa space is invariant under the mixed group
of displacements and symmetries; it is also invatader the group of similitudes.
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Given a continuous group G with r parameters ,a..., & , find all of the
transformations that leave invariant the law of composition for the toamstions of the
group when they are performed on those parametgrsather,they leave invariant the
structure of the group.

If one letsS, denote any of the transformations of the gr@uthen one will have a
first solution to the problem in the formula:

3) $=5'% &

in which thea are fixed. It makes the transformati®a correspond to the variable
transformation Ss while obviously respecting the law of composition dfet
transformations of the group. The transformations efgarameters that are defined by
equation (3) generate theéjoint groupl” to G, in the sense of S. Lie.

It can happen that the transformations of the atigrioup are the only ones that leave
the structure of the group invariant. However, opposite cas also present itself: In
that case, the most general transformations withfargroupl™ that contains the adjoint
groupl as an invariant subgroup. If one indeed performsd#neetransformationl of
" on thea, ¢, and¢&’ in formula (3) then the transformatiofs, S, S will change into
$.,S;, S, and one will have the relation:

$=58'§ $&

which indeed shows that the transformatidnleaves the groug invariant. (The
transformation of the parametarof I' is simply changed into the transformation of the
parameters.)

Any transformationil of I'" will be determined theoretically if one knows the efffec
that it produces on thafinitesimaltransformations o6G. Indeed, it is obvious that the
identity transformation ofs is preserved by and that every infinitesimal transformation
of G will be, in turn, changed into another infinitesimansformation by. Having said
that, let:

X1,  Xg X

be the symbols of independent infinitesimal transformations Gfwith the structure
relations:

(4) KX)=Dc. X, (,i=1,..r).
Under the transformatioh, the transformation%; will submit to a linear substitution:

(5) X =D X, (i=1,..r).

The coefficientsy are constrained to satisfy the algebraic relations:
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(6) zaikajl CleZZC“-l Qs (i,J,s=1,...,1),

which expresses the idea that the substitution (5) meséne relations (4).
Formulas (6) collectively define the grolipthen.

2. — The problem is particularly interesting in the cabens the grouf® is simple or
semi-simple. In that case, in effect, everjinitesimal transformation of" will leave
invariant the continuous adjoint grolip which is simple or semi-simple and belongs to
the adjoint group itself'f. Therefore, if the group’ does not coincide with then it will
be composed of several discrete continuous familigsantformation (anixedgroup,
according to S. Lie), only one of which forms a group (Hgntee adjoint group). That
is what happens in the example that was cited abovehirhwne has two families that
are defined by (1) and (2).

One knows that angeneral infinitesimal transformatiorY (%) of G belongs to an
Abelian subgroug/whose order is equal to the rankf the group and which is defined
by the set of infinitesimal transformations that comenwith Y. That subgroup is not
invariant under any subgroup that is greater t@an The subgroupg depend upon
essentiallyr — | parameters, sinc&/ depends upormr parameters ande distinct
transformation®’ will give the same subgroup. On the other hand, when one performs
the o " transformations of the adjoint group on a subgrgume will obviously geto’”
subgroupsy; since there existo' transformations of the adjoint group that leawe
invariant. One must then presume that the various supgyoare all homologous to
each other with respect to the adjoint group. Howetrex preceding argument is not
sufficient to prove that, because the various subgrggps form several distinct (but not
mutually homologous) familiea priori, each of which nonetheless has dimensien.
We shall see that the latter possibility cannot present itself.

Indeed, any subgroupis composed aftransformationqu X that are defined by
r linear equations (only— | of which are independent):

YagG,=0 6=1,..1),
ik

in which the arbitrarparameters aare subject to the single condition that they must no
annul a certain integer algebraic polynomjdl” (ay, ..., &). It then results thah the
complex domainone can always pass from an arbitrary subgyaopanother subgroup

by continuity The subgroupgthen formonly one connected domairf the hypothesis
that was posed is not satisfied exactly then one ioa@naf subgroups that will not be
homologous with all of the infinitely-close subgroups Now, that contradicts the

() E. CARTAN,ThéseParis, Nony, 1894, pp. 113.

() That means that itsharacteristic equatiomdmits the minimum number (namely,of zero roots.
The characteristic equation ¥fis the one to which one will be led upon seeking theegofA for which
there exists an infinitesimal transformatidisuch that one ha¥ (@ =1 Z
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transitivity of the adjoint group in the infinitesimal main when one considers it to
operate on the subgroups

Having said that, leY be a general transformation of the grdbipand letY’ be the
transformation that one deduces from it by a given toamsftionT of ' . Let yand )y’ be
two Abelian subgroups that correspond Yoand Y’, resp. Finally, let©® be a
transformation of the adjoint group that transforfisto y. The transformation ®™* of
I “will leave the subgroupfixed.

It will then suffice to determine all of the trangfmationsT that leave invariant a
subgroup y that is fixed once and for all and to then multiplyby an arbitrary
transformation of the adjoint group. On the other hanyo transformationd and T’
leave invariant the subgroup when it is transformed in the same manner as the
infinitesimal transformations gfthen the transformatiofi’ T will leave invariant each
of those transformations, and one will easily pravat tit belongs to the adjoint group
then.

Finally, everything comes down to seeking the transformationk’dhat leave
invariant the subgroupy and studying the manner by which they transform the
transformations ofyamongst themselves.

3. — Recall that the roots of the characteristic equatianarbitrary transformation
of yarer — | linear formsa , ..., w4 iney, ..., g and thatr — 2 of them are linear
combinations with well-definednteger coefficients of the othet (which are called
fundamentgl Each of the — | roots ay is associatedwvith a well-defined transformation
Y, of the subgroupy . Any transformation T will have the effect of performing a
substitution(*) on the r — | transformations,Yhat are associated with the r — | roaig ,
and as a result, also on those roots themselves, subject to only theocotitht they
must leave invariant the linear relations with integer coeffitsehat couple those r — |
roots. The set of all those substitutions forms a finite grotip— | letters that we shall

call G (.

It can happen that some of the substitutiong afe derived from transformations of
the adjoint group. Here is how that can happen:

Each roota, is associated with a group with three parametgrsn G that is
generated by the infinitesimal transformatignof ythat is associated witdy,, and with
two other transformations (that do not belong)t®, and X, . In addition to the identity
transformation, the corresponding subgroup of the adjgmoup contains another
transformation that leaves invariant the subgrguand that transformation will change
the transformatiofy, that is associated with a roais into the transformatioly, =Y, +
agx Y that is associated with the roais + as @y, in which thea,, are well-defined
integers ). The roota, then corresponds to a certain substitu@grthat acts upon the

() It amounts to a substitution of- | objects, each of which is replaced by another.

(® | studied that group in a paper that was entitled: “Suréthuction & sa forme canonique de la
structure d’un groupe de transformations fini et contimaeA J. Math18 (1896), 1-61.

() E. CARTAN,Thésepp. 57.
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— | transformationsr, and belongs to the adjoint group. Those substitutiyngenerate
(by themselves and their products) a finite grguthat is an (invariant) subgroup Gf

If the groupG’is identical toGg then the group will coincide with the continuous

adjoint groug. If G’is a subgroup of indexin G then the group’ will be composed of

h discrete continuous families of transformations, am& will immediately have a
particular transformation from each of those familie

4. — The comparative study of the two finite grogpandG’ presents no difficulty in

the case where the groggs simple. The two grouggandG’are distinct only for three
types of simple groups, namely:

The type A of rank > 2,
The type D of rank=> 4,
The type E of rank=6 .

In the case of type A (viz., the projective group rariables), the groug has order

2 (1 + 1)!, while the groug;”has order onlyl(+ 1)!. Here, one then h&is= 2. The two

families of transformation of “ are obtained, in the former case, by transforming a
transformation ofs by a fixedhomographyand in the latter case, by transforming it with
a fixed correlation One sees the role of tpenciple of dualityin projective geometry
here.

In the case of type D with rarik> 4, the groug has order 2! When the rootsu,
are put into the form:
Wt q @,j=1,....Dh,

one will get a substitution @ upon performing an arbitrary permutation of the indices 1,
..., | and changing the signs of an arbitrary number of queswty . The order of the
groupG’is only 211! It is composed of substitutions Gfthat correspond to a@ven

number of sign changes.

If one takesG to be the linear group of a non-degenerate quadratic for@ i
variables then the group’ will be composed of two families that are obtained by
transforming either an orthogonal transformation vaitleterminant equal to + 1 (in the
adjoint group) or an orthogonal transformation witdleéerminant equal te 1.

In the case of type E with rank 6, the graufis isomorphic to the Galois group of
the equation that gives the 27 roots of a third-order surftacentains:

27x16x 10x6x 2
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substitutions. The order of the grogps twice that J() If one take<s to be the linear
group of the cubic form:

I=D X% L% % &

then the group” will be obtained by transforming the transformatiohssoby either a
homography or a correlation that leaves the vadety0 invariant.

5. — All that remains is the case of type D with rank 4.(vlze linear group for a non-
degenerate quadratic form in eight variables). That ca$kei most interesting one.

Here, as in the general case, the order of the gidigpthree times greater than in the
general case, so it will have ordex@* x 41 The indexh is equal to 6. The peculiarity
that presents itself here comes from the fact timet can replace the quantitiesthat
enter into the general expression for the raot@ + ¢ with expressions of the form
i(twtwtwtw,).

Suppose that the quadratic form that is invariant u@desrreduced to the canonical
form:

Any infinitesimal transformation a& will have the form:
Yo o5 o (2 = - &)
. ; axj )§ ax j i) -

Having said that, let be any of the indices 1, 2, ..., 7 and consider the sevemtet
four components:
doi, @Qi+1,i+3, di+4,i+6 , Ai+2,i+3 ,

in which one supposes that any index that is greater that Bewdentical to the same
index, minus 7. Consider the substitutions:

T

Il
Nl Nk Nk Nl
Nl Nl Nl Nl
YN NY SN NC] (NN [N
I] S NY SN FENNY I

and

() See E. CARTANIoc. cit, Amer. J. Math., pp. 35-43.
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-1 0 0O
0 100
K= :
0O 010
0 001

They generate a finite group of order 6 that contains,onty H, K, and the identity
substitution, but also the substitutions:

1 1 1 1
2 2 2 2
-1 1 _1 _1
H2_ 2 2 2 2
-1 _1 1 _1
2 2 2 2
-1 _1 _2 il
2 2 2 2
1 _1 _1 1
2 2 2 2
-1 1 _1 _1
HK_KHZ_ 2 2 2 2
-1 _1 4 _af’
2 2 2 2
-1 _1 _2 1
2 2 2 2
1 1 1 1
2 2 2 2
1 1 _1 _1
HZK_KH_ 2 2 2 2
1 _1 1 _1
2 2 2 2
1 _1 _1 1
2 2 2 2

Any transformation ofl" is obtained by performing one of the six preceding
substitutions on the quantities:

Ao,i, Qi+1,i+3 Ai+4,i+6 , Ai+2,i+3
for each value 1, 2, ..., 7 of the indeand then performing a transformation from the
adjoint group.

The preceding results relate to a system of complembers that was invented by
Graves and Cayley, which generalize the quaternions and whiltalls theoctaves

Consider sevennitse, (a =1, ..., 7) that satisfy the laws of multiplication:

ee=-1,

a
€y = €p+1 €45 = — €445 €pu1 = €g44 €,
=~ €p+6 €44 = €p42 €43= — €43 Ep42 .

An octave is a complex number of the form:
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X=X+tXie+xXo& + ... +X7€7;

the producf = Z z ¢ of two octaves:

X=>xe, Y=>ye

enjoys the property that is expressed by the formula:
G+t 22 00K Ht )t et ).

Having said that, perform a given orthogonal substitutidwith determinant equal
to 1) on the componenis of the octave. It will be possible to determine atiagonal
substitutionB such that for any two octav&sandy, the producAX, BY will be deduced
from the producY by a suitably-chosen orthogonal substitutidn The passage from
the substitutiorA to the substitutiom is given by a transformation &f that is nothing
but the one that is provided by the substitutibA (*), and the passage frofnto C is
provided by the substitutio 2 K.

There are an infinitude of transformations Gf that are invariant under the
substitutionsH andK. All of those transformations leave the variakjanvariant and
transform the other seven variables according to alsigrpup with fourteen parameters
of type G.

6. — One can also present the preceding results in a géofoemn that differs only in
appearance from the preceding one. One can take the @rmupe the conformal group
of six-dimensional space. Suppose thatef that space reduces to the form:

dxg dxs + dxo dxs + dxz dXs .

There exist two families of three-dimensional plaveaieties that areotally isotropic
— l.e., ones that enjoy the property that two arbitpints of such a variety that are
along the same isotropic line will be contained entireithin the variety. The general
equations of the varietidg’ of the first family will be:

X~ 8+ 3%~ ax=0,
(7) X~ a+ax- g %=0,
X~ 8+ % & x%=0,

while those of the varietieg” of the second family are:

() When that transformation 6t is applied to ainfinitesimaltransformation of3, it will be uniform.
When it is applied to a finite transformatiéq it will give two transformation® and —B (which will be
identical, moreover, if one regards therpagectivetransformation on seven-dimensional space).
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X —h+b x%-b %=0,
(8) X —h+bx-h x=0,
X —h+b, %-b x=0.

The varietied/’, as well as the varietids’, depend upon six parameters.

Points thevarieties V, and thevarieties V' enjoy certain common properties. First,
in the same way thav® isotropic lines pass through a point, there likewise exfst
isotropic lines on &/’ or V”. We agree to say that two points aretedif the line that
joins them is isotropic. It can likewise happen that wigtinct varietiesV’ have an
isotropic line in common (and therefore only one), sosas that they aranited Two
varietiesV’that are not united will have no point in common. Onéndsftwo varieties
V”to be united similarly.

We agree to say that a variatyis incident ona pointM when it contains that point.
There will then existo? isotropic lines that pass throudt and are contained N’
Similarly, a varietyv”and a variety ”do not have a common (isotropic) line, in general
(but only a point). If they do have a common line ttiere will beco? of them; we then
say that they armcident

The conditions for two points with the coordinatesgnd &'), two varietiesvV’ with
parametersa) and @), and two varietiey ” with parametersb) and p') to be united
are:

O =%)(%= %)+ (%= X)( %= H+( % A % 3 =0,
(a-a)a-a)+t(a-a)(a-a+(a- (3~ =0,
(b—b)(B,-b)+(B-B)(h- B+(h- A} 3 =0,

respectively. Similarly, equations (7) and (8) expressritidence conditions for a point
and a variety\{") and "), resp. The incidence conditions for a varie#y X and a
variety V") are:

b,-a+ab-ahb=0,
©) b,-a+ab-ah=0,
b;-a;+a,b-ah=0.

One sees from the preceding that the notionsnadn andincidenceare common to
the three sets of geometric entitiesedementyviz., points, varietied/’, varietiesV”)
when one either considers two elements of the sgpe dr two elements of different
types. We shall endow those three types of elemetitstha three indices 0, 1, 2, resp.

One easily verifies that a given element of type incident witho® elements of a
different typej, and that thoseo® elements are pair-wise united. Conversely, if there
exist o® elements of typé that are pair-wise united then they will be incidenthvihe
same element of a different type. One also verthastwo united elements of typare
incident witheo® elements of typg# i, and that conversely two elements of tijleat are
incident witheo® elements of different types are united.
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7. — Having said that, we shall consider some other tremstons besides direct and
inverse conformal transformations, properly speaking. &é& o make any element of a
given typel correspond to an element of another given typecording to a well-defined
law, with the condition that two united elements gdey will correspond to two united
elements of type”. For example, if = 1,i’= 2, then one must determine six functions
by, by, ...,bs Of &y, ..., @6, in such a manner that the Monge equation:

dby dby + db, diz + dbs dbs = 0
is a consequence of the Monge equation:
da; day + dap dag + dag dag = 0 .

The general solution is obtained by starting from artraryi conformal transformation,
while regarding thdy, are the coordinates of the point that is the transfof the point
(). There are even two continuous families of corredpace that satisfy the condition
that was imposed.

Take one of those correspondences angdet Consider an element of type There
exist «® elements of typé that are incident with it, and they are pair-wise whitehe
element in question will correspond ¢ elements of typé’ that are pair-wise united,
and as a result, they will be incident with the safaenent of a different type. Létbe
that type. We shall then establish a correspondernieebr an arbitrary element of type
j and an element of typé Furthermore, when two united elements of typee incident
with o' elements of typé, the two corresponding elements of typeavill be incident
with o' elements of typé’, and as a result, they will united. Finallykifis the third
index besides andj, andk’is the index besidasand]j'then we can make any element of
typek correspond, as above, to an element of /d®y the intermediary ob® elements
of typei that are incident with it. Two united elements of tgm®rrespond to two united
elements of typ&’. One easily proves that two incident elements pésy andk will
correspond to two incident element of typésndk”.

Therefore, we have finally made any substitution #té$ upon the three indices 0, 1,
2 correspond to a continuous family of transformatitdret will change two united
elements into two united elements and two incident aksnato two incident elements.
The set of all those transformations forms a mixedugrihat is composed of discrete
families that extends the conformal group in the same wWat the group of
homographies and correlations extends the group of homogsaphi projective
geometry. One can say that ttenciple of dualityin projective geometry is replaced
with aprinciple of triality here.

Meanwhile, there is an essential difference betwibencorrelations of projective
geometry and the new adjoint transformations of thdazmal group of six-dimensional
space, namely, that the lattamnot be defined as contact transformatioftat amounts
to the fact that the varieties that correspond taraitrary point (in the sense of Lie) have
the first-order partial differential equation:

P1Ps+pP2pPs+Ppsps=0.
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It is easy now to define the six families of transfations of the group’ that
preserve the structure of conformal group. It sufficeméke an arbitrary transformation
of G correspond to the one that is deduced from it by aftnanation of the extended
mixed conformal group.

8. — Let us return to the general problem. The case ofsemle groups is easy to
discuss. If such a group is composed of several simple subgroups \pitthifferent
structures — namelyy; with the first structureg; with the second, etc. — then the number
h of discrete families of transformations that cdnséi the groud’; will be obtained
immediately if one knows the numbehg, hy, ..., hy that correspond to thp given
structures. One has:

h=m!m! ... ap! W h2- R

One simple case is that of the grdamf orthogonal substitutions (with determinant
1) of four variables, which is a group that is only semmgde, since it is composed of
two simple subgroups with three parameters of rank dreftbne hap=1,hy =1, a1 =
2, h=2. That agrees with the general result that rekatehe orthogonal group with an
even number of variables (nd).




