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A year ago, | published some considerations in these Rendi) that were
intended to exhibit the convenience of giving an organigsire to the theory of those
states of elastic coaction in the absence of extdoraks that do not belong to the
category of distortions that has been neatly defareticircumscribed by now.

I then promised that | would initiate a systematic stwdythe argument; the
occupation of the country that the state of war browddaut prevented me, and still
prevents me, from following up on my proposal, but in comsp#on, it has offered me
more than one occasion to thoroughly convince myselfeoirtiportance of the question,
even in practice. Meanwhile, | ask that the Academnfitene to return to it, if only in
passing, in order to treat a problem in this note thatrig méeresting from the realm of
the theory of the resistance of artillery and to geliex one of the results to which one
arrives in that problem in a following note.

Consider a homogeneous, isotropic elastic solid thabtounded by two coaxial
cylindrical surfaces of radiug andr; . One proposes to characterize the states ofelasti
coaction that are symmetric with respect to the gdhat pass through the axes, as well
as with respect to the planes that are normal to it.

To that end, examine the neighborhood of a generic pbitite solid and orient the
reference axes along the three principal directions:dnieem, thez-axis, is parallel to
the axis of the cylinder, another, thaxis, is perpendicular to it, and the third, tfeeis,
is normal to the preceding ones.

The elementary elastic potential energy can themxpgessed in the well-known
form:
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() Received at the Academy on 9 September 1918.
() G. COLONETTI, “Su certi stati di coazione elastitize non dipendono da azioni esterne,” Rend.
della R. Accad. dei Lincei. Cl. sci fis, mat. e n&).26 (1917), 43-47.
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in which G andm are constants that measure the transverse modullesti€iey and the
coefficient of lateral contraction, respectively,tbé material, whileg , & , & represent
the three principal dilatations, and under the hypothéisas were made, they are
considered to be (very small) functions of only theadiser of the generic point of the
axis that is considered.

We eliminate any axial deformations from what folldvyssupposing that:

but not without warning that this restrictive hypothesibjch is justifiable only as long
as one treats indefinite cylinders, can be easily veshavhen one passes to the practical
case of cylinders of finite length by means of a knowedore of superposition that was
already usefully applied in similar cases by Prof. ok ().

The elastic potential energy that relates to a ttedcaolid that is bounded by two
cross-sections, which will be regarded as being situataddatance of one length unit
apart, for simplicity, will then prove to be expressed by

®= 2nij[ef+eﬁ+ﬁ(gr +g|)2] rdr.

Having said that, introduce the hypothesis thahestate under examination, the given
solid is found to be in stable equilibrium in thiesance of external forces. Its elastic
potential energy must then be a minimum with respea@ll of the virtual variations of
the configuration (i.e., small and compatible otie we can imagine it to be subjected
to).

The symmetry conditions remain in place, alonghwlite other restrictions that were
imposed above, so we confine ourselves to consigiéhe variations of the configuration
that one will obtain by transforming any cylindricairface that is coaxial with the given
solid and has a generic radius rofwhich is naturally found betweery andr;) into
another surface that also cylindrical and coaxigth w, and has a radius of+ p (where
pis supposed to be a small, uniform, continuoustfan of the variable).

It is easy to verify that the principal dilatat®g , & of the generic elements must

become:
&+ % § + B,
dr r

respectively, after such a variation of the confagion.
It then follows that the first variation of theastic potential energy is expressed by:

& = 4G [" £rd—'0+£,£+ 1 (£r+£,)(%+£j rar.
fo dr r da r
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() V. Volterra, “Sur I'équilibrium des corps élastique tiplement connexes,” Annales de I'Ecole
Normale24 (1907), 3.
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For equilibrium, one must then succeed in verifying thedgion:

.[r{erd—p+£|£+ (5 +,9|)(d’0 pﬂrdr =0
fo m- d r

dr r
or

f 1 dp f

r|e + E t+E)|—dr+ g+ dr =0.
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Under the hypothesis that the function:

&+
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is continuous and endowed with a derivative thésioignded in the entire intervab(, r1)
(%), one can set:

rler—tote va) |92
m-2 dr

:i pr _5 + ! (& +£)_ —,0i r [5 +—1(£ +£)}
dr | om=-2"" dr " m-2""

-4 or _8 - (& +£|)_ pri[f et (8 +£.)} p[£+ L (& +£|)]
dr | " m-2"" | dr m-— " m-2""

so the equation of condition will become:

jﬁi pr[£+ ! (5 +£,} dr—jrlpri[£+ !
6 dr m-— nlodr T om-

5 +e.)}dr—jrjp(er -g)dr

Finally, if one performs the indicated integrationthe first term and reduces the

result then one will have:
. n 1
)], Lo
fo m-—
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() That hypothesis does not constitute a limitationrégard to the physical magnitudes that the
function under discussion and its representative devevatiust necessarily satisfy. [Cf., C. Somigliana,
“Sulla teoria delle distorsioni elastiche,” Rend. delladABcad. dei Lincei (523 (1914).]

> (& *erl)}L(fr —5.)} dr = 0.
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That condition must be verified identically, no teatwhat values that one attributes
to the functiorr, because it is notoriously necessary that one shawe:

d E —&
I —| & + £ +g)| = —
[] dl’[ r m_2(r I)} r
for anyr, as well as:
1 r=r,
I &+ &+&8) =0 for :
an r m—2(r ) {rzrl.

It is easy to exhibit the mechanical significamé¢hese conditions. It is enough to
introduce the principal stresses, which will beated byo; , o , g , respectively, for
obvious reasons of analogy, and to recall that "#reycoupled to the dilatations by the
relations:

2G

g, =———-I(& t+ §),
z m_2(r I)

G =2G| &+ (& +&)

m-2

a=2G| &+ (& +&)|.

m-2

The indefinite equation (1) will then immediatélgcome:

do, _ o -0,
dr ro
or, what amounts to the same thing:
[I”] d(rar) =g
dr

However, the boundary equations (Il) reduce, addceasily be predicted, to the
double condition:

r=r,,
[IV] a=0 for :
r=r,.

The problem thus posed can obviously be solvedhimfinitude of ways by choosing
o; arbitrarily [with the one reservation that it must continuous and endowed with a
derivative that is bounded in all of the interval (r;) and satisfies (IV) at the extremes]
and one can then deduagefrom (l11).

It is well-understood that the states of defororatihat can then be defined will not
generally satisfy the so-called compatibility (or Saint-Vatjaequation, which we have
specifically abstracted from.
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One can also, if desired, specify that it is, inde@yphd doubt that supposing that
the equations are satisfied everywhere could only leadou¥olterra’s particular
distortions.

Other particular cases (e.g., Somigliana distortions) be obtained when one
supposes that the compatibility equations are satisfielll af the space that is occupied
by the solid, except for only certain well-defined suefadhat, in homage to the
symmetry hypothesis that was posed, must be cylindrichteaaxial to that solid. It is
easy to see that those particular cases include dleadries that are realized habitually in
the construction of artillery by forcibly placing one ¢éuibside of the other in such a way
that the initial external diameter of one of thenslightly larger than the initial internal
diameter of the one that has to enclose it.

However, the more typical and general cases areneldt@anly when one drops the
compatibility equations completely; one will then finan@ang other things, all of the
states that are callesirongly continuous, which are produced spontaneously when one
supposes that a hollow cylinder is acted on by internesstis that are intense enough to
determine permanent deformations. Indeed, it can happeeih ¢tine operates in that way
then the internal layers, which are more deformed,théh keep the external layers in a
state of tension (even after the pressure has ceassxd)t while at the same time, one
will find compressions for the reactions to them.

Such states of coaction were recently predicted bgngeeers Jacob and Malaval of
the French Naval Artillery as being the ones that palitmit modern artillery to support
pressures that are far more elevated than the onewéha tolerated in the pas) (ith
no permanent final deformations when one makes a namplete utilization of the
resistance properties of the materials.

For obvious reasons, it is not possible for me torem® a discussion of the
technical problems to which | alluded. [ shall limit myde pointing out a noteworthy
property that is common to all of those states ottom, which is a property that had
already been discovered for some time in certain pdaticases, but which can now be
easily established in a much more general way.

To that end, consider the expression for the elemeatdig dilatation:

O=g+t5+4.

Taking into account the hypotheses that we made, dsamehe results that we
deduced from them, we can write:

_ m—Z(U ‘o) = m—Z[U Ld@ra,)
2mG 2mG| " dr |

Consequently, the total cubic dilatation for tiseial truncated cylinder of unit length
will be measured by:

2ﬂjr1@r ar=m"2, rl[ar +M}r dr
fo mG o dr

() Cf., E. Bravettal a resistenza dele artigliere, Ed. Carlo Pasta, Torino, 1913.
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= m__zn' rli(rzg'r)dr = m__zn'[rzgr]
mG Jodr mG

n

o

However, according to (IV)gr must vanish for =ry , as well ag =r; ; the total
cubic dilatation will then be zero identically.

In other words, the total volume of the tube in theestd elastic coaction that is
assumed to exist in it will be equal to the sum of themes that would be assigned to
the individual elements that it is composed of idenydékthey remained independent of
each other, so that one could assume that they wenetla¢ir natural undeformed state.



