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On Plucker complexes

By A. CLEBSCH in GOTTINGEN.

Translated by D. H. Delphenich

If we denote the coordinates of two planesibyu,, ..., vi, Vo, ... and the coordinates
of two points that lie upon the line of intersectidntlee planes by, X2, ..., y1, Y2, ...
then it is known that one can represent the coordinaft¢he line of intersection of the
two planes, or — what amounts to the same thing — theecting line of the two points,
by the quantities:

1) Pk = Ui Vk — Vi Uk,
or the quantities:
(2) Ok = X Yk —Yi %

One the following equations between fher theq:
3) { P= P Pt PPt PP,
Q = q12 0(?»4+ ql3q42+ q14q23: O’

respectively, and the, g depend upon each other by means of the equations:

0 oP
(4) Ppik:—Q, oGk = —,
0q; opy

in which p, 0 mean arbitrary quantities that can be set to 1, dsb&ildone in what
follows.

The equation of a complex of ordercan then be written in two ways when one
denotes the variables lpy in one case, angl in the other, and one then obtains the two
forms:

0 = F (p) = z ah,kl,mn,-u p|h pxl pnn' .
(5 _ _
0=®(q)= zaih,kl,mn,-~-qihqkl Qoo

for the equatior = 0 of such a complex.
We make the following remarks on these expressions
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1) The value of a coefficient remains unchanged whemenautes any two of the
index pairgh, ki, etc. with each other.

2) A coefficient (like the corresponding g) changes its sign when two indices of
one pair are permuted.

3) When one carries out the sum on the right, anyficesft will take on a
polynomial factor that gives the number distinct forms that it will assume by
permuting the index pairs.

If one symbolically sets:

(6) { B = B
i, = Ay (A e

thenF(p) or ®(q) will appear as the" power of a linear complex:

F(p) ={26}h nh}n’

(7) "
®(q) :{Zaihqh} :

The symbolsa, , ain then have only the property that their signs will gemwhen
one permutes the two indices. They likewise depend updnather very simply; if one
then sets:

(8)

then one will have:

A=a,a,+ 8,3, 3,8,
A = 01203l+ alg 42+ a lg 28

0A 0A
9 a'i :—, 0 = ,
©) "o " oa,

and the equations (6) can then also be written:

_0A 0A O0A

- oa, 0a, 6amnm

_0A 0A 0A
da, 0a, 08,,

aih,kl,mn,m

(10)

ih,kl,mn;--

with which, the coupling of the two real notations wiie two symbolic ones is
exhibited completely.

However, the following remark leads to a simplificatmf the symbolic notation, and
at the same time has an essential influence onets us

Whenn > 1, the coefficients of a complex are in no way aeiged completely,
although they can be modified when one calls upen0 orQ = 0, respectively. In fact,
one can always set:
(11) F+MP=0
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in place ofF(p) = 0, whereM is a function of orden — 2 of thep, and thus a function that
carries with it:
(n+1)(n+ 2)(n+ 3)(n+ 4)(n+ 5)

1[2[BAB

arbitrary coefficients. | will now prove the follong theorem:

The equation fp) = Ocan always be modified, and in only one way, by applyirg P
0, in such a way that one can consider it to be a symbolic power of a speeg
complex — i.e., one whose lines all intersect a fixed line.farhethat Kp) then assumes
shall be called th@ormal form of the complex equation.

We examine the conditions that the demands of the gheavill imply. If the
symbolic coefficientsy, (and analogously for the) are to be the coefficients of a special
complex then one can introduce quantities:

ai, dy, Az, a4, by, by, bs, by
such that:

(12) ah=a bh—Dbian.
In this case, the first equation (6) then goes to:

(13) aihk,mn... = (@ bh—bi @) (ax b —bx &) (@m by —bm an)...

The question is then that of whether, and under whatrostances, it is permissible
for the coefficients of the complex to be set edoathe symbolic expressions on the
right-hand side of this equation. Both sides of equatl®) have the aforementioned
general properties of the invariability or change of sigispectively, in common with
each other. The only question, upon whose answer tisépibg of any symbolism will
depend, is therDo linear relationships exist between the right-hand parts of equations
(13) that are not generally fulfilled by the right-hand sideB?fact, this is the case. The
symbolsa; by, — b a, are then the coordinates of a line. However, thetitlyen

(14) 0=&1bp—bpa) (azsbs —bzas)
+ (e bz —b1 ag) (s b —bs &) + (a1 ba — by &) (82 bz — b, &)

exists between them, and no other one. All conceivibéar relations that exist

between the right-hand parts of equations (13) must #mse from this under
multiplication byn — 2 expressions of the form:

a bn—bian.

One then sees immediately that the symbolic equaii®8) between the coefficients of
the complex assume the following equations, which aréutfdled, in general:

(15) 12, 34jh,... T @13 42jh,... + 814, 23jn,... = 0.
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Since all of the index pairs that follow the firgtat are completely arbitrary, the number
of these relations is precisely as large as the nuofo@mbinations oh — 2 index pairs
that are possible, or the number of coefficients ahedmplexV of ordern — 2 contains.

If one now replaces the coefficientsfoin (15), which these equations generally do
not satisfy, by any means, with the coefficientshaf complexr + MP = 0 (11), which is
identical withF = 0, then one will obtain a system of first-degree &#gos in which the
coefficients ofM are the unknowns, and in which precisely as many unkscasn
equations then appear. It then follows from this thHteeithese unknowns can be
determined completely from these equations or that (werleterminant of the system
vanishes) the unknowns must remain undetermined. The dedetnof the system then
does not need to be examined when one can show that thewmskaoe completely
determinate, in some way. However, this happens irtleaving way:

2 2 2
(16) pp=_9F L OF  OF
0P, 0Ps, O0P0Ps; O PP Py

One will obtain a comple&F = 0 of ordem — 2 from a comple¥ = 0 of ordem by this
process, and when one again applies the same opematiben, etc., one will obtain a
sequence of complexes of oraer 4,n — 6, etc., which shall be denoted by:

A’F =0, N’F =0,

respectively. However, should the modified complex &gnaF + MP = 0 now be
representable in the symbolic form:

F+MP={2 (ab—ha)pu"

then one would obtain zero identically by applying thecpssA to the right-hand side of
equation (14), and the functidm must then possess the property that the equations:

A (F+MP)
(17) A% (F + MP)
A® (F + MP)

01
01
0

must exist identically foF + MP. In order to develop these equations, | remark that:

A(MP):PAM+MAP+{6M op oM oP OM ap}
2

opy, 0ps, 0Pz 0P, 0 P30 P,
oM oM
18 =PAM +3M + Dt
19) {puapm o }
=PAM + (n+ 1)M.
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This will immediately yield the result of repeated apgtien of this operation, when one
first definesA(P AM), A(P A*M), etc. One likewise obtains these expressions when on
replacesM with AM, AM, etc., in (18), and replacaesvithn—2,n— 4, ... One will then
have:

APM) =PAM+ (n-1)M,

A(PAM) =PA’M + (n=1)M,

A (PA’M) =P AM + (n—3)M,

and in order to determine A"M, one will need only to subject the finst— 1 of these
equations to the operation§™, A2, ..., A and take their sum, along with tk& one. In
this way, one will obtain the following system:

A PM) =PAM+(n+1)M,

A (PM) =P AM + 2n [AM,

A2 (PM) =PAM + 3 (—1)A%M,
A*(PM) =PAM + 3 (1 —2)A%M,

whose defining rule is clear. However, equations (17)carererted into the following
ones under the introduction of these values:

AF+PAM+n+1)M=0,

N’ F+PAM + 2[h[AM = 0,
(19) A*F+PAM + 3 —1)A°M =0,

A*F+PAM + 40— 2)A°M =0,

One can successively calculdie AM, etc., from these equations when one starts with
the last one, which contains just of@, while A“'M vanishes identically. However,
since it comes down to not so much the determinatiohesfet functions as much as to
the expression for the modified complex:

(20) F+PM=F

one can add this equation to equations (19), and then sunalbeéthem, after one has
multiplied equations (19) by:
_ P B p? B p?
1m+1’ 1R2mM+1h 12[BM+ Ih(h-1

etc.,

in sequence. All of the terms that are affectetth Wi, AM, etc., will then drop out upon
addition, and what remains will be thermal form of the complex:
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2 3
(21) Fi=F— " AF+——  p%F_ P NF - ..,
1m+1 120+ 1h 128+ Ih[h- 1

which is determined completely and uniquely in thesy.
The normal form of the complex allows one to gtgeequation the symbolic form:

(22) Fi={2 (@ x—ha)p"=0.

The symbola by — b a then seem to be the coordinates of a line thatvisngby two

pointsa, b. If one thinks of it as being expressed by twanpka, Sinstead, and likewise
introduces they, in place ofp, then one will obtain the second symbolic formt tisa
equivalent to the one above:

(23) F={2Z (aB-Ba)a}"=0.

As an application of this symbolism, | will preseghe equation for the surface of
order four and class four, which is described by ¥hrtices of decomposing complex
cones and the planes of decomposing complex ciioves second-order complex. (cf.,
Plicker'sNeue Geometrie des Raumpp. 307 et seq) For the second-degree complex,
the normal form brings with it a determination loé¢ tcoefficients. IF = 0 is the equation
of the complex in arbitrary form then one will have

If one now sets, symbolically:

Fi={Z (@ b—ha)pi}?
={Z (@ B-B a)
then one will obtain the equation otamplex con¢hat emanates from the pointvhen

one expresses tlpeor theq in terms of the quantities yk — y %, and thus considers tlge
to be given. The equation of this complex coné thén become:

(24) @bxy*=0, or @G-8 a)=0.
One likewise gets the equation for the complexeuhat is contained in the plane

when one expresses tipeor theq in terms of the quantities; w« — v W, and thus
considers the to be constant. The equation of the complex cigtken:

(25) Ua Vb — Vo Up)* = 0, or  @Buv?=0.
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One obtains the complex surfaces that corresponteta@dnnecting lines between
two pointsy, zwhen one replaces tlgan (24) with the coordinates of a variable pojint
Az, and thus, the family of complex cones whose vertiesn these lines, and then
defines the locus of the intersections of successiveplexmcones — i.e., lets the
discriminant of the quadratic equation Anthat thus arises vanish. One now gets the
following expression for this quadratic equation with the afthe second formula in
(24):

(o By =B ) + 24 (ax B = B ) (0 Bo— By ) + A (ax B — B @)° = O;

if one then forms the discriminant and distinguishes different symbolic series by a
prime then one will have:

(26) 0={(a,8,-Ba)aB,-Ba)-@B-BaNaf B}

for the equation of the complex surface.

One will likewise obtain the equation for the comptexface in plane coordinates
when one thinks of the ling z as the intersection of two planesw, then replaceg with
v + Aw in (25), and again forms the discriminantdin The first form (25) then gives the
form:

(27) 0 = {{Ua Vb — Va Up) (Ux Wy —Wa' Uy) — (Ua Wb —Wa Up) (U Viy —Var Up)}?

to the equation for the complex surface in plane coatdm

The equations of these complex surfaces can be wnitga simply when one now
replaces the quantities z — z y«x with the ones that correspond to thew — w w, and
conversely in (27). These two equations then assuen@tims:

(28) { (@.f-Ba.af-Fa.v.w =0,

(ub-uau b-y &y ¥=0.
One can also obtain these equation forms immediat&lye first one says that the
complex surface of a ling w is the locus of the points whose complex cones cothe
line; the second one says that the tangent planes obthplex surface contain complex

curves that have the lines for the common secant.
If one consider the second equation (24):

(o B—Bay)’ =0
to be the equation of the complex cone for the poamnd then denotes it by:
(29) y; =0 o= ax B — B i, theny, = 0)
then from the theory of second-order surfaces:

vy y'w?=0
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is the equation of the surface (29) in plane coordinates since (29) is a cone, the
square is the equation of its vertex. One must thern have

(30) vy y'wy’ =M 0L,

whereM now depends upon only thke but no longer on tha. Now, the condition for
the cone to decompose, and thus for its vertex to beeimdetate, idVM = 0. Therefore,
M = 0 is the equation of a surface that is the geonletnics of all points whose complex
cone resolves into a pair of planes.

Now, in order to defin®1, one needs only to replace a seriegwith their values in
the left-hand side of (30). One then has:

Wy yw=@B-Ba v,y .u={aByyuv-5K@ayyu

or, when one applies the known identity, and consides f, = y; = O:
=(@Byy) u;.
The factoru’ has been separated in this, and one then has:

M =@By Y, )

=@ apf-By.aB -BY).

The surface M= Othen has order four, and its equation consists of the equation of the
complex surfac€28), when one lets the coordinates of the guiding line symbolically
mean the coefficients of the given complex.

One likewise contains the (known from the previous it@nsurface of class four
whose tangent planes contain decomposing complex cuwigsy one defines the
equation:

N=0=@b,ub-yd,u b -y d)>

or when one lets the coordinates of the guiding linéhen equation for the complex
surface in plane coordinates mean the symbolic caeifE of the given complex.

| will give other applications of the method of naiatthat was set down above on
some other occasions.

Gottingen, 5 April 1869.




