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INTRODUCTORY NOTE

The text of this work constituted the object of soeeures that were given at the
Institute Henri Poincaré in January and February of 196%ey Twere given at the
invitation of the science faculty of the University fédris and on the initiative of Mme.
M.-A. Tonnelat, who has all of my gratitude.

| also address my strongest thanks to the people andnghitutions that have
permitted the realization of this cycle of conferenaas laave encouraged me to publish
them.

In this text one finds, aside from a summary of kn@encepts, a hew technique for
the calculation of the Riemannian connection and thetdies that are derived from it.
The applications that are discussed justify, we feel, itkerest that they may present.
That part has been realized in collaboration with MlrCahen and Miss L. Defrise.

The correction of the text has benefited from thkaboration of Mrs. Sengier-Diels
and Mr. J. Spelkins; | thank them.

l. Definitions and properties of the Riemann tensor

1. Covariant derivative. Ricci identities. Bianchi idenities. — The context will be
that of general relativity: a Riemann spateof hyperbolic normal signature +, -, -, -, and
subject to the differentiability conditions of A. Lichoevicz [1] that in local coordinates:

(1.1) ds’ = gap A dX° (a,b=0,1,2,3)

andV, has the structure of a differentiable manifold of €@sand the functiond?, g,

are piecewis€,.
The covariant derivative — or Riemannian connection elassically defined by the
operator D [2]:

(1.2) DT = dT2+(T,'T3, - T }) dX,
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a
(1.3) r;‘cz{bc}z 0% Teine
with:
(1.4) M doe = [bC, d] = 2 (bGcd + 0cod — OdThc) -

The Riemann tensor then appears in the commutatioa farl the covariant
derivative. One has:

(1.5) Ak — A =RY kAL

Hence:

(1.6) Ruij = i hik = Okl hij + Mhaj T = Thaw 5

or [2]:

(1.7) Riij = %(aﬁghk +aﬁkgij _aii O, _ahzj gk)+rh1jrit _rhlkri}'

It results from the definitions that the Riemannstenpossesses the following
symmetry properties:

(1.8) Rhik = — Rink = — Raikj= Rikni ,
(1.9) Riijk + Rjki+ Rakij = 0 .

The tensoRyik thus has 20 components.
Finally, one may verify the Bianchi identities:

(1.10) Ruijk;t + Rniki;j + Ruiix = 0 .
We introduce the following notations:
(1.11) Rj = Raip o, R=Ryg’.

R; is theRiccitensor, andR is thescalar curvature.

2. Geodesic deviation{3]. — A curvex? = x(s) is ageodesic curvé the unit tangent
vector to the curve:
(2.1) U = de/ds

has null covariant derivative, namely:

Du® _du®

2.2
(2.2) ds ds

Let:
(2.3) X2 =x3(s, V)

+uT2u’=0.
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be a family of curves; the curves= const. are geodesics, and one supposes that the
curvess = const. are orthogonal trajectories. If:

(2.4) = (0x%/0v) dv, u? = 8x%/0s
then one has:
(2.5) " u=0.

The geodesic deviation is defined by:
(2.6) Frflds .

For two neighboring geodesics it is a measure ofelative acceleration One has:

2.,a d
2.7) E ox? | 0°X +ax re ox" _ ox?
ds\| dv | dsdv av 0s dv s
or furthermore:
(2.8) D7%/ds= (Du/dv) dv.
Recall that: _ _
(2.9) Alyjk :Ai(j —AlRllljk .
One thus has:
D°7* _D|( Du?
2.10 = dv
( ) ds’ ds[ dvj
and:
D Du?® ax° ax
ds dv ds Rico dvas
Du? ox¢ ax¢
2.11 =— u'R? —_—
@1h d(dsj l°"asav
_DfDu +Ricdu1uc
dvi ds

One thus has:
(2.12) (COrf1dS) + Rog P W = 0.
This formula shows that the gravitational fieldmifests itself thanks to the Riemann

tensor, and it translates into the existence ofelative acceleration between two
neighboring observers (i.e., geodesics) [4].

3. Connection forms [5]. — The covariant derivative permits us to bbsa a
correspondence (viz.,parallelism) between neighboring tangent spaces.
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Let Tx and Tx+ax be two neighboring tangent spaces, andAletnd A + dA be the
following elements ofx andTx+qx:

(31) A DOT, A +dA O Tysax

respectively. We define the linear map:

(3.2) 0 : Tygx — Tx, (A +dA) =A + DA,
in which:

(3.3) (DA)? = (dA) 2+ A5y ;

in local coordinates:

(3.4) Wy =2 dx .

We denote the matrix (3.4) loy

The mapw is an infinitesimal transformation, and the composedif are nothing but
the components of the images of the basis vectors timelenap (3.2).

One knows that the tangent vector spaces are Minkosysiges, that the map
preserves the metric structure on the tangent spaedsthat the covariant derivative
preserves angles.

w is thereforean infinitesimal transformation of the homogeneous Lorentz group (or
Minkowskian rotations), or furthermore an element of the Lie algebitagroup.

The connection therefore defined by the given of a 1-faith values in the Lie
algebra of the Lorentz group.

Indeed, the definition above is incomplete, and, in @agr, in an essential way:
Indeed, one must specitige transformation law od under a change of basisTn (cf.,
the techniques of E Cartan that are understood today tharnke notion of a principal
fiber bundle).

For example, let:

(3.5) h?

be a coframe ifiy, so it is determined by a basis of four covariant vscto
The four 1-forms:

(3.6) 0% = h® d°

are their components relative to the tangent vabfhrand one will have:

af‘b :Fﬁc e°.
Let:
(3.7) 6 =T86
be a change of basis:
(3.8) 0% =T 6.

w satisfies the transformation law:
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(3.9) W=TdT* +TwT?,
or:

(3.10) W=-dT T +TwT?,
namely:

(3.11) W =TT + TRl T,
in which:

(3.12) (T2 =T?.

It is this law that assures the tensorial charagfteovariant derivation.
If A is a contravariant vector then:

(3.13) A'=TA,
(3.14) DA'=d(TA)+ W TA=dTA+TdA +TwA.
(3.15) D(T A) =TDA

An analogous calculation shows that the 2-form:

(3.17) S=DB=df+w" 8,
or.
(3.18) S=d6*+ ofp " 6°,

which called theaorsion2-form, is also a tensorial form with vector valuese has:

(3.19) S=TS.

4. Riemannian connection in an arbitrary coframe.— In an arbitrary coframe, let:

(4.2) Wy =2 8°
and:
(4-2) d52 = Jab S eb .

The condition that expresses the fact thd defines an infinitesimal Lorentz
transformation is written:

(4.3) Jac Wy + Obc Wa= dgup,
or.
(4.4) Yabe + Yoac = 0cOab -

One will note thad. g.» defines a Pfaffian derivativelg., = 0.gar8°. Let:

(4.5) de® =1h2 6°~6°.



Gravitational radiation 6

The Riemannian connection is determined by the supplemectadition that the
torsion be annulled:

(4.6) de? + J,"6°=0.
(4.5) and (4.6) allow us to write:

(47) bl)ac+y:b_yl§czo '

or, furthermore:

(4-8) Dapc + Vacb— Jabc = 0.
(4.8) and (4.4) give:

(4.9) Yacb + Jhac = OcTab — Dabc
or, furthermore:

(4.10) Yoact Veba = 0aQObc — bbca
(4-11) Vebat Vach = abgca | S

(4.9) — (4.10) + (4.11) gives:
(4.12) Yach = (Ou0ac + 0cUab — 0aQbc) — (Dabc + Beab — boca) ;

in a natural frame:
(413) babc = 0 .

One thus recovers the formulas of section 1.1.
Orthonormal framedave the properties that:

(4.14) ds’ = ()* - (o) - (J)? - (W)®
and:
(4.15) Wp+ aha= 0.

We also introduceormal isotropic frameswhich have the property that:
(4.16) ds=26"9° - 26'6%.
They correspond to a choice of four covariant vedttsuch that:
(4.17) h©® [h® = - ™ [ =1,

the other scalar products being null.
In Minkowski space, if:

(4.18) ds® = ()2 - (dx")? - ()% — ([@dx°)?
then one sets:
(4.19) V20°=dl-d@,  V268°=dX+d¥,

J2et=dd+idd, V202=dx-idy
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The antisymmetric tensomjapcg — Viz., the volume element with null covariant
derivative — is defined by:

e 1
(420) /7abcd: _g Eabed, Oade: _g éade,

in which £°°® and &xc4 the permutation tensors, eqdal wheneveabcdis an even or
odd permutation of the sequence 0, 1, 2, 3, reispéct
In an isotropic frame:

(4 21) /7abcd = | gabcd, /7ade = | éade .

5. Riemannian curvature. — The 2-form:
(5.1) Q=Dw=dw+w”" w
is a tensorial 2-form with values in the Lie algelf the Lorentz group. Indeed, one has:
(5.2) Q=duw+w"

=@dTA AT +dTOT  + Tdw T - Tw A dTY
+EAT T H+TOTHANTAT +TTY,

hence:

(5.3) Q=TQTY

(5.4) Q% =ddfy + ' " &y,

(5.5) Q% =1 R 6° 1 6",

so:

(5.6) Rebod =05y =0 5.+ 5T lbd_ rer lbc'

The Q% are the components of an infinitesimal Lorentz tfarmation that is
associated with the direction pladfe* 6°. One has, moreover:

(5.7) Qap+Qar=0.

The symmetry properties of the index pairs in tR&mann tensor follow
immediately.
The symmetry properties of the index triples fallisom the identity:

(5.8) Q% neP=0,

which is a consequence of the vanishing of torsiergrder to find (5.8), it suffices to
take the covariant differential of (5.4), while irads (5.6) into account.

Finally, the Bianchi identities express that tlkasbrial formQ has null covariant
derivative:



Gravitational radiation 8

(5.9 DN=dQ-Q"w+w"Q=0,
or.
(5.10) % =dQ%, - Q% "y + 3.~ Q% =0

relations (5.9) and (5.10) may be established by exteriardiffiation of (5.1).

6. Curvature trivector. Einstein equations.— The antisymmetric tensor that is the
volume element permits us to define adjoint tensors.

If Ais a vector thems a trivector: Aabc = /7abch

If A is a bivector thems also a bivector: Aab =1 Nanca A . Finally, if A is a

trivector therAis a vector:
Aa ——5 /7abcd Ade

Let@=-Q ~0. A 3-form, it is a tensorial form, @urvature trivecto6], such that:

O=-Q"0=-T'QT'"Te=T"'0.

Moreover, it has null covariant derivative becauseace the tenson.n,.q has null

covariant derivative, one also ha€2> 0 . One has:

©a=-Qa "6,
Oa = _% /abed QCd A eb = _% /abed Rcdrs o' recA eb .

Setd" A g eb - Oerbéf ;

A

@a — _% OabcdnerbRCdrS e -1 5er Rcd

4 “acd
=3 (3135 + 9,07+ 900) % 6, :<R; -3 R3,)8,=G6,.
The tensoG, is precisely the Einstein tensor that appearsénifi-hand side of the
gravitational field equations:
G)=R -10°R= «T).
The fact that the curvature trivector has nullaxgant derivative is writter], G2 = 0,
which corresponds to tlenservativeeharacter of this tensor.
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7. A theorem of Elie Cartan [6]. — The invariant functions that are defined\anor
thescalar invariantsof V4, are functions oRapcq and their covariant derivatives.

In particular, thecurvature invariants which, by definition, depend on at most the
second order derivatives of the fundamental teggoare functions of Rcqalone.

8. Statement of a problem.— The tangent space at a point\afis a Minkowski
space; from this, it results that any type of tenseidfonV, defines a representation of
the group of Minkowskian rotations at each point.

We shall study the structure of the 20-dimensional vesgace of Riemann tensors.

ll. The space of bivectors

9. Space of bivectors— Let:
(91) Fab == Fpa

be a twice-covariant antisymmetric tensor in MinkowskaceM, ; more generallyfp,
will be a tensor field oW,. Let:
(9.2) Qab
be the metric tensor dvi,.

The space of bivectors dvi, is a 6-dimensional vector spabk. Me is a metric
space and the norm is defined by:

(9.3) FOF=F =10, caF° F¥= 10" “Fap Fea = 1 Fan F*°,
in which:
(9.4) Oab, cd= Gab Gcd — Jad Obe -

Moreover,in an oriented Mthe quadratic form:

(9.5) FLE =1 9 Fop Feg =1 F 24
IS invariant.

The existence of two quadratic forms Nk that are invariant under Minkowskian
rotations (det = + 1) is the basis for a representatidhe Lorentz group that we specify
at the end of the chapter.

Let ¥ be a basis of covectorshifiy and letA be a vector ofls. Then:

(9.6) A =AX® that is, As=A ),
(9.7) Al = A AY® [P = A, A, g™

Let:
(9.8) X0 = ) n p

be a basis of bivectors; let it be a basisMgr A bivector ofMg is written:
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(9.9) F =3Fap¥®, that is, Fea =2 Fap 3.

The metric oMg is such that:

(9.10) P ﬂcd) = g od= g™ — ggPe
Let:
(9.11) X(ab) =1 b g X

One calls bivectorB such that:
(9.12) B=iB, or B=-iB,

self-adjointor anti-self-adjoinf respectively.
To any bivectoF one can associate the bivectors:

(9.13) |§=%(F—i|;), %(F+|F)

which are self-adjoint and anti-self-adjoint, respeti. Indeed:

(9.14) F=-F.

We further note that:

(9.15) F=F+F.

We note that:

(916) F zAab FCd ]

(9.17) Ag’f, :% ,7rsab Orscd -
One has:

(9.18) 1AGAS=-0,

nro_ L 1
%Aaﬂﬂ ég zg Mrsab grsc Muved gwfg ZE lrsab /7uvcdgrc ng QUf gvg

o 9= 2 gy 9= 3.
Furthermore, let:

(9.19) F., :%F Fed,

(9.20) F=lF,

(9.21) r=1(1-in), F=i(l+id),

10
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One has:
(9.22) rr=r, rr=r, rr=rr =o,
(9.23) r+r=|
Theorem. —
(9.24) 1F+F )
are two quadratic forms of rank 3.
a) Orthonormal frames- Let:
1
ab ab -1
(9.25) Xob=m®  t= L
-1

(9.26) A2 = (R = (A = (R = (R,
(9.27) Nabcd = Eabed s el = — b @b, c d=0,1,2 3).
One has:
(9.28) F? = (F22)* + (Fa1)® + (F12)® — (Fou)* — (Foo)* — (Fo3)?

F 23— Fo= _For F of F*= _F23
(9.29) F o= F% = ~Fo F o7& F¥= —Fa

F 12~ F%= _Fos’ F g F*= _Flz
(930) F |:|F =—2Fy3Fo1— 2F31 Foo— 2F12 Fos,

2 %(F23+|F01) F Ol Z(F 01 IF 2) _l F 23
(9-31) F 31~ %( 31+iF02)’ F 02:%0: 02_“: 3) =-F 31
12 %( 12+iF03)’ F 032%(': 03_“: 1) =-F 12

One has:
(9.32) 1(F2-F [B) = [(F29)? = For)® + 2 FagFoq] + ...

=2 [(Fy)* +(Fo)* +(F)"] -
One may form the following basis of self-adjoint bivest

(9.33) =IO -, 220t Z2=L(-in®),
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Any bivector may be written:

(934) F= Fa Za_l_lfgzaa F/LU:FaZj:u+ IEHZ/?,U’
in which:
Fo=Fp +1Foa, a B y=(,2,3).
The metric of spacg’ is:
(9.35) 27 [¥P=157.

We note that:
(9.36) Ald=1[(A)? + (A)* + (AT .

b) Normal isotropic frames— All of the foregoing that relates to the bivecEp
may also be transcribed in terms of differential 1d @iforms. We shall do this in a
normal isotropic frame.

A normal isotropic frame has the property that:

0 0 0 1

0 0 -1 0
9.37 = =i
(9.37) xﬂ"o_loo

1 0 0 O

It is defined by four vectors®, h®, h® h® such that:

(9.38) hO [h® = - n® [h@ =1,

the other scalar products being null. One has:

(9.39) Oab = WM icq.

In local coordinates, we denote:

(9.40) 0% = h® dy’

and:

(9.41) hah?=5;

(9.42) Nabcd = | Eabed s Oade:i éade, @b,c,E=01, 2 3).

One has:
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F = iF23’ F 01:": or

(9.43) F.=-iF;, F ,#=-F,

We take the following basis of self-adjoint 2-forms:
(9.44) Z'=°~0° Z°=0°70', Z2=1(6°"0°-0'"99).

Now, the space-time metric is:

01 O 01 0
(9.45) yF={1 0 0], V=1 0 0
0 0 -3 0 0 -2
One has:
(9.46) 272 =y, z7[F*=0, ze[Zr=p".
One has, moreover:
(9.47) A Z'B: yaﬁdv, Za/\Zﬁ: 0, Zn,\zﬁz _ Vaﬂ dv.

CONCLUSION. — The space of self-adjoint bivectdfsis a complex Euclidian space,
which we denote in the sequel By. If:

(9.48) 1F,, 0% 7 0°=F, Z%+ conj,

then:

(9.49) F1=F2s, F2 =Fo1, Fs =Fo3 — F12,
F=Fas, |E2 = Foz, |E3= Fos+ F12 .

10. Classification of bivectors. Characteristic isotropic vectss. Invariants. —
The bivectors are classified into two categories, ating to whether the invariant:

(10.1) | =FoFoy= FIF

is different from O or notl is an invariant of the Lorentz group, and tensorially:it

(10.2) | =3 (Fap P =i F°F®) .
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If 1 £ 0 then the bivector isonsingular If I = 0 then the bivector isingular, and one
has:

(10_3) Fab Fab — FabFab =0.

THEOREM. — With any nonsingular bivector there is assediad pair of
characteristic (real) isotropic vector such that:

(A (A

(10.4) Fan K*=1 Kk, [A=1,2; type (1, 1)] .

To any singular bivector there is associated an isotr@uitov — or a pair of isotropic
vectors that coincide — such that:

(10.5) Fak’=0 [type (2)].
One also has:

(10.6) Fo ki =" ko

in the first case, and:

(10.7) F;b k>=0

in the second case.
The proof is particularly simple in an isotropic fram&ny singular bivector:

(10.8) F =F,Z% + coni.

is equivalent to:

(10.9) F =Z% + coni.

The associated 2-form is therefore written:

(10.10) F=0°70'+8°70?=0"" (8" + 09,
in which:

(10.11) 08° = ka d¥, 0t +06°= vV dx¢,
(10.12) Fab = ka V" — koW,

with:

(10.13) kek®*=0, KvP=0.
One has, moreover:

(10.14) F=ig®~ @' -0

and:

(10.15) i (0'-0% =vPd¥,

with:

(10.16) K V&= v, v?=0,

T G OF
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hence:
(10.17) F,=kV? =k V2.

One has, at the same time:
(10.18) FuK=F, K =0.

If F is nonsingular theh is equivalent to:

(10.19) F=J F#=-2.
One thus has)
(10.20) F=d (807 6°- 616" + conj.

It gong I giage= It T gongiy 37T gongy

2 2

(10.21) J=E+iH, F=E®°"0°+H*08°"0°
(10.22) E? —H? = ~1Fa F*, 2E[H=1FaF®.
Hence:
(10.23) 8°=kPdx¢, 0% =k@ dx ;
(10.24) Fan=Ean+Ha,,
(10.25) aap = (kK k@ - k@ kél))/(k(l) (K2,

If Fap is a non-singular electromagnetic field aufdis a vector of timelike type that is
associated with an observer then:

(10.26) Ea = Fap P, Ha=~F,u°

are theelectric fieldandmagnetic fieldor the observen®, respectively.

@ @
If U is a vector in the Minkowskian planelofindk then one has:

@ )
(10.27) uu=a k+pgk,
) (2)
E=E(ak, -fk)=Eea, Ha=-He,

" Trans. note: The notation was changed slightlixénlast expression of (10.20) for the sake of clarity.
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o @
in whiche, is a vector of the same typewaghat is contained in the planeloandk and

W @
orthogonal tou® . The Minkowskian plane d&fandk may be characterized by the
property that it contains the observers for which thetarsk,, H, have the same line of
action.

COROLLARY. —Bivectors associated with a given isotropic vectaet k, be an
isotropic vector; it results from the preceding thatsbeof bivectors that admnit, for a
characteristic vector is given by:

(10.28) Fab = A1 (Ka U — Ko Ua) + Az 8an + Az @, .

In a normal isotropic frame, such as:

(10.29) ka =h{?,

h© is characteristic if:

(10.30) Fok=1ka.

Note that:

(10.31) K=y,

(10.32) Zg) Oy = h, ZP =0, 29 Opy=3 .

The condition (10.30) may be written:
(10.33) A1=0.

To the vectoh, one can associate the pencil:

(10.34) F=MZ2+A
that is generated &7 andZ>.

11. The energy-momentum tensor— To any bivectoF,, one may associate the
symmetric tensor:

(11.1) Tab =2 Gan Fea F* = FacFF.

It enjoys the following properties:
a) Symmetry:

b) Null trace:
(11.3) Tang™®=0.

¢) Involutive character:
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(11.4) T T =10 17,

a

d) Characteristic isotropic vectors:
(11.5) Tab Ky = | Kaya -

e) Conservative character:
(11.6) OaT2=0
if:
(11.7) ObF2=0.

Tap IS theenergy-momentum tenstirat is associated with the electromagnetic field,
and equations (11.7) are nothing but the vacuum Maxwell emsatiNote that:

(11.8) Foo F7= Fap F° =1 30 Fis F°.
Indeed:
(11.9) F.. F =2 flisac 7" Frs F¥ = —1 3" F (s F'°

in whichd= 319'd'd” . One thus has:

rsa

(11.10) T’ = 3 (Fan FP +F, F™) .

Note, moreover, that:

(11.112) TS =2 FCF = 2F° [F).

In the case of a non-singulgy one has, moreover (cf. 8 10):

o k;l)ké2)+ kél) k;z)
(11.12) Tap = _E[gab -2 K® k@ :
in which:
(11.13) 2= B2 +H*)?=(F EE-L)2+(F|__EI)2;

(10.4) and (10.5) result immediately.
In the singular case:
(11.14) Tab=ka ko .

12. Geometric interpretations. — 1. Cayley space £ — InMy, a hyperplane section
IS a projective spade; that is the Cayley space for the oval qua@ric
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(12.1) Jao X" =0.

The covariant vectors have the plane®pfor images, and the contravariant vectors,
the points oP3;. The points o) and the planes tangent@are the images of isotropic
vectors. The interior points are the images of {{@wariant) vectors of timelike type,
and the exterior points are the vectors of spacelilpe;tyhe same is true for the
(covariant vector) planes that, when they are nadrgecorrespond to the hyperplanes of
spacelike type, and the secant planes correspond to theplayms of timelike type.

An orthonormal coframas composed of planes that form an auto-polar tedraime
for Q.

An isotropic frameis composed of two real isotropic plamés, h®, which are
tangent to the points; , h{, (isotropic vectors), and the two plamé$, h determine a
bivector that has the line of intersection (viz., theebtorz®) for its image. The polar
line ZY is completely determined, as well as the two (commerjugate) isotropic
planeht” , h®that have it for their intersection (Fig. 1).

he)

Eaa Ha

Fig. 1. Fig. 2.

One will note that the isotropic frame is determineg, to the normalization
conditions (9.38), by the two real isotropic vectdf h®.
A non-singular electromagnetic field:

(12.2) Fao=Ean+H a,,

is associated with a definite isotropic frame thatetermined by its characteristic vectors
KU K. The observen® (a vector of timelike type), which is in the Minkowskiplane

Kay Ke):
(12.3) U =AKG) + 1k

has the property that the electric and magnetic fiettlove that it defines have the same
line of action (Fig. 2). One has:

(12.4) Ea = Fap P = E (-Ak® + uk®),
(12.5) Ha= F, U =E(-Ak? + uk®) .
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Since the planeg,, Ha coincide they are of spacelike type and are determinettheoy
point u* and the lineay,. The fieldsE* andH® coincide with the conjugate point on the

linea,, , which joinskj, , k5, -

In the ~case of a singular
electromagnetic fieldhere is degeneracy
viz., ki, =k3, — soa anda are two lines
tangent to the absolute.

(12.6) Fab = Ka V" = ko V..

An observer situated on the intersection of

the planes/Y andv®, V3, u® = v@u? = 0,

is again such thdt,, H, are orthogonal

Fig. 3. (Fig. 3).
(12.7) Ea=Fap U’ = vk, 1P,
(12.8) Ha=-F, = Vv?k P,
One has:
(12.9) EsH*=0, EaE®=HaH?= (ko P2

Energy-momentum tensef.The given of the absolute and the two isotropic vscto
KY, K determine a pencil of quadrics or symmetric tensors:

(12.10) Tab = Tha = A Gan + 1 (K"K + KP KY).

In this pencil there exists a quadric that is determinethégondition (callecpolarity):

(12.11) oL =0
so:
(12.12) a+2ukV k=0,
One has:

~ k;l) kéZ) + K§2) k;l)
(12.13) Tab =/ (gab -2 KO k@ '

This tensor is involutive and:
(12.14) T =3° A2,

This energy-momentum tensor corresponds to the casenfon A = —1/2.

2. Cayley space P— The plane sections Bf [2] are Cayley projective plan&s for
the absolute conig
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(12.15) Vs Z°Z°=0.

An orthonormal coframdnas a triangle that is autopolar feas its image ..

An isotropic frameis associated with a triangle (Fig. 4) that is fornfiexdn two
tangents to the absolut&'(= Z* = 0) and the contact chor@®(= 0). The points of the
absolute have the rectilinear generators of the absQldte their images. Example: to
7% = 0 is associated the pair of planes whose equatiens a

(12.16) h®y*=h®x*=0,

and whose intersection belongs to:
(12.17) Gl x” = (ROh® + HOHI - HOHY - HYHR) PP = 0.

The pointsP;, P, determine two generatd®s P ,of the same mode @, namely, the

conjugate generators (of the contrary modes), hence, ¢aloppointsh®, h® of the
absolute and two complex conjugate pohft§ h®.
A non-singular electromagnetic fieltas a line for its image:

(12.18) A,Z°=0,

which is secant to the absolutefor example,Z® = 0 - and a singular electromagnetic
field has a tangent to the absolute for its imader exampleZ? (Fig. 5).

y=0

Fig. 4. Fig. 5.

Singular electromagnetic field and isotropic vector an isotropic frame, if one
lets:

(12.19) l=1,6%
be an isotropic vector then one has:
(1220) |0|3:|1|2 .

The singular bivectors that adrhifor a characteristic vector may be written:
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(12.21) F=(a6")" (U 6°),

in whichu, is an arbitrary vector that is not proportional.t@One has:

(1222) F= (|2 Us — |3 Uz) Zl + (|o U - |1 Uo) 22 + (|o Us — |3 Uo— |1 U+ |2 Ul) Zs.
Let:

(1223) |o /|2:|1 /|3:k,

One has:

(12.24) F=(bus—ls) (Z*+KkZ) + (ot -1 ) (ZZ+KZ) .

In P,, the image of the familly is composed of the pencil of lines that pass thrdagh
(Fig. 6), whereP, a point ofy; is defined by:

(12.25) Z'+kZ2=72+K'Z=0.

: 1 2 2 3 h(3)
(12.26) Z =X, 7% =f, 2% =My,

are the parametric equations of (12.15) then one has:
(12.27) Mu=k.

Conversely, if the value dfis known, or furthermore, 71 =
if one is given a point ofj then the associated real

isotropic vectot may be written: Fig. 6.
(12.28) | = (p, €' €% 1lp)

if:

(12.29) k=péd?.

If1=h© 1,=(1, 0, 0, 0)k = then the poinP corresponds to nothing but:
(12.30) Z2=7°=0 A=1,u=0);

h® corresponds to the point:

(12.31) Z'=72=0 A=0,u=1) .

13. The Lorentz groups and their bivectorial representations— We say “Lorentz
transformations” or “Minkowski transformations” wherevare referring to the linear

transformationg® = L y"that preserve the quadratic forg¢ - (x')* - (¥¥)* - (X))°.
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One calls the transformations with positive determirMinkowskian rotationsand
denotes them .. detl? = 1; one calls the transformations with negative detents

Minkowskian reversaland denote them by.i detl? = 1.

The rotations and reversals are of two typesL . andL',L ', according to whether

they do or do not preserve the time direction.
The four types of Minkowski transformations give rigdive groups:
a) The complete Lorentz group,

b) The restricted Lorentz grouyg ,

c) The group of rotations,and reversalk', which are transformations that
preserve the time direction,

d) The group of rotations,and reversals', which are transformations that
preserve the spatial orientation,

€) The group of rotationis| and rotations& |, that respect or permute both the time

direction and the space orientation.
Under the bivectorial representatitMy — Mg, the Minkowskian rotations have the

rotationsz” =0% Z”, Z” =8; Z” for their images; the reversals permatandZ :
a_ nasp —a _ pna—-p
z7= 7%, Z7=952".

The groupL | is isomorphic to the group of rotatio@s(C).

[1l. The Riemann tensor

14. Connection and curvature in bivectorial variables(*). — The representatidf
L! - O3(C) associatesn with an infinitesimal rotation ofd3(C) that we denote by

o (0”5)
o is a 1-form with values in the Lie algebra@{C). To formula (4.6):

(14.1) dd+w”"6=0,

which expresses the absence of torsion, one assoitiatEs mulas:

(14.2) dzZ+o7~2=0,
and:
(14.3) dZ+ "3~ 72° =0 @ B=1,223).

! The method presented here is unedited. It has beenj#ut obresearch done in collaboration with Mr.
M. Cahen and Miss L. Defrise. The 1-formsof the infinitesimal rotation correspond to the spialor
coefficients of Newman and Penrose [8].
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To the formula:
(14.4) Q=Dw=dw+w"w,

which defines the curvature 2-form, there corresponds thessipn:

(14.5) >=Do=do+oc”0,
and:
(14.6) S%=dd"s+ o, " g,

To &4 (Z%, resp.), we associate the infinitesimal rotationteec” (=7, resp.), thanks
to:

(14.7) o= & gy, ST= &3,
We set:

— ! =3
(14.8) >.=C,+E 7",

Here, we give analytical development in an isotromi@racne; the details of this
development are given in the Appendix. If:

(14.9) de”+ o367 =0,
then one has:

dzt=¢g*02z2'-0'023

(14.10) dz*=-c°0Z72°+0%02Z°
dz’=1i0*0Z7'-i0'027%

-0 0 o'
o= 0 o -0°|.

-i0* 10" 0
If one refers to the definition &
(14.11) Z'=°r0*, Z2=0°"0°, Z°=1(8°"0°-0'"9%)

then one verifies that one has:

g+o® -o° -0? 0
o o*-o° 0 -o?
14.12 Wfp=41 ,
( ) B=73 ot 0 Fi-o? g2
0 o g -(0*+a?)
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$?=3,=2Q,,=do’-0*00°,
(14.13) $'=3,=2Q,=do'+0'00°,
$*=-15 =Q,=do’+i0'007?

PR A -3 0
>o¥-3* 0 ->?2
a _
(14.14) Q%=1 51 0 s 52
0 >t >t —(2%+39)

If one differentiates formulas (14.3) then on@léinin general, that:

(14.15) S%nZ3=0),

namely, in an isotropic frame:

(14.16) —1530ZV=35,0 28, -130 2P =50 2, S NZH =3, 2
If one refers to formula (9.48) then one findstha

(14.17) C.,=C,,.

B

From the reality conditions, it results, moreO\tbatEaﬁ is @ Hermitian form:
(14.18) E;=E;

One may further set:

A —
(14.19) 24=CaopZ+ 2 v 2 +E 2",
in which:
(14.20) Cap ¥¥=0, A=p¥Cl,.
One has:
(14.21) Cs3=4Cy2,
(14.22) Cy=Caz—24, C,=Ci2+34,

Example X[9], pp. 379).

ds’ = - expk x){cos a [(d¥)? - (dx¥)?] + 2 sina dx ¢} - (dx)?
- expl 2k X) (d8)? a=-3kx.

One sets:
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V2 6% =exp Ly (cos€+ sinqjdxo—( cod - sigj dx
2 2 2 2 2
J2 6% =exp L' (cosq— sinqjdxo{ cod + siﬁj dx’
2 2 2 2 2
V20t =dxt +i expl k X) dé, V202 =dxt —i expl k X)) dx;
then:
d€=20°6°-20'6?,
017 0% =—iexpl kx) dx A d¥, dxlzg(91+93),
J2de° = —dxl’\e p[kxlj[l] + ex p[kxljd[l] ,
d1] :?kdx“[z].
One also has:
d[2] :—?kdx“[l],
\/_deo :_(el + 92) /\eO \/ék +92) /\93
22(9 +92)A(9°+@e3),
J2 d0? :g(el +62) A (6°-/369),
J2det =ketr@?, J2de?=-ke'~e?,
dZ8 =de*~e*-ded~e?
:L _el/\92/\e3+£el/\92/\e3_£90/\el/\e2 ,

J2( 2 |
2z =K —390A91A92+£91A92Ae3—e°AelAe2,

ﬁ_ 2 |
dZ® -e°rptrp?-0° 1021 E%),

2x/§ )

hence:

__L 0_ n3 :_L
ﬁ(@e 6%), & 7

S1=dd - PN o=~ K (V32 +2%),

k
0 3 3 73 —

(0'-90?),

25
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S,=ddt + & r P=- K (2 -J3Z%),
S;=-2d+ N F=-4K .

Example Atype D — Schwarzschild).
dg = (1—2—”1

jdtz—;dr2
r 1-(2m/r)

2m 1/2 2m -1/2
(1—-) dt—(l——j dr =2 6°, J2 6!

—r?[(d6) % + sirf 6 db? ],

=r (d6 +i sinB dd)

2m 1/2 2m 1
(1‘7) dt + (1_Tj dr _\/_ 93
0 _ 3_ M 2m ? 3 A A0
J26°=26°= S|\1-=| ene
-1/2
S2et=T 1—%”‘) (0°- 6% n 6" C"rte 611 62
B 1/2 -1/27]
J2dZt =- E(l—@j +Ln(1—ﬂnj 00 7g? nge+ SO gingzngs
r r r? r r ’
B 1/2 1/27]
J2dZ =+ 3(1—@j Ln(1—£”j 0° ng ~gt+ S0P g2 ngong:
r r r? r r ’
1/2 1/2
J2dZ = —3(1—@j oL AB2A 00 + 5(1—@j 2relApt,
r r r r

a' = —ﬁ(l—@jmez,

r

&= —i(l—z—mj_ (60 +6%) + ——

r

12
_ﬁ(l_@j 91,

r r
1 cotO

o' - @?

\/5 — ) -
0 2m/r? 0

>=|2m/r? 0 0
0 0 an/r?

REMARKS. —a) The congruencel”, h® are integrable. One has:

o 2m 1/2 _
0 =|1-—| doq, ®;=t—r—2mlog (r — 2m),

r



Gravitational radiation 27
5 2m 1/2
0’ = 1_T do, , ®,=t—-r—2mlog (r — 2m) ;

@,, ®d, are the Kruskal variables [10].

b) In an orthonormal framet, 6t, ® t:

2m/r? 0 0
S=| 0 -m/r? 0
0 0 -m/r?

The geodesic deviation (2.12) for an obsenfer (1, 0, 0, 0) may be written:

(D*7/ DS’) + Rt = 0,
namely:
D" 2m D2/7e 2m o D% 2m o _
- n'=0, =0, +—n"=0.
Ds* r® Ds2 ré ek Ds* r® e

Example INUT space) [11].

2
ds’ = 2| dt+4l sin29d¢ I (r? +1%) [d6? + sirf 8 dd? ],
2 f2

r+|?
f2=1-2—
r2 +|2
One finds that:
2
JEeO:f(r)(de sinzgddbj —%dr

2
\/593:f(r)(dt+4l sinzgddbj +%dr

V262 =/r? +12 (d6 +i sinB do) .

One also finds that:
ot=ot=-2f(r=il)/ (*+ |2)

TN 1
== 1l ot=-o=

The other componentg are null. One further finds that:

0 C, O
>={Cc, 0 O
0 0 4,
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with:
Cu=2mP+2Pr—mPB) r=il)/?+1%3.

This space contains the preceding one as a particukaift¢asO.
Example 4spaces with plane waves and parallel rays) [12].
ds’ = - 2dwdw + 2du[dv + H(w, dw, u) du] .
If ° =du, 8° = dv +H du, 6% = dwthen one finds that:
F=H,O, F=c=0.

If H,,= 0 then one finds that:

0 0 O
>=0 C, O,
0 0 O

with sz ==2 Huw Z2 .

15. Introduction to the decomposition of the Riemann tensor— To a bivectoFap,
one may associate a form that is lineaZinz“:

(15.1) F=F,Z+F,Z".

To a tensoRyp ¢4 IN View of its symmetry properties, there will beasated a form
that is quadratic iZ“, Z7. We set:

(15.2) R=C,Z°Z’+E,Z 7+ C, 2 Z+ E 7 2,
in which:
(15.3) Cop=Ch  E=Eg.

C, 1S a symmetric quadratic form alf‘tgZ is a Hermitian form. We further set:

(15.4) Cly=Cap+ 1 yap,
in which:
(15.5) Cas ¥=0, A=y Cl,.

One immediately sees that the 20-dimensional spacansbtsk decomposes into a
direct sum of spaces of dimensions 1 for5 for Cys and its conjugate, and 9 for the
tensofE ;. One easily verifies that one has:



(15.6)
(15.7)

(15.8)
(15.9)
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C'=C.,Z* 2’ + conj. =1(R-*R¥)
E'=E,;Z°Z°+ conj. =3 (R+*RY),
C'=C,,2*2°=3(C'-iC),

*C* =-C', *E* = E

16. Tensorial decomposition— Let us calculate:

(16.1)
Note that:

(16.2)

We obtain:

(16.3)

in which:
(16.4)
(16.5)

Note that:
(16.6)
(16.7)

Eabca =2 (Rabcat+ R
gar gas gat
Nabed Mrstu = — 9o Gbs  Ou
gCl’ gcs gct
Oar Qs Yat
R - =2 Nabed RSt st
=— (Rabcd+ Gac Rod + God Rac —

== Rabcd = (Gac Soa + --.),

abcd

Sbv=Ra—3 0 R,

Eabca= _% (Gac Sod + Obd Sic — Gad Soc—

Eab = 0" Eabea = Sads

S =

)

Gau
gbu

gdu

Oad Roc— Ooc Rad _% gabcd)

Obc Sud) -

The spaceS&,, = 0 are théeinstein spacesf the “geometers.”
One immediately finds that:

(16.8)
and if:

(16.9)

then:
(16.10)
(16.112)

(16.12)

Crica=2 (Rabcd— *R*abcd) = Rabcd 3 (Gac Sod + --.),

A
Cabcd Cabcd + 5 Oabcd

Cab: O ’

C.y= Rad— Sad = — 4 Gad,
A=-Ri4,

and one finally has:
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R
(16.13) Cabcd= Rabcd+ 3 ( Gac Spa + ---) + 15 %abcd

The tensoCapcqis theconformal curvature tensaf Hermann Weyl. The spaces:
(1614) Cabcd = O

are conformally Euclidian, and havelst of the form:

(16.15) ds® = Y [(db0)? - (dxY)? - (dxP)* - (d¥)F].
One finally has:

(16.16) Rabcd = Cabed + Eabcd + Ganed s

in which:

Rabca may be represented by ax@& matrix. Hence, thanks to (16.13), it may be
represented in the form of a sum ebGmatrices:

(16.18) R=C+E+G.

After passing to the self-adjoint bivectorial variab®sZ“one has [cf. (15.6) and
(25.7)]:

C o]0 |E, 0
(16.19) R=| 24— |+|= 6| R =)
0 Caﬂ ELf 0 12| O yaﬂ
thus:
(16.20) Q=R Z]_4[2
. - Z— 2 z ’
in which:
(16.21) Sa=CapZ°+ E;Z" - g Vag 2 .

It results from paragraph 13 that under the effect pifoper homogeneous Lorentz
transformation the components @fg are transformed by the rotations@§C). They
are thdrreducible components of the Riemann tensor.

17. Petrov classification.— The Petrov classification finds its origin in thetféhat
the two forms:
(17.1) Vs 2728,  CopZ°Z°,

are invariant unde®s(C).
Operating in the 6-dimensional space of pairs of forms
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(17.2) Rabed, OQabeds

Petrov was led ([9], pp. 371) to distinguish three typesmstEin spaces according to the
number of elementary divisors of the pair (17.2). Kimpler, as J. Géhéniau [14] has
pointed out, to operate in the sp&czewith the pairs (17.1).

If one considers the characteristic matrix:

(17.3) Df=CF-0F A

then the classification may be effected by starting w\hid elementary divisors that
exhibit the proper values and certain numerical invariants

Let A; be a proper value and It be its multiplicity;(A —A,)"is then a factor of

det(D?). Let(A —)Il)'1 be the common factor of the minors of order 1, (A —)IZ)'Z, the
common factor of the minors of ordem — 2, etc.; the elementary divisors
are(A—=A)%,(A1-A)%, ..., with the exponents =lo—11, & =1; =1, ... Two equivalent
pairs have the same elementary divisors, and conyersel

The three casek, T,, T3 correspond to the existence of 3, 2, 1 elementary dsyisor
resp.

Indeed, one distinguishes the different cases by thegreScharacteristics, from
which one finds the exponents of the elementary diviaos the multiplicities of the
roots.

An equivalent classification is based on the behavidhe common roots of,z Z°
ZP=Co2°2° =0.

Geometrically, the problem under discussion is thahefrelative positions of a pair
of conics.

Table | summarizes the possible cases and their pregerti

18. Characteristic isotropic vectors — If one refers to the corollary in section 10
then to each pai’, ,ZS of singular bivectors there is associated a real isatragitor.

ab ?

The four points of intersection of:

(18.1) VapZ%ZP = Cop2°7F = 0
and thus:
Vs Z°ZF=C,Z°Z=0

define four characteristic isotropic vectorshat are associated with the Weyl tensor.
They therefore have a conformal significance.

These vectors have already been considered by Ruse [1%]emndse [17] in the
spinorial formalism, and by Debever [15] in tensoriatro

We use a normal isotropic frame to establish theldurental formulas that relate to
characteristic vectors. Therefore, let:



(18.2)

y =27 7% -
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TABLE 1

32

C= C]_]_Zl Zl +2Cy3 Zl 23 +2Cyo [Zl 22 +2 a3)2] + 2C2323 23 + 022(23)2,

1,1,1 [1,1,1]

7l

[(1,1).1 (22 D

(1,1, 1)] ()

Co

% E
(A=A1), (A =A2), (A -A3) (A=A1), (A =A1), (A -A2) (A=A1), (A =A1), (A -A)

2, 1] 2,1,1) Il | [2,1] (4) N

Ok
(A =A)% (A =A3) (A =A)% (N =A3)

[3] (3, 1) 1l

T3
(A-1)°

In order to determine the common solutions of (18.1) an@)18et:

(18.3)

:Az

7%= 7,

One will obtain the biquadratic equation:

(18.4)

=Au.

Cu M +2C 13 Bu+6C1pu A%l +2Cu AP+ Couyf = 0.
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To the isotropic vectoh®, to which we have associated the pereit’ + AsZ>, we
associate the point:

(18.5) A=1, [©=0.

h© is simply characteristic if:

(18.6) Ci1=0, Ci3#20 (type I);

h© is doubly characteristic if:

(18.7) C11=Ci3=0, Ci220 (type Il or D);
h© is triply characteristic if:

(18.8) C11=Ci3=C1=0, Cosz 0 (type 1I);

h© is quadruply characteristic if:

(18.9) Ci1=Ci3=C12=Cre=0, Cp#0 (type N);

If:
(18.10) Cij=0

then the space & or conformally Euclidianh® andh® are doubly characteristic if:
(18.11) C11=C13=C12=C3=0, Ci2#20 (type D) .

Tensorially [cf. (10.32)], one thus has:

1812) Doty = ~CulHP-Ca(HOHD + HPH) +C O,

If h{?is simply characteristic then one therefore has, wetting h{” = ka, hj} = K*

(18.13) Cabod K K= Ka pu + kg pa,
(18.14) Cancd K K =k_p} + K, B,

one has:

(18.15) pap*=-p,p*=-2C.C., p,p*=0.

If ¥ is doubly characteristic then:

(18.16) Cabcd K K= 1(Ci1+ Cp,) ka ka
(18.17) Caa ¥ K =1(Cu1- C,y) a ks
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If K is triply characteristic then:

(18.18) Carca® k€= 0,

(18.19) Caneak® = 2C232P ks ,

(18.20) Cavca K = @b ke ,

(18.21) Cabea K = a;b ke,

(18.22) lagpd®=- a. 2= - (C29)* + (C,)° .

If ¥ is quadruply characteristic then:
(18.23) Cabcd ' = Carca K1 = 0.

In summary, one has the following tensorial condi¢):

(18.24) Nbcdkd =0 - Nabcdkd =0

(18.25) |||abc{dkcke] =0 - |||aqukc ke] =0

(18.26) DK 'Kky =0 o ?aqu KKk =0,
D.pgdMnfm =0 o Daqs M rfi p=0,

(18.27) lbbqakg KKE=0 o llaqa kg K KE=0,

(18.28) k[ela]bc[dkﬂ kbk°:0 - k[f |a]bc[d ke] kbk°:0 .

N, I, ... indicate theC tensors of the corresponding type.

~ indicates equivalent conditions; conditions (13.24 (18.28) each imply the
following one. Finally, here is a schema (Figthgt indicates the degeneracies [17].

Fig.7. /

Image of the Petrov classification ins.P— The characteristic isotropic vectors
determine four real points of the absolute and fpamrs of conjugate rectilinear
generators (Fig. 8).

2 Here, we have reverted to the very suggestive notatfdBachs [16].
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(a) (b) (€)
(€) (d) (e)

Fig. 8. —a) Type I; b) type II; ¢c) type D; d) type &) type N; ) G.
If one recalls that a twice-covariant ten3gy (12.10) is associated with every pair of

isotropic vectors then one may predict that one magaate a completely symmetric
tensorTapcq With four isotropic vectors; this is the tensor of LI Be3]:

Tabcd= 2(Carcs Cbr Cda + Cacs C br ds

19. Particular frames. Reduced forms[19]. — Typel. — We introduce a canonical
frameSthat is qualified by the following symmetry:

Cll C:12 O
(19.1) Ca=|C, C, O
N 0 0 4,

Geometrically, in the plan&z® the frame is uniquely
determined if one associates an involution by means of pair
of characteristic vectors. The frar8es such, that the lines
that join the pairdy, l2), andls), l4) of the characteristic
vectors belong to the pendll Z* + ¢ 72 (Fig. 9). In the
spaceP; the characteristic vectors are four distinct poafts
the absolute oval quadric, and the Im8, h® of the frame
is an axis of (left) involution that permutgs, |), andl),
l4), respectively.
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The rest of the frame is indeterminate up to a toansdtion of the grou,:

(19.2) Z'=e"7", z?=e"7%, z:=7%,
for which one has:
(19.3) C1'2: Ci2, Cilc'zf Ci1 Coa.

One determines the frame by the condition that:

(19.4) Ci1+C=0,
hence:

A B O
(19.5) Cyp=|B -A O

0O 0 4B

The four characteristic vectors are determined bytisgamwith the biquadratic
equation:

(19.6) M1 +6BA) N 1F=0.
If:

(29.7) 3B/A=-sinhy
then the roots are such, that:

(19.8) Q/n)* = ¢, W) =€e”;

the four characteristic isotropic vectors may theeXgessed as follows:

o €° & 1/p
o= P S M
1/p -ie® ie® p
1p i€® -ie™ p

(19.9)

in whichpé® = "2 . The characteristic vectors have an invarigratio:
(19.10) b= (sinhy—i) / (sinhy+i).

They form aharmonicgroupif b? = 1, 4, or ¥4, namely:

(19.11) y=0, B=0 orB==iA.

They form arequi-anharmonigroupif bb=1,b +b = 1:

(19.12) sinhy=3, A?=3B?.

Example | of section 14 corresponds to one such typaafum space.
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Finally, the four isotropic vectors are coplanar if:
(19.13) B/IA+B/A)=0.
Thecharacteristic rootof Cypin the frameS have the property that:

A B-4A 0
(19.14) B-1 -A 0 |=0,
0 0 4B+ 2

hence:

(19.15) A=-2B, A =B—-iA, A3=B+iA.
One has:

(1916) A+ +23=0.

The harmonic spaces therefore correspond to tls® @a which one of the
characteristic roots is null.

The spaces for which the vectdf8 are coplanar correspond to the case in which the
proper values have the same modulus.

Singular spaces- We use the term “singular spaces” to refer eodhes that are not
in class I. In the sequel, we specify the formimea normal isotropic frame.

If we exclude case {ahen there exists at least one characteristicapimt vector at
each point o¥,, namelyh®©.

The local frame is determined in the subgr@mfL. that preserves the direction of
h©, namely:
8° =e*8° (a>0),
el’ :eib(el+w0),
92' - e—ib (92 + J'90)’
93' :e—a(e3+yel+w2+yw0),

or furthermore:

(19.17)

Z'=eV '+ 2+ 2y2%) (w=a+ib),
(19.18) z?=e"7%,
2°=yZ+7°.

These transformations induce the following transfations on the connection form:

gl=eV(d+ Y o?+2yci-2dy,
(19.19) o?=¢e"0?,
o’=c*+yo?—dw,

and on the curvature form:
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Cllz _qur

Cl3 = 2ye_2W q1+ e_W Q3’

(1920) ClZ = y2e-2W Czl-i_l/e_w Q3+ QZ
C,=2y'e®'C,+3/°e" G+ 6y G,+ & G,
C,=y'e™C,+2)°e" C,+6)° C,+ 2y & G+ & G,

One will note the invariant character of conditigh8.5) and (18.19).
TypeD. — If ¥ andh® are doubly characteristic vectors then one may aactstr

0 0
(19.21) Cap=| B 0
0

This frame is further determined up to a transformatiomfthe grougs,, sinceCi,
is invariant. The complete determination of the fram®ults indirectly from work of
Kerr [20]. Examples 2 and 3 of section 14 correspond towacsolution of type D.

Typell. Sinceh© is doubly characteristic ar@i is non-null, one may construct:

0 C, O
(19.22) Cap=|C, O O
0 0 4,

The frame is determined up to a transformation of they®, and one has:
(19.23) C.,=Ci2, C,=€?Cp.
SinceCy; is not null, one may determine the frame by the camdit
(19.24) C,=1.

Other choices may be imposed by the considerationoafeggc congruences.

Typelll. Sinceh® is a triply characteristic vector one has:

0 0 O
(19.25) Cap=|0 C,, Cl.
0 C, O

The frame is determined up to a transformatio@Hfand one has:
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0;3: e " Cys, Céz = 2ye_‘"’ Cyxs+ e_ZW Cy.
One may determine the frame by conditions sudbas 0,Cy3=1 .

TypeN. Sinceh® is quadruply characteristic, one may construct:

0 0 O
Cas=|0 C,, O
0 0 O

and one may restrict oneself to the grGyp
2'=72'+ 2+ 2yZ 27 =27, 2°=7+yZ,

thanks to the conditio@,, = 1 . The complete determination of the frame iateel to
the work of Kerr [20]. Example 4 of section correspoiddhé vacuum spaces of type N.

Remark. Other particular choices of frames may be imposedhbydemands of
particular problems.

20. Curvature invariants [21]. - THEOREM. — In general, there exist 14 curvature
invariants.

Indeed, once the frame is chosen, other fRathe coefficient€E,z — hence, 9 real
functions- are invariant. Moreove(,z possesses two complex invariants:

(20.1) c/cy, odee
respectively.
Thepure invariantselate to the irreducible componentsRafcq:

a) 4 invariants associated with the conformal curvature:

(20.2) C) = Car™ Ced™,
(20.3) C%=Ca Cod™,
(20.4) CY=Car™ Ced® Cis™,
(20_ 5) C((32)) — Cabcd C Cdrs Crsab ,

b) 3 invariants associated with the tenSgy:
(20.6) Ew=S6S", Ep=S»S°S, E) = S S° S SP

¢) The scalar curvature:
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(20.7) R.

The mixed invariants which are 6 in number and fix the ratios of the irredecibl
component&apcg aNdEapcq. Let:

(208) Dab = Carsb SS ,
(209) Dab = Carsb SS .

One may consider the invariants:

(20.10) D) = Da» S®, DZS) = 6ab s*,
(20.11) D) = Dap S®, 024) = 6ab D%,
(20.12) Ds) = Dap D™ S2, DZS) = 6ab D*bc ]2,
Summary
Degree pure invariant mixed invariants
1 R

2 TrC*TrCC,Tr &

(20.13) 3 TrC’,TrC*C,TrS TrDS Tr D¢
4 Trs* TrD?, TrD?
5 TrDDS,TrDDS.

One may show that the 14 invariants considered are inddegendent. It might
nevertheless be interesting to consider the invariahtsrder higher than 5 or other
invariant combinations of the ones above.

Remarks—a) In a vacuum there are four invariants:

(20.14) TrC?, Trce, TrCcC, TrC?C.

The space is equiharmonic if:

(20.15) Trc?=TrC?, Trcc=0,
or:

(20.16) TC?=0.
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If the space is harmonic then:

(20.17) TC®=0.

b) In the case for which there exists an electromagfietd the mixed invariants are
determined by the starting with:

— b.c . — b ¢
(2018) Dab - Cabcd E) t<2) y Dab _Cabcd i((]-) (kz)

if the field is non-singular, and the characteristicmss?f) and(l2<), and:

(20.19) Dab = Cabca K I, D, =Croeak’ K

if the field is singular.
In an isotropic frame, an electromagnetic field schemust satisfy the following
algebraic conditions:

(20.20) R=0, Rap R° = OF.

One painlessly verifies that it then results that:

(20.21) Eas=Aa A;,
(20.22) F =A.Z",

in whichF is the electromagnetic field bivector. The MAXWEldquations may be
written:

(20.23) dAZh =0,

So one has:

A3 At A(01+309) -3 Agi+4 AgT=0,

Al,o_% A3,2+ A1(0'3(’)+—$0'12) _% Ap'22+—; AgZO: 0,

%,3_% A3,1+% Apil_ Az(a-?;s+%0-i) __; Aglsz 0,

A&,z _% A3,0+% Apio_ A1(0-32+%0-2(D __; Aglsz 0.

(20.24)

21. Isotropic congruences[16]. — In an isotropic frame, the real vectoiddieh®,
h® defines a congruence of isotropic curves thatiategrals of the fieldh©®. In
tensorial form, one has:

(21.1) 0.7 == RVROTY,
in which:
(21.2) of =T:06°,
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Recall thaty;, denotes the inverse matrixhi§ :

(21.3) hg, h®= 2.

We fix our attention on the congruerit®; one has:
(21.4) O,h%=~- hhre,.

The coefficient§ ® are directly related to the form of the connectiond givenh©,

and are determined up to a transformation of the g@upat was considered in section
19. One may define a series of invariants of the congeuenc
The congruence is geodesic if:

(21.5) hyahg” = A4 1,

now:

(21.6) 0,10 == O,

and:

(21.7) r83:%(0§ + _33) 1 rf3: _% _32’ rg3: _%0—;’ rg3:

We remark that we have set:
_ anb —a_ —=a —a —a —
(21.8) F=020", T'=0.0°+70°+T0'+7,0°.

The congruence is geodesic if:

This condition is equivalent to:
(21.10) 8°~rdZ=0.

This being the case, if:

(21.11) 0.7 == RO — KPR 5, — PR, — 2RO 2+
then one has:

(21.12) ro=-
(21.13) r),=-1c’=12, ro,=-io0’=

In the groupG,, under the hypothesis that the congruence is geodesichaméct.
(29.3)]: _

(21.14) o?=éo?, o= g?,

One may further choosein such a fashion that the geodesic congrusfite such that:
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(21.15) h? = 0 =
The parametea is thenwell-defined with the reservation that:
(21.16) a= h(§)63a= ai13=0.

Condition (21.15) amounts to a choice of affine parameten the isotropic
geodesics, a parameter that may be written:

d B a C
(21.17) Sj + rbch(g)h(g)z 0:

v is determined up to a linear transformation with constagfficients with respect to
[16].

By starting with a non-isotropic initial hypersurfac&e may then parallel transport
the local frames along the geodesigs One then has:

(2118) hé)Dah()O): h(%)Dah()l): h(%)Dah()Z): 0
hence:
(21.19) 0‘31 20'5: 0-3:0_

Under these conditions, one may associate a Lispmat to the congruenté”; one
has:

L 7= 0,1+ R0, 1%, = (0,16 -0 )

If one refers to the expression 8" (cf., Appendix) then one finds:

(21.20) hl(_hf)— 10?h®P-102h®  moduloh”.
3)

One verifies that? and o7] are then invariants [cf. (21.14)] of the congruence. séte

(21.21) L h® =z + 51>,
One has:

(21.22) =-102=- 0N,
(21.23) z=-10;= h(l) h(z)Da H.
If:

(21.24) z2=0+i w,

then it follows that:
(21.25) 6=1g®0,K”=10,h; .
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The formula (21.20) defines a deformation in the Euclidiangpofh™, h®, with an
instantaneous velocity of:
(21.26) hv = L h® = zH" + G H?

One may assume thatis real, and if one introduces the Cartesian coordinageon
the plane ofh”), h® then (21.26) may be written:

(21.27) Xx=0+7) x—wy, y=wx-0-)y,

This deformation is the result otidatation (expansion, divergence):

(21.28) X=0x, y=0y,
arotation(curl):

(21.29) X=-wy, Y=-0X,
and adistortion (shear):

(21.30) X= O0X, y=-0y.

The distortion is a transformation that preservesas
The congruenck? is shear-free geodesis.f.g.) if and only if° 2 d8° = 0 :

8°~de®=1[-026°0°0°-5208° 0" 8% + (07 - 57)8°0' 7]
0:=0, 0:-0/=0;

It is therefore geodesic and rotationless.
The vectorh® is aKilling vector if Oh®+0,h®=0or % +r% =0 . It then
results thah® is shear-free geodesis.f.g.), and that:

o +0°= (720" +0? %) .

Finally, the vector field® is formed from parallel vectors if and onlydt = 0 .
The fieldh® is geodesic if:= 0, it is shear-free 1= 0, and it is s.f.g. ib" ~ Z' =
0.

Robinson’s theorenf23]. — To any singular electromagnetic field that is latgmn to
the source-free Maxwell equation one may associasef.gnisotropic congruence.

Conversely, to any s.f.g. isotropic congruence one msgcage an electromagnetic
field that is a solution to the Maxwell equations.

To any field of singular bivectors is associated an ipatrosector field; the
associated congruence is s.f.g.

Indeed, letz? be a singular field, and & be the associated isotropic vector field.
Z% is a solution to the Maxwell equations if:

(21.31) dZ2=0.
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If one refers to (14.10) or (20.24) then it results that:
(21.32) ol=02=0 or J&"Z’°=0.

Conversely, leh® be s.f.g.; one has:

(21.33) dZ2=a"7?,
in which:
(21.34): a=-[(03+102) 82+ (03 +10?) 0% = 0 0% + 3 6°.

By differentiating (21.33), it follows that:

(21.34) dar7?=0;

hence (cf., Appendix), thanks to the hypotheses, one has:
(21.35) Qo3— =207+ 1(05+5)))as.
This being the case:

(21.36) F=e"Z?
satisfies the Maxwell equations if:

(21.37) dwrZ2+dZ=0
or:
(2138) Wo =—Q5, W3 =—0Q03.

The integrability conditions for (21.38) result immedIlgtfrom (21.35).
Remark.— In examples 2 and 3 of section 14, the characteusttor fields define

s.f.g. congruences that are integrable in case 2 and regrabte in case 3. In example
4, the characteristic vector field is formed from pataketors.

IV. Problems related to the Bianchi equations. Propagation.

22. The Bianchi identities.— If one refers to the definition of the curvature ve¢or
14):

(22.1) >=do+o”™o
then one has:
(22.2) D=d>->"0+0"2=0.

Explicitly, one finds that:
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(22.3a) dZ; +3:70°+ 13370 0° =0,
(22.3b) dZ;-3,7 0> - 1332 0' =0,
(22.3¢) dZ3-3,7 0t +32,76%°=0.

The detailed formulas can be found in the Appendix.

33. “Singular” vacuum spaces. Goldberg-Sachs theorerf24]. — One calls spaces
singular or algebraically specialwhen they are not of type I. There always exists a
doubly characteristic isotropic congruence, narhély one thus has:

(23.1) Cll = Cls =0.

THEOREM. — In the vacuum, the congruem® is s.f.g., and conversely, if% is
s.f.g. anch® is doubly degenerate then the space is degenerate.

Therefore, let:
(23.2) Ci1=Ci3=0, Ci2#20,

so we have to prove thaf’ is s.f.g. One has:
(23.3) 51=C1Z"> and dZ=a"Z.

Thanks to (22.3a):
(23.4) dz; =dCpp” Z% + Cppa™ Via
== 01222/\ 03 —%02322/\ 02 - 201223/\ 02
One thus has:
(23.5) 0°"dZ; = 0= 2C,0° 221 &F
=-C,0°70'"0*"0°=-Cpo02dv,

(23.6) ' NdZ; = 0= 2C;, 0~ 73162
=C120°7 070> "0’ =Cyp02dv,

hence:

(23.7) 02=0%=0.

If C12> =0 then one is dealing with type IIl, and:

(238) Zl =0 , Zz = ng Zs, 23: ng Zs,
from which:

(23.9) dZ3=dGCs 23 == 02323/\ 02,

hence:

(23.10) —Cp30°" 221 0°= - C302dv=0,

—02391/\23/\92: nga§dv:0.
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(23.7) then results.
Conversely, assume (23.7). If one refers to the esjomredor C;; (cf., Appendix)
then it results from (23.7) that:
(23.11) Cu=0;
h© is thus characteristic.
On the other hand, one finds (cf., Appendix) under the hgs@tli23.7) that:
(23.12) Cia= =0+ 0,430, (T3-0;+0;,) +30, (T, +0;, +03)
(23.13) Ci3=2(0;,-03,)+ 03 (05 -03+3}) = 05 (T3 + 5, +73)
Then 4x (23.12) + (23.13) is:

(23.14) 5Ci3= 2 (20{ = 03).2~ (20, = 03), 5+ (20, ~0,)(T;~ 03+ T;)
+ (207 -05)(0;+ 0, +07) .

On the other hand, the Bianchi identiti&s, (component®', 6% 8°, and@®, 6%, 6°) give:

(23.15) Ci3,3= C13 (207 -03) ,
(23.16) Clg, 2= Clz (20’5 —Ug) .

One thus has:
(23.17) Ci3, 32~ Ci3,23= C13[(207 - 03) 2~ (205 - 73) 3] ,

and, thanks to the commutativity of the derivatives:

(23.18) Cis,32~ Ci3,28= —£Cu3,2[(T5 — 035 +T7) = $Cu3,2(0;+ 0, +03) |
=-3Ci3[(205 -0, (T3~ 03 +57) + (20, = 03)(T;+ T, +03) ] .

Upon substituting (23.18) in (23.17), one finds that:

(23.19) Ci3[202-0%)2- (20%-03)3+1(202-02) (T2 - 02 +T?)
+1(20?-03)(T:+53+0%)] =0
or:
5.~ y2
(23.20) E(Cls) =0.

Remark. The hypotheses of s.f.g. isotropic congruences andatbassic isotropic
vectors are conformal notions. One may envision weakahmdypothesis of empty
space as a way of generalizing the theorem (on this dulge Robinson and Schild
[25]).
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24. Singular vacuum spaces. Geodesic propagation. Sachs’s theord@]. — We
consider a singular vacuum space in whi¢hdenotes the doubly characteristic isotropic
s.f.g. congruence. One thus has:

(241) 0112013:0, 02/\22:0.
We choose the parameteon the geodesics with the property that:

(24.2) dn@dv = h;,0,K” =0,

and we assume that the local frames are paralleladegph along the characteristic
geodesics; one has:
(24.3) oi=0?=0%=0.
By virtue of the equatioB ;= 0 and the hypotheses:
(24.4) tz/dy +Z =0,

namely, @z/dy + 6% - «f =0 ,dafdv=6 w.
If 6 = 0 then one has:

(24.5) w=0,0=0- w=0, z=0.
If 0# 0, w= 0 then one may make:

(24.6) z=1N,
andif620,wz0:

(24.7) z=1/(v+iag),

in whichag is a constant with respectyo
It results from the Bianchi identities (in the order 8° ~ 6* 202, =, 6° 2 0% 2 03 3,

9>~ 8%~ %) that:
(24.8) dclzldV) +32G,=0,
(249) (jC23/dV) +272C3= 2C12,1,
(24.10) (Coo/dv) + z Gp :% Czs,l—% 0'13 Cos— %0120'11.
Hence, ifz# 0 :
(24.11) &—§C12 =0,

dz z
(24.12) a4, 2 Cos= _—22 Ci2,1,

dz z z

dC,, 1 1 1 3

24.13 —2 -~ Cpz=—— Cp31+ — 0; Cps+ — Cy20; .
( ) G 2 BT op et 57 Ot o5 G0y

From (24.11), it immediately results that:
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(24.14) C12=2'C, ,

in whichCJis a constant with respect o
In order to integrate (24.12), observe that:

(24.15) C1213=Ci1231—Z Gi21+ Cio 40, +T3)
=-4z QZ,l_ 3Ciozg —%Z Qz(a'f'*'a';) .
Hence:
(24.16) Ci21)3+t4zCio1=-3Ci2A,
in which:
(24.17) A=z+1i(5+0;)z.

By virtue of the equation&,; = 0 andE,,= 0, one has:

(24.18) 05,+20;=0, O;,+20; =0.
Moreover:
(24.19) 213=-322-17(0’+77).

It results from these relations that:
(24.20) A=-3zA.

One thus has:
(24.21) A=AZ.

Furthermore, it results from the relatidhs do? -2 0>, which are terms if" 6
if z=Z, that:
u+3200,+0;) =5 0,(0, - 7).
Hence:
(24.22) 2=7 - Ag=0,

and equation (24.16) may be written:

d 4
(24.23) oz (Cio) __ZC12,1: 3C5 A Z,

so the general solution is:
(24.24) Ci21=BoZ'+ 3CL A Z .

Substituting this solution into equation (24.12) gives:

(24.25) Cp=DoZ-ByZ -32A, C,7
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INTEGRATION OF EQUATION (24.13). — We calculate:
(24.26) D= 023,1— (:230'13 +3 0120'11.

a) Calculation of A. — One has:

(24.27) A;=-3ZA, As=-3zA-3z A,
A1,3+ZAg_—%A3(0'13+5'§):—321A—3ZA1,
(24.28) Aiz +4z A =-3A%.
hence:
dA 4, _ A
(24.29) . —ZA—3Aoz ,
(24.30) A= AZ+3A7.

Remark. If z=ZthenA’=A;=0.

b) Calculation of § whereS=C;, ;. — Equation (24.16) may be written:

(24.31) S+4z2S=-3C11A,
where:
(2432) $1+421S5+423=-3S A-3C12A;,

Si3+525=-7SA-3Ci.[AL - 1A(G+T7)] .
Hence, by virtue of (24.24), (24.21), (24.14), (24.30), and (24.18):
(24.33) S3+52S=-7ZMog—No 2,
in whichMg =Np = 0isz=7Z, from which it follows that:
(24.34) S =2 (S+Moz+iNo 7).

c) Calculation of Gs 1. —

(24.35) C2313= Co331—2 Q1 +t3Casa (07 +33),
(24.36) Co313— X G31= 251—3023A+S(0'13+5'§),
(24.37) =7 My—No 2,

in whichLo =Py =0ifz=Z, from which:

(24.38) Cos1=Z (@ +Koz+iLoZ + 1Py 7).

d) It results from the equatioB,; = O that:
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(24.39) ai3+ z0,=0,

hence:

(24.40) o, =z0".

One thus has:

(24.41) M=Z Uo+Voz+WoZ +Z2),
in which:

(24.42) Wo=2Z0=0 if z=7Z.

One may finally integrate equation (24.13), which is wmitte

(24.43) &—1022: Uo+Voz+WoZ+Z, 2,
z z
namely:
(24.44) C22:Z(T0+UOZ+%V022+ %WOZ3+ 720 24)

Taking into account the results (24.14), (24.25), (24.44)herntegration of the Bianchi
equations that regulate the propagation along characteisstimopic geodesics in a
degenerate vacuum space, one finds that:

0 0 O 0 0 O 0 C. 0
(24.45) Cp=20 T 0+Z/0 T DB|+2/ G iy -B
0 0O 0D, O 0 -B, &£,
0 0 0 0 0 O
+Z40 W -3AG|+ 20 47 O
0 -2AC 0 0O 0 O

one may also express this result as:

(24.46) Cap(d =zNo+Z g+ Z llg+Z* L+ 2N},

in which N, etc., denote tenso@, of the corresponding type that a@nstantalong the
geodesics.Moreover, ifz=Z then it results from (24.6), (24.22), (24.42):

(24.47) Cop) = T No +i2|||0+i3||0.
V V V

Finally, if z= 0 then one painlessly finds that:

(24.48) Ci2=C., Cp=Clv+Cy, Cp =CoLV* +COv+C22,
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hence:
(24.49) Cap) =No V2 + lllg v+ llo.

V. Spinorial representations[26, 17]

25. Vector and bivectors in the space of spinors- The representation:

(25.1) K:L. - O3(C)
may be prolonged to:
(25.2) 03(C) - SLy(C)

The transformations @L,(C) are representable by2 unimodular matrices, namely,
the special linear transformations of a complex twuedlisional vector space, spinor
spaceP;.

The vectorgy of P, will be denoted:

(25.3) un  (A=1,72).

Thanks to the anti-involutive matrix:

(25.4) B = éAB = {_01 (]_)-]
(25.5) £=-1, ce=1,

one may raise and lower indices; one will note that:

(25.6) wm=asyf=cy,
(25.7) W=y ="cy.

In view of the complex structure i, one may also introduce:
(25.8) =4, .
Spinors will be tensors ové, such as:

(25'9) [/IACDEF- :

The representatidd — Sly(C) appears to originate in the following remaflo any
vector u in Minkowski space, one may associatdemitian matrixy,, in a canonical
manner. In an isotropic frame, one sets:
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(25.10) w. =
: BA — TR :

One has:

(25.11) P, =W, -

Any unimodular transformation:
(25.12) AL

in Py induces a transformation a#,,

(25.13) Tep = AWen A

which translates into a Lorentz transformation efuls. One painlessly verifies that one
has:

L=AAWL+ AAu+ ARu+ AAy
(25.14) w=AAL+ KAu+ ARur AAY

L=AAL+ AAu+ ABur ARy

u=AAL+ KAY+ AAur AAy
and:

(25.15) Ut~ Ub=(AK - AR (A K- B A (Uus —uity) .

The unimodular transformatior therefore induce a Lorentz transformation. The
representation (25.2) is-1 2, in the sense that the matrices:

(25.16) A and A

determine the same Lorentz transformation. To aovegt one further associates the
matrices:

(2517) wBA :£ABwDA , wBA :wBC E.CA ,

namely, upon starting with (25.10), the matrices:

(25.18) wBA :|:U0 U2:| , l//BA :{_Ul —U3:|, l/IBA :{ u, —Ul:| .
U U

One will note that, in general:
(25.19) Ua =02°,

a AB’

(25.20) W, =0.U

AB a’
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in whichg?® , 0, are tensor-spinors. In an isotropic frame, one has:

25,21 0’2;[1 Oj’ 0_;8:(0 Oj’ 0§B=[O 1) 0“2\8:(0 Oj’
00 10 00 01

(25.22) a—OAB:(O Oj, a-“‘Bz(_l 0},0—2’*8:(0 Oj, aﬁABz(O _j.
10 00 01 00

1 2
Spinors associated with a bivecterLetu, andv, be two vectors, and lgt andy be
the associated matrices; in an isotropic frame ose ha

1 — u0 u2 2 — VO V2
(25.23) Ve Ll uj o W Ll Vj-
To any bivector:
(25.24) Uabp = Ua Vb — Up Va ,
we associate the matrix:
1 . 2 2 . 1
(25-25) ®pp = %(‘/’ CD ‘/’CA_ /] CD wCA) )
(2526)  don { UgV, ~ VoY 2l(ww- uyY-(uy- tu‘r]}
3[(Uev; = U\ — (U %= W] Ly~ Yy
In general, if:
(25.27) Fap = F4 Z° + con;.

is an arbitrary bivector then one may associate thexma

(25.28) Ppn :{ Fos 3 (Fos— Fl?):| :{ F, %Fg]
%(F03 - FlS) F23 % I:3 I:1

@pa IS @ symmetric spinor:

(25.29) ®pa =Ppp .

We set:

(25.30) Ppa =5oa” Fa,

(25.31) Foa= SDAa @Ppa .

In an isotropic frame:

(25.32) %Alz{g ﬂ sDAZ{; 8] SDAs{O 1]

Parallel to this, one has:
(25.33) D, =D, =s,,"F,,
and:
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(25.34) ., :{ i %__3}{ Fo  2(FutFu) |,
o % F3 Fl %(F03 + I:12) F13
one has:
(25.35) Soat =A%
One may further set:
(25.36) Ppa =3 A Fap
(25.37) Fao= 35" ®Pp.
In an isotropic frame:
SngD = §AD = Sl3AD’ glAD = sD = gAD’
(25.38) SogAD = §AD = S)?)AD =~ ngD = g/sz ’
813AD = O: 823AD ’ gzAD = 0: glAD .
In general:
(25.39) Sa* =1 (0%, 0%, 0%, 0%,)
(25.40) S =1 o,
(25.41) 1A, 07 =PA, 727,
We further note the identity:
(25.42) 0% eap =1 (0%, 0"+ 0°p0%,) -

Remark~ If u, is an isotropic vector then the matgs , is singular:

(25.44) dety,, =0.
If Fap is a singular bivector then the matdpg, is singular:
(25.44) detDBA =0.

26. Geometric interpretation. — If one regards the spaBe as a one-dimensional
complex projective space then if one considersotieindex spinorg€” to be defined up
to a factor thenP; is identified with the conicy (812). The use of the spin@kig
corresponds to the duality & . The spinors that are associated to vectordmedtors
are then introduced in a natural fashion. Figtt, |

(26.1) Fap = Fa Z° + coni.

be a real bivector. In the projective pldhethe line:
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(26.2) FaZ’=0

defines an involution on the conig whose
linked pointsa, £ are the points of intersection
of (26.2) withy (Fig. 10). If:

FaZ2°=0
a

(263)2'=()°, Z=(), 7'=¢&8

are the parametric equationsyahen the linked

points of the desired involution are given by: ig. EO.
(26.4) Fo (8 +FL (&)Y +F: &&=0,
which one may write as:
(26.5) Pag & E=0,
with:
F, iF
26.6 Pag=| 2 2 3%,
269 e { F, R }

and we recover the form (25.28). df , 5 are the coordinates of the tangenty i
andgSfor the linked points of the involutio®ag then:

(26.7) ®pg =3(an B + 08 Bn) -

If the bivector is singular then the line (26.2) is tangtm,pointsa and S coincide, and
one has precisely:
(268) Dpg = aa ,BB

Therefore, to any self-adjoint bivector one associatesir of points ofyy To any real
bivector one associates the same pair of poingsantl their complex conjugates:

(26.9) an, Bs; a,,a

A'YB"

Moreover, if one recalls that the pointsgodire rectilinear generators of the absolutB-of
then the points of the absolute (the isotropic vecwiitpe determined by a pair:

(26.10) an, Q;
or by a singular Hermitian matrix:
(26.11) Yy, =Qs O .

In the case of an arbitrary vector, the matrix:

(26.12) v,
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geometrically corresponds to a Hermitian bilinear form:

(26.13) W, £ =0,
Indeed, let:

(26.14) 2’0 -2x%¥=0
be the absolute &¥;, and let:

(26.15) U ¥’ =0

be the equation of the plane that is associated Wwehvectoru,. The plane (26.15)
intersects the absolute on a cotiiwvhose points each have a paft, & as their image.
Explicitly, if:

(26.16) X=&88 xY=88 x=8&8&8 xyY=8&8&

are the parametric equations of (26.14) then on the platiers€26.15), or or#, one
has:

(26.17) # WEETWEET LEE+ WL ESL=0
or.
(26.18) Y, EPE4 =0,

We thus recover the Hermitian fogty, that was introduced in (25.10).

27. Spinorial representation of a tensor.— In general, a tensor such &% is
associated with a spinor with twice the number oiciesl by the formulas:

(27.1) Y ee= T 0,°20° 0.
To the bivectof,, one may associate the spinor:

— b
(272) wABCD - Fab UaABU eD "

If Fap is real and anti-symmetric then one will have:

(27'3) 427AB(‘:D :l//BADC ’

(27'4) wABCD :wCD/-\B )

from this, it results that:

(27.5) wABCD: CDBDEAC+ CDBD énc
with:

(27.6) ®pp = Ppg;

with the help of (27.5) and (27.6), one recovers form{#&s30) and (25.31).
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To the quantitieso”,, which are the components of the connection in biviadtor
variables, one may associate the spinor:

AB  _ AB a — 1 B a cd
0% =9, 0% 0% =1S%q 0%, .

BA

H AB AB .
The spinoo™  has 12 componentso™ . =0 ",;

coefficients of Newman and Penrose [8].

these are the spinorial

28. Riemann tensor.— One associates a spinor with 8 indices with énedrRapcq
At the basis for the decomposition that we studied aptdr Ill, one will have:

(28.1) Cabed = O'aAB UbCD O'CEF O'dHG (wACEH &p &c T wBDFG‘gAC‘gEH) ,
in which:
(28.2) {nscD

is a completely symmetrispinor with four indices. It is the image of thaur-point
groupdefined by the intersection of the cofigs with the conicy,z. On the other hand:

(28.3) Eabcd= 0,"° 0,%° 0.5 0% (D, 80 Erpy + P i ExcEin)

in which:

(28'4) (DABCD = (DBACD = (DABDC = q)CDAB .

The spinor @, .. associated withEancq is also associated with the quartic that is the

intersection oRys X* X andgaﬁ)f’)f . This quartic establisheddinear correspondence
between pairs of pointef yandyor between pairs of rectilinear generators of the

contrary mode of the absolugaﬁ)/’,yﬂ = 0. This 2-2 correspondence between pairs of
points of y and points oy is defined by the spingy Finally, observe that the

ABCD *
spinor that is associated wi);, or with:

(285) C.’:lbcd = Cabcd_ (Rllz) gabcd
is:

(28.6) ®pgep + (A3) &g &b

in which:

(28.7) A=-RR.
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APPENDIX

Commutation rules for the Pfaffian derivatives.— They are obtained by starting
with Poincaré’s theorem: WK = A, 68 is an exact form then it is closed, i.dA=0 .
One has, in turn:

(A1) d6°=1[-02Z + (07 +a3+0,) 22+ (03+ 05+ 07 ~07) 2
0.2+ (O3+ T2 +02) 2% + (oi+ai+0-T7) 2%,

do' = 1[02Z' + (Oi+T3-02) 22 + (O2+ 02 -0 +02) 2
—(0 —0:-02)2'+ T 27 + (Os+02 -0 -03)2°],

o’ = L1[(g3-0? )zl+aizz+(ai+ +a2-02)2°
‘ZZ+(01 +03)Zz+(ai+ +a.-0°)Z°],

=il[(gi+0i+a) 2t -0t 2% + (02 + O ai+a)z3
+(0f’+02+0é)21—‘322 +(03+0,+0,-0,) 271,

(A2) dA= [Ap—Ap—10iAc+i0. AL +1(T5-0s+ T7) A
+1(Tr+02+T2) A3 ZH + [Awo— Ao +1 (02 +T2+T2) Ao
+1(0;+05-03) AL+3 01 Ae - 0, A Z
+ [(Ago—Aozs—Por + Arp) +1(05+ T+~ 0;7) Ao
+3(51+08 034 07) A+ (034 52403 -07) A
+3(03+0;+0,-0,) A1 20+ [Par—Aus— 305 Ao

-L(T -0 - )M +L T A+ (o + T+ 0y) 121

+ [Aso—Aos +i(0o+T +07) Ao +1 T A1
+3(8,-03+03) Po=% T, As] Z2 + [(Aso— Aoz — Ao + Ado)
+3(034 05+ 0, ~07) Ao+3 (03 + 05— 07 +03) Au
+3(01+35-03+00) Ao H(03 + T3+ 03T A 27,

If A is an exact form then it suffices to annul the ficiehts ofZ% Z?to obtain the
commutation relations. One has:
(A.3)

7' =(02+102)0°00°06°%+ (0 +10)0 00 200 *+ 10 p 116 16 2+106 t1e B 3
dZt =-1020°06%06°-1 0000 °00 *~ (0,%4+10,)0 W6 00 (0. ¥ 10,70 116 16
dZ' =1076°00°06°%+10,9 06200 10,0 00 06 Z 108 16 he.

If:
(A.4) B=B,Z%, C=C,Z°
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then:

(A5) dB=0""0°"0%[B11-1Bs3+By(0 +1 0l) —1By02 +1B30?]
+8° 10> "0°[B1o—L1B1o+ B0l +1 03) —1Br02 +1Bs 0]
+0°70° "0 [By3—1Bsy+ 1B10r - By(0; +1 072) -1 B3 03]
+0°7 0" "0 [By2—1B3o+iB10t— B0 +1 02) —1Bs0;]

dC=0""0* "0’ [~ C12-1C33+ Cy(T2+1 73) —1CL02-1C357]
+92A93A90 [02,3_%0312 +%Cla-2 - C2(0'3 +% Uz) _%030_-;]
+0°700° N0 [Cro—1Ca1+ Ci(T2+1 T) —1Co02 +1C3T7]
+007 0 NP [~ Cp+1C30-1Ci T, + CxT7+1 T2) +1C301] .

Calculation of the curvature.
51=dF -1 &,
(A6) 21 =

Z [05,-0%-41 0; i+ 07 0L +4 05 (05 -305 + 07) + £ 03 (034803 + )]
+ 220505 =3 03 (-0, + 03+ T3 )+4 07 (T, + 03+ 03) +4 05 0,4 0% 03)]
+23[U§o_0-§3_0-221+0122+% 05(53_0-34'5—12) +% 0-12(0_-;'*'5-13'*'0-;)

+3 03 (305 +0,-0,+7;)]
+Z'0i-0L-1 02 -1 0l (Ti+02-02) + 1 02 gi+1 02 (307 +T2+03)]
+ 20505 +L 0l (a2 -Ti+0) +1 ol T +1 02 (03-T+ 307) - 1 02 Ty ]
+Z° [_0-03+0-30_0-12+0-21+% 00(03_U§+01 _0-12)'*'% 0-12(0_-;'*'0-5_5-134'0—;)

3 0;(03+0,-0,+307) +5 03 (305 + 0, + 0, — 7)),

S,=dd +d " &,
(A7) Z,=
Z [03,-03=2 0y 02 +1 0y 05 +% 05(T3+ 03 +07) + 1 03(03 - 03 +77)]
+Z (-0} G303+ 2+ 00+ 0L (G103 303) +4 0} 0l 0} )
+ZS[ 0_3,10+0é3+0é1 0_112+10i(30-3+0' +U -0 )+l 1 ( ;+5-13_30-§+0-§)
+3 0,(0,+0,+0,+0,) +4 0;(- 03 + Ty — 0, + 7))

+ 2004 -1 03773 01 (33 301-07) +1 01 32 +3 0 (-2 + T2+ )
+ Z%[ 0y~ 0y +1 0,305 +8, + 0, ) +4 01 Ty +4 0,(0;,- T, +03) — £ 03 Ty
+ 2l 0k 0Ly 0% 0% +1 03303+ 3+ 0?-37) +4 0 (34 0757 +307)
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+

0,(03+05=0,-07) +3 03(~ 05 + T + 0, T,)],

N

Sy=-2dd- A &P,
(A8) 23 =

Z [2(03,-03,) +0; 05 =07 05— 03(T3 - 03 +07) — 03 (T3 + 03+ 37)
—0, 0, +0, 07]

+Z°[2(03,-0y,) + 03 (0, + 3+ T3) =03 (y+ Ty - 03) =03 0= 05 Ty
_0_80-1'*'0_110-0]

+ 22 [2(03+ 03+ 02 —02) +02 (02 +T2+02-07) -0 (02 +T. - 02 +07)

+1 0 (04T +T.-0) -0 (02 +To—03+0,) —0p 05— 03 O

+0, 05 -0, 07

+ Z'[2(03-03) +0, O +07 (05 -03-07) =0, i~ 03 (0, + T3 +03)
_0_110-3 +0é01]

+ Z°[2(05,-03) — 03 (0345 +03) =07 0103 (0;,-T5+05) +
-0, 05 -0, 0’

+ 2°[2(03,- 03 + 03, 03,) +03 (03 + 05 + 07 =0 ) =07 (T3 + 0, ~ 5, + T3
—0,(03+0,-0,+0;) +0; (0, +T; +0,-T3)
~0,0; —0; 0, -0, 0, +0,0;] .

w%
[N

One has:
EZE %EZE _; E§2 _ili E§3
1. E. 1E. 1E_
(A.9) Rab—%gabR: i 23 X 21 4 E33 i E31 .
2 E3§ 4 E3§ Efz 2 Ef3
%Eﬁ % E31 % Efs Efl

Bianchi identities. — If R= 0 then the Bianchi identities may be written:

(A.10) D53 = DCop”ZP + DE 29 =0,

in which:

(A.11) DCup=dCyp — Cyp &~ Cay a’;; = Ca;,zc 6°,
(A.12) DEgs=dE; - E 0", - E,0,=E 6.

One finds:
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al 2 2 %3 3
Cal;o_%ca3'2_ ) _2 I%’a 2!
C02;3_%Ca3;l: E *t3 %3 Y
Coz _%Ca3;0 = Eai;l -3 I%’a;o’

(A.13)

DC,, =dC,+2Cp”+ Co°,

DC,, = dCiZ_% Clpi +% ng_z,
(A.14) DC,; = dCl3—2C1p‘1 + 3C1g2 + Clga’
DC,, = dczz_zczp-3 - ngli

DC,, =dCy;— ngs _3C1g1+ ng_z’

DE,, = dE,, + E(0° +5°)+3 Eyp* +3 E7”
DE, = B, + E(°~0) +1 Eg~1 £,
a1 DE, = dE,+ Ep°+} Eg*~ Eg'+ EZ°
DE,, =dE,,- E(0°+7°)-3 Eg'-1 Eg",
DE,=dE,-E0’ -3 Eg' - Ef'+ EgF’,
DE;, =dE;,- Eg' + Ej0°-E;,0' +E, 0"

D3, = 0 givesdY; = -3, & — 23~ & Thus:

d(CaZ%) + (C1aZ) " 0 +3(Caa Z) " &
=-d(E,Z°) - (E,Z°) " @ ~4(E,, Z°) " 7,

(A.16) Ci1,1+C11(207 +103) =1 Cus 3+ Ciz (07 -1 03) -2 Ci207
:Eﬂ,2+ E1’1(513+023+%0;) P E13 st 3 B 40 02)+ ; Esgz
-4E50; -3 E.0; (123)
(A.17) Ci1,0+C11(205+10,) =1 Cus 2+ Ciz3 (07 -1 07) -2 Cio07
= _% E110_-11+% E13 2 E12 st ; E1£ +023)+ Ei£53_03?+%0_-12)
+3E50; 3 B0 (230)
(A.18) %0110'1—1013 1—1013(0'1'*'0'3) + Clz 3—20120'2'*'10230'2— (R3/6)
_E11 o Ell(a +U +l 2)+ 3 E131 2 1£0 013) 3 Esgo
+3E,0, + 5 E;07 (301)

(A.19) 1C1103-3C13,0-1Ci3( 05+ 0, ) + Ciz,2=2C120; +1 Co305 — (R2/6)

62
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= _% Eli_é _% K ,o_% Efs(ﬁé +0—g) + Eiz,l_ Ej£0_'3+%5'§—013)
~1E,02+1E,07. (012)
D3, = 0 givesd; =3, &> +1337 d". Thus:

d(Ca0 Z% + (C2a Z) " & +4(C3s Z) M O
== d(E,, Z%) + (B, Z°) " 0" +3(E, Z°) " 0,

(A.20) —1C130,+ Cip,1+2C1203 =1 Co3, 3+ 1 Coz(07 + 03 ) —1 Cro0% — (R1/6)
:E21,2+ Ez’l(a_-l3 +%U§_U§) _% E2’3,3+% E§£5-22+U§) __; E’zge?
-3E,0,+5 B0 (123)
(A.21) —1C130;+ Ci2,0+3C120, -1 Co3,3+ 1 Co3(05 + 03 ) =1 Cro05 — (Ro/6)
= —Ep .t Ex(0; +05+507) +5 By ,+ 3 Ex 0;-0)) —4 Eyg;
-3E,,0, +3E;,05 (230)
(A.22) 2C110,-3Co3,1= Co3(0;-3 07 ) + Coo, 3~ Co2 (203 +1 07)
=B, En(05 +30,-00)+3E5 3 E{00+0)+3 EF;
+1E,;0,~ 1 E;01 (301)
(A.23) 2C120, -1 Co3,0~ Ca3(0,-% 07) + Caz, 2= Co2(205 +1 07)
=B, ,~ B0, +30;+0;) ~3 By =3 E{0,-09) +3 E, 7
+3E0, —3 B0y (012)

D33 =0givesds =51 0 — 3, & Thus:

d(Csa Z%) + (C1aZ) " 0" +3(Coa Z) " &
== d(E,Z%) + (E,Z°) " &' = (B, Z°) " 7,

(A.24) —C110; + Ci3,1+ C13 (07 +0;) — Ciz,3+ 3C120; — C230; - (R3/6)
=E,;,~ En(305)—3 By o+ Esy + E4(0, +30,) - Eig,
_% E2§U§ + E2—10'22 +% Efaaé (123)
(A.25) - Clla‘é+ Clg, o+ Cio (0'3 + O'é) —2012, >+3Cy3 Ug - 0230'22 - (R,2/6)
=-Eg,t E(0; +303)+3 Essrts E,0:-3 E,0i- Egs—4 EQ

_E2§U§ +3 Ezéa-zz (230)

63
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(A.26) 0130'11— 2012, 1—3C12 0'31 + C23, 3= 023(0'3 +0'12) + C220'§— (R,1/6)
=By~ Esfl(a_-g +%0_-;) +3 E§3,1_% Eé?oz +3 E§922+ Eigtl)'*'% E’zgl2
—E,10 =3 B0 (301)
(A.27) 0130'11— 2012, o— 3C12 0'; + C23, 2= 023(0'2 +0'§) + 0220'22 - (R,o/6)

.= Enl0; +307) —3 Es 3 Esf, 4 Esgo— B9y -3 Egy
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