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Translated by D. H. Delphenich

This presentation constitutes only an introduction te study of infinitesimal
structures that | would like to develop, along with its aapions. Since 1951, | have
presented these notions and their applications in myseoatr Strasbourg and Rio de
Janeiro, as well as in a series of conferences thag gieen, for example, in Bologna,
Pisa, Southampton, Leeds, Manchester, and Louvain,Hawel published only very brief
summaries on this subject) (

At the International Colloquium on Differential Geetry in Strasbourg, | briefly
indicated the following applications (which will be develdpe another article):

The notion of a system of partial differential eqoasi is generalized by the given of
a subsetpin J(V,, Vm) or a manifold that is embedded in or extracted fd(v,, V).
One may define the prolongation of such a system. ©tmken led to the notion of a
complete pseudogroup of transformations of orgderhich, in the analytic case, gives the
notion of Lie pseudogroup: Its associated groupoid is theanatytic submanifold of
MN'(Vn). One has the definition of a pure infinitesimal stuoet(a notion that generalizes
that of geometric object) and a regular infinitesimedcure. The pseudogroup of local
automorphisms of such a structure is complete of ardéts determination leads to the
problem of generalized Cartan equivalence. Any completgsaéeidogroup of order
has a prolongation that forms a complete Lie pseudogrofigspbrder. One can define
Lie pseudogroups of finite tyde The associated groupoid of ordkeis isomorphic to the
associated groupoid of order 1. The LIE GROUPS are of finite type. One canngef
infinitesimal transformations. A pseudogroup of transfdaiomg of finite type on a
simply-connected, compact manifold is deduced, by locadzatrom a Lie GROUP of
transformations that is defined ¥h.

1. Thenotion of local jet. — Let one be given a mdgdrom a setU onto a sef(U),
and callU thesource of f, while f(U) is thetarget of f. Let one be given three sé&sE’,
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E", and letf be a map with sourcé [J E and targeB [J E', whilef' is a map with source
B' O E' and targeC O E". We letf'f denote the mag - f'((X)) whose source is the set
A’ of elements such thaf'(f(x)) is defined.

Let E andE' be two topological spaces, and consider the continuaps that have a
subspace oE for their source and a subspaceEbfor their target. LeCy(E, E') be the
set of pointed continuous mags X) wheref is a continuous map that has an arbitrary
neighborhood ok for its source and a subspacebodffor its target. Two element§, §)
and ', x) of Cy(E, E') are said to havihe same local class at x when the restrictions df
andf' to a neighborhood i are identical. The relation thus defined is an equncae
relation inC(E, E'). An equivalence class for that relation will beledlalocal jet of E
into E' with sourcex and targef(x), where {, y) is an arbitrary element of the class. The
local jet of €, X) will be denoted byj’ f . Let J'(E, E') be the set of local jets & into
E'. The source oK [ J”(E, E') will be denoted bya(X) and its target, byAX). The
symbolj” will also denote the mag,x) — j/f of C(E, E') onto J'(E, E'), whereC(E,
E)= | JC(EE).

XOE
If f is a continuous map that has an operuset E for its source and a subspacecof

for its target then the map— j’f of U into JY(E, E') may be denoted Lgf. One may

consideli’f as a local chart & in JA(E, E'). The set of these local charts is an atlas

for E in JX(E, E') that is compatible with the pseudogroup of transitions that is
composed of the set of identity maps of the opaa sEE. Indeed, j/f= jif' is

equivalent tox = X' for x that belongs to an open set&f This atlasA induces a

topology on(E, E') that is generated by the targets of the chi&tsvhich are called the
ELEMENTARY OPEN SETS of(E, E'), and THE SPACB(E, E') IS AN ETALE
SPACE OVERE UNDER THE MAP a, whose restriction to the target gf is the
inverse homeomorphism gf. The mapBis a continuous map Jf(E, E') into E. The
mapf admits the CANONICAL COMPOSITION = Aj*). The spacd’(E, E') is not
separable. A separable open sel'¢E, E'), or furthermore, the restriction @fto such a
set, is the notion that one may call a MULTIFORMICDNUOUS MAP ofE into E'.

Let E" be a third topological space. If one is givef J'(E, E') andX' O JX(E', E")
then one may composéX whenf(X) = a(X'). If (f,x) O X and {, xX) O X, wherex =
f(X) then the pointed spac&f(x) belongs toC«(E, E"). The jet j/(ff) depends only
uponX andX' and will be, by definition, the compositiotiX. One may also consider it
to be the composition dfwith j/ f :

e fy=(if)(idf) = £ (il f), wherex' =f(x).
In particular, if one denotes the local jet of ttentity map orE whose source i

by j!fthen one hasj!f= f j!. The law of compositiorX, X) - X' X is continuous
with respect to the topology considered.
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The associativity of the composition of maps impliée associativity of the
composition of local jets: K'X andX"X' exist then the compositionX"(X') X andX"(X'
X) exist and are equal.

j} f is a left unity and a right unity; i.e.:

je(xf) = jgf,  wherex =f(x),
(D) =ief,
Pt =gt

The jetX O J'(E, E') isinvertible when there exist¥’ 0 JY(E', E) such thai’ X = j/
andXX' = j2, wherex = a(X), X = AX); this condition is equivalent to the existence of a

pointed mapf( xX) that belongs te, such thaf is a homeomorphism of a neighborhood
of x onto a neighborhood &x).

The set of the invertible elements B{E', E) is a groupoid1?(E). The subset of
invertible jets with source and targets a group?(E) that one may call the LOCAL
ISOTROPY GROUP oE atx, relative to the topological structuveof E.

Letl be a pseudogroup of transformations that is defin&dand is contained in the
pseudogroup - of local automorphisms &; the subjacent topology fo may be coarser
than7Z. The set of local jet§/¢ , whereg O T, is a SUBGROUPOI(I") of MY(E) =
J(r+). The intersection aF*(") and M (E) is a groupJd/(I') that is called the LOCAL
ISOTROPY GROURat x of the local structure that is defined by We remark that that
JN) is an open set ¢1*(E), which is itself open in}*(E, E').

If we are given a subset of J'(E, E') then a SOLUTION or INTEGRAL of is a
continuous map dfwith sourceU, which is an open set & such thatj! f O @ for any
x 0 U. The solutions o correspond to elementary open sets that are codtair in
a bijective fashion.

Let ® be an open subgroupoid [Bf(E) such that the projection df by a isE; i.e., it
contains the set of units 6f'(E). The set of solutions ab is then a pseudogroup of

transformation$ that is defined irfE and admitsZ as its subjacent topology; one lias
JAM). However, may contain a sub-pseudogrolip whose subjacent topology is
coarser thaf and is such that'("”) = JA(I) = ®. We say thaf is deduced front’ by

localization. In particular]”" may be a group of automorphismstof

Letl be a pseudogroup of local automorphismg ¢ét " be a pseudogroup of local
automorphisms ofE’. THE GROUPOIDJA') x J/(I'') IS A GROUPOID OF
OPERATORS ONJA(E, E') ACCORDING TO THE LAW OF COMPOSITION:

(s, 8, X) - s Xs? where XOJE, E), sOJ(),s 0J().

LIKEWISE, (I) AND JAI") ARE GROUPOIDS OF OPERATORS QN(E, E").
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If ® is an open set aF'(E, E') that is invariant unde#(I") x J*(I") then the set of
solutions of® is invariantl” x I".

Suppose, to simplify, thaf is the subjacent topology fa Let E be a topological
space and letl be a complete atlas f& on E that is compatible with and is such that
anyg 0 A is a homeomorphism of an open seEafnto an open set df . LetJ'(A4) be
the set of jetsj! whereg 0 A. An element oh in J*(A4) will be called a LOCAL
FRAME at the poinj&h) of E relative to the structure that is defined.y

The setJ'(A) is an open set of)*(E,E) that has the following characteristic
properties:

1. Any element of'(A) is invertible.

2. 1fhOJ(A), b 03 (A), and&h) = ZN) then one hak™h' O J(I).

3. J(A) is invariant unded(r).

The set of elements™’h’, whereh 0 J'(A), b O J(A), anda(h) = a(h') is the open
subgroupoid J*(F) of M*(E) whose solutions for the pseudogroup of local
automorphisms of relative to the structure that is defined.y

Conversely, if one is given an open setld{E, E) that verifies the preceding three
properties then the set of its solutions is a comit#s.A of E on E that is compatible
with T,

If A is an incomplete atlas théf(.A) is an open set od” (E, E) that is characterized
by properties 1) and 2).

An intransitivity class of an invertible elemenX of J*(E,E) relative toJ(I) (i.e.,
the set of elements s, wheres 0 JA(")) may be called the STRUCTURE GERM ON

E THAT IS ASSOCIATED WITHI. By passing to the quotient, one deduces the space
of structure germs that are associated Wittom J*(E,E). It is an étalé spacg(E,I)

overE. A structure orE that is associated wifh corresponds to a lift o in G(E,I").
Suppose that the topolod@¥y of E' is also the topology subjacent to the pseudogroup

. Let E' be a topological space and ldt be a complete atlas f& on E' that is

compatible with" and is such that any [ A’ is a homeomorphism of an open seEof

onto an open set oE'. ANY OPEN SET® OF J'(E, E') THAT IS INVARIANT
UNDER J/(I') x JXI') THEN CORRESPONDS TO AN OPEN SEF OF J*(E,E)

THAT IS INVARIANT UNDER J*(F)xJ*(F"). The se®®' is the set of elements X
h™, whereX, h O J'(4), b O J(A4").
For example, let\ be the pseudogroup oftimes continuously differentiable local

automorphisms of the numerical spake that are everywhere of rank Letf be a
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continuous map that a neighborhoodaf R" for its source and a subspacerRiffor its

target. One will say thdtis anr-times continuously differentiable map (or r-MAP) at the
point x whenf has continuous partial derivatives of each type up to ordéh respect to

the canonical coordinates that are define'iin a neighborhood of. If f is anr-map at
the pointx then the local jetj! f will be calledr-times differentiable. LetJ*'(R", R™ be

the set of-times differentiable local jets &" to R™. It is an open set df(R", R™ that

invariant underd* (A7) xJ*(A!).
Let V, be anr-times differentiable manifold (or-manifold) whose structure is
defined by a complete atlag in R" on V, that is compatible with\ . Likewise, letVn

be anr-manifold whose structure is defined by a complete adlashat is compatible
with A" . LetJ"(V,, Vi) be the set of local jets Xh™, whereh O J'(A), b O J(A4"), X
OJM@R", R™: i.e.,his a local frame o¥, at the source of andh’ is a local frame 0¥/,

at the target ofX. A local jet that belongs td’”(Vn, Vm) will be called r-times
differentiable. In order forY O J(Vi, Vi) to ber-times differentiable, it is necessary and

sufficient thath'™ Y h be anr-times differentiable element df(R", R™). If j’f isr-

times differentiable then the mapvill be called arr-MAP AT THE POINTx.
The set*(V,, Vi) is an open set id'(V,, Vi) that is invariant undef1*"(V,) x
N*(Vi), where M*(V,) is the groupoid that is associated witH (A') by A; ie.,

M7 (V) is the set of elements h™*, whereh O J(A) andh, O J(A). A solution to

3 (Va, Vi) il be called armr-MAP of V, into Vi,. The solutions of1**(V;,) arer-maps
and form the pseudogroup; (V,) of local automorphisms of, .

One easily proves that THE COMPOSITION OF TWO LOCALTIMES
DIFFERENTIABLE JETS ISr-TIMES DIFFERENTIABLE: The composition oX [
J(Vn, Vi) and X' O 3 (Vim, Vp) is an element ofl 3*(V,, V,), whereV, is also arn-
manifold.

Suppose tha¥,, is endowed simply with the structure of a topologitalnifold ofn
dimensions; i.e., it is associated with a pseudogroppf all the local automorphisms of

R". One then obtains the notions that relate to indefindifferentiable manifolds (the

case ofr = ), real or complex analytical manifolds, real or complocally algebraic
manifolds (1), and real or complex locally rationalmfi@lds.

It is important to remark that in the analytic case space(V,, Vi) of analytic jets
of V, into Vi, is an open, SEPARABLE subspace 8{V,, Vi). The connected
component oKX [J J”(Vn, Vm) is the COMPLETE ANALYTIC PROLONGATION of the
analytic jetX.
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2. Thenotion of infinitesimal jet. — Let C, (R",R™) be the set of pointedmaps f,
X), wheref is anr-map at the poink 0 R" into R™. Two elementsf(x) and {', x) of

C,(R",R™) are said to havthe same r-class when the partial derivatives of the same
type off andf’ admit the same values at the podrior all the partial derivatives of order
<r. One thus defines an equivalence relatio€jitR",R™). An equivalence class for

that relation will called an INFINITESIMAL JET OF ORERr — or r-JET - fromR" to
R™ Ther-jet of (f, x) will be denoted byj: f . The pointx will be called thesource of
the jet and the poirf(x), thetarget of the jet. Letd'(R", R™) be the set of infinitesimal
jets of order fromR" to R™. The source oX O J'(R", R™) will be denoted byx(X) and
it target, by3(X). This defines two canonical mapsand B of J(R", R™) ontoR" and
R™.

SetC'(R", R™) = U C.(R",R™), which is the set of pointedmaps ofR" into R™.

XOR"

In C'(R", R™, consider the two equivalence relations whoseveépnce classes are: 1.
The local jets. 2. Thejets. The first of these relations implies thess® one. On thus
has a canonical mgbof J*'(R", R™) onto J'(R", R™: j"(j/f) = j'f. This permits us
to canonically identify am-jet with a class of local jets. One may Fet j j*, which
amounts to considering as an operator that operatesX(iR", R™ and onC'(R", R™):
"t = Jif

If one is givenf; x) O C,(R",R™) and ¢, x) O C,(R",R™) then ifx =f(x), set {,
X) (f, X) = (f’f, X). This law of composition is compatible with rastly the first one, but
also with the second of the preceding equivalerglations. Indeed, the partial
derivatives of 'f of order< r at the point can be expressed in the form of a polynomial
as a function of the partial derivatives of orderof the canonical componentsfodndf”
at the pointx andx'. By passing to the quotient, one defines theddaomposition that
is expressed by the formulas:

(g ) =5 (1 1),
(1 £ F) = 5 (F7 1),
(e T = (e ) = £1(F) = (e £)(F, %) = (' T).

In order for the composition &f O J(R", R™ andX’0 J(R™, RP) to be defined, it is

necessary and sufficient th&tX) = a(X). These laws of composition are associative,
and the operatgl is compatible with them:

'€ 9=1"()i)=¢i()=i() <
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where:
FOIMR", R™ and &0 JM(R™ RP).

The groupoidn™ "(R™ x N* (R™) is a groupoid of operators aH'(R", R™ and

J(R", R™), and the majl is invariant with respect to this groupoid:

6S.,§ -sésT,
5 S,X) - §Xst
j's ésH)=5j(§st,
where:
sOnN*"(®", s 0Nt ®R™, £O0MRY R™, X 0 (R", R™.

This amounts to saying that the groupoid of operdftrs(R") x N* "(R™) leaves
invariant the equivalence relation that is associatet jvin J*'(R", R™, and whose

equivalence classes are canonically identified with elesd&(R", R™.

This equivalence relation is associated with an equicaleelation it (V,, Vi) that
is invariant under the groupoil™ "(V,) x M* "(V.), whereV, and Vi, are twor-
manifolds. This equivalence relation is defined in thiefahg manner: Two elements

and & in J(Vh, Vi) will be said to have the sameclass when they have the same
source and the same target, and when:

jr(hy—lf h) :jr(hr—l f h),

whereh is a local frame oW, at the pointx, andh’' is a local frame oWV, at the point
f(xX). AN EQUIVALENCE CLASS OFC'(Vy, Vi) FOR THIS RELATIONS WILL BE
CALLED AN INFINITESIMAL JET OF ORDERr — ORr-JET — OFV, TO V.

Ther-jet of (f, X) is denotedj’ f . The set of-jets ofV, to Vi, is denoted by (Vi,
Vm). If X = j. f then the poink is called thesource of X and the poinf(x) is thetarget

of X. The source oX is denoted byr(X), the target, by3(X); this defines two canonical
mapsa andg of J'(V,, Vi) ontoV, andVy,.
The mapf, x) —» j.f admits a canonical decompositidn) — j/f - j f. We

considerj’ to be an operator that operates®@V,, Vin) andJ'(Va, Vin):
(. - Qi f -~ ixf - ixf,

C'(Va, Vi) = 3"V, Vi) = J'(Vi, Vi) = J(Vi, Vi) .
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Thek-jet that is canonically associated to thiet X will be further denoted bjfX;
i.e., we considef* to operate ol (Vi, Vin), I (Vi, Vin) andJ (Va, Vir), Wherek < r. One
has:

j“ir=i it =ik "=

In particular,j°X is identified with the paird(X), AX)) andj® defines the canonical
map ofJ' (Vi, Vim) ontoV, x Vp,.
LetV, be a third-manifold. Let:
(f,X) OC'(Va, Vi), (%, X) O C'(Va, Vin).
The law of composition:
(f, x) (F, ¥) = (f'f, x), if X' =f(X)
is compatible with the equivalence relations considerede laWws of composition that

one deduces from them by passing to the quotients are thmpatible with the
preceding canonical projections. One has:

(e ) (it ) = (ief7) (ist) = (e f) (50 F) = £ (3F) = (i) (F.0= 5 9),
X = (X7 (%) = (X)X =X (),

where:
X O J(Va, Vi), X0V, Vo).

Let j, denote the-jet with sourcex of the identity map oW, . One then hag, f
f j,,and j, is a unity on the left and right for the compasitiof r-jets. The jetX O
J'(Vn, Vim) is invertible when there exis¥ 0 J'(Vm, Vi) such thatX'X = ji andXX'
i, wherex = a(X), X = AX). In order forX to be invertible, it is necessary and

sufficient thatn = m and that the rank of be equal ton. The rank of the jef; f is equal
to the rank of the jet'™(j. f)h, whereh is a local frame oW, at the point andh’ is a

local frame orVy, at the poinf(x). Now, h'*(j’ f)h is the jet of the first order of a linear
map whose rank is the desired invariant.
We call any invertible-jet of R" into V,, whose target ig aframe of order r on V, at

the point x. Unless indicated to the contrary, it will be ased that the frames
considered will all have source 0. The H&V,) of frames of order onV, with source 0
will be called theprincipal prolongation of order r of the manifold V,. The inverse of a
frame of order at the pointx will be called acoframe of order r at the point x. The set
of coframes of order and target 0 oN, will be denoted byH" (V,).

The set of invertible elements df(V,, Vm) is a groupoidi’(V,). The subset of
elements of1'(V,) whose source and target is the giveis a groupL’ (V. ,x) that is

called the infinitesimal isotropy group of ordeon V, at the pointx. In particular, the
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group L (R",0) will be denoted byL.. If his a frame of order onV, at the pointx
(with source 0) then the map — hyh™, wherey O L, is an isomorphism ot onto
L. (V,,X); the set of isomorphisms that one thus obtains isss enodulo the group of
interior automorphisms off; .

Let L, be the set of elements 3{R", R™) that have their source and target at the

common origin 0 oR" andR™. Anyy O L. is ther-jet with source 0 of a well-defined

n

map of the form:
U= DX+ 8 XX+t D 8 X X X

where thex; are the canonical coordinates®A and theu; are the canonical coordinates

inR™, while the coefficients, ; ; are symmetric with respect to the indi¢ggo, ...,

I
jk; this map will be called theepresentative polynomial ofy. Upon consideringy, ;
wherej; < j2 < ... <k, to be the canonical coordinatesyofwe endowl, , with the
structure of a real analytic manifold that is isomorptoca numerical space. In
particular, leyn may be canonically identified with the spdgg, of homogeneous linear

maps ofR" to R™, and in turn, also to the space of sequencesvettors with origin 0 in

R™ Therefore, L;,, is canonically identified withiR™ The elementy of L}, first
corresponds to its linear representative and then tdrainsformed vector of the unit
vector inR by that linear transformation. The rankyofl L, is the rank of the matrix

(aj)). The groupl, is an analytic submanifold of_fmyn and Lﬁ that is canonically

identified with the homogeneous linear grdup. In the case = o, the representative
polynomial becomes a formal series with vectorialgal(or a sequence of ordinary

formal series). L, , may be identified with the set (1) of these forneales.

The operatoj* defines a homomorphism df onto L., whose kernel is a solvable
group that is homeomorphic to a numerical spadesif — 1, this kernel is isomorphic to
an additive groufR®. The groupL; is an inessential extension of the graupsince it

may be identified with a subgroup &f . This subgroup is the set of elemehfswhose
representative polynomial is linear; it is not invariantler L, .

Denote the representative polynomial wfOL, by Y. The representative
polynomial ofjky is obtained upon suppressing the terms of degiem>y. Ify OL

then the representative polynomialf is obtained by suppressing the terms of degree >
kin Yy ifr >k In certain cases, one may define a compositignamidy’ that belongs

to L', wherel >k. Letr andk be the largest integers such tfaty = 0 andj* ™'y = 0

p.n ?
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(i.e., the canonical coordinates of these jets am@)zdf | is the smallest of the numbers
Kr andr'k then the jetj,(Y y) depends only upoy andy and defines a composition

that we again denote ly}y. Its representative polynomial is obtained by supprgsbie
terms of degree bin y'y.

The productl, x L is a group of analytic operators &fj . :
(s,9y=sys',  wheresOL,s 0L, yOL,,.
Likewise, L, and L, are groups of operators af), , :

sy -ysh . - Sy
Leth O H'(V,) andh' O H(Vy).
The mapy — h' y h™ is a bijective map ofL,,, onto the setd) . (V,,V,), which

consists of the elements df(V,, Vi) with sourceh) and targetk = Ah). Upon
supposing thatx( X) is given, one then obtains a class of bijective napk; , onto

Jiv (V1) V) this will be an equivalence class with respect to gheup of operators

L, xL, (If G is a group operators on the §ethen it is also a group of operators on the

set of maps ofF into F' and an intransitivity class in that set will be edlhnequivalence
class with respect to G.) Any structure onL,, that is invariant undet; xL is then

transported canonically ontd{ . (V,,V,,) . For example, if = 1 then one obtains a vector
space structure.
We call any element af (R, V,,) with source 0 and target a p'-VELOCITY (or

velocity of dimensiorp and order) onV, with originx; let T (V,) be the set of thege-
vectors inV,. We call any element of (V,, RP) with sourcex and target 0 &'-

COVELOCITY onV, with origin x; let Tpr(Vn) be the set off-covelocities otV,. Forp

=r = 1, one then calls the VELOCITIES and COVELOCITIES\GnVECTORS and
COVECTORS, resp.

Let T, (V,) be the set of'-velocities with originx, let T) (V) be the set op'-
covelocities with origir, and letH  (V,) be the set of frames with origia The framen
OH(V,) corresponds to the bijective mgp- hy of L ontoT] (V,), wherey O L, .
For a giverx, one then obtains a set of bijective maps pf onto T (V) , which forms
an equivalence class with respect to the grijughat operates (on the left) df) ;. Any
structure onl , that is invariant undet; is then transported t®; ,(V,) in a canonical
way. Likewise, the set of bijective maps- yh™ of L, onto T;E(Vn), wherey O L, |
andh O H (V,), forms an equivalence class with respect to the gitguthat operates
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(on the left) onL

ooy thus, structures oh | that are invariant under, are canonically
transported toT; (V,). In particular, T (V,) and T, (V,) are endowed with vector

space structures.
Any jetZ O J(Vn, Vi) defines the following map of;, (V,) into T, (V,):

X - ZX, where X O T (V,) .
It likewise defines the following map &t (V,) intoT (V,):

Y - YZ where YOT! (V).
Upon choosing two framds andh’ at the source and target Bf resp., the former
map comes down to a representayor. zy of L in L , wherey O L S andz O

m,p’ n,p

L,.» the latter map likewise comes down to a representgtion yz of L in L,

wherey 0 L . Inthe case = 1, the maps considered are all homogeneous linear ones.
Any r-mapf of V, into Vi, has a PROLONGATION - fX that mapsTF[ (V) into

T, (V,). Inthe case = 1, the restriction of that map ﬁjx(\/n) is linear.
The groupL’, operates off (V,):

(s, X) - Xs4, wheresO L', X O T} (V,,).

The intransitivity classxL, will be called g’ -contact element of V,, with origin x.
The groupL’, also operates oﬁpm(\/n):

r rd
(s, Y) - sY, wheres L, YO T(V,).

The classL,Y will be called arenveloping p'-element.

Let Z be an element af (V,, Vi), let h be a frame at the source Bf and leth’ a
frame at the target . The elemenf is canonically associated with ah-contact
element with origindZ) and anm'-enveloping element with origim(Z): They are the
classesZhl and L' h™ Z. The set of frames of orderat the pointx O V, is the

fundamental contact element of order r — or theinfinitesmal structure element of order r

— to V, at the poinx. If f is anr-map ofV, to Vi, then the pairf( V) may be called an
embedded manifold in V,. The mag also prolongs to the set of contact elementg,to
the images of these elements are the contact elsroéthhe embedded manifolds. The
theory of contact for embedded manifolds is the studhefiricidence relation between

contact elements that is defined in the following manifieme is givenX 0 T (V,) and
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X 0O T, (V,) then one will say thaX is contained in X' whenX = X'y, ory 0L, ; in this

r .
q.p’
case, the contact elemefit will be said to beontained in X'L. One likewise defines an
incidence relation between covelocities or enveloplagents.

One is also led to consider classes of local jetsdhe analogous to contact elements

and enveloping elements. A claXd/(A"), whereX 0 J*(RP, Vi) anda(X) = 0, may be
called a GERM OF THE EMBEDDED-MANIFOLD. In the set of these germs, one

may introduce a topology that is analogous to the anéhe space of structure germs
considered in paragraph 1. An embeddacanifold corresponds to a separable open set

in that space of germs of the embeddedanifold. The class){(A!)Y, whereY O

Vo, R™ and AY) = 0, may be called a GERM OF THE FOLIATION ¥4 . The

space of these germs, which is again defined as abovdevdlh étalé space ovéy. A
liting of V, into that space is anTIMES DIFFERENTIABLE FOLIATION with
singularities admitted into it. One easily deducege@nger equivalence relatiol:~ Y
when the intersection off*(0) and f'*(0) is a neighborhood ok relative to the

subspacesf *(0) and f*(0), whereY andY are elements of*'(V,, R™) with the same

sourcex and target 0,j’ f =Y, j/f'=Y. the equivalence classes thus defined may be

called GERMS OF THE EXTRACTED MANIFOLD. One furthetefines the
topological space of these germs: the separable openfdéat space are the extracted
manifolds ofV, . Anr-times differentiable foliation oY, defines a set of extractee
manifolds onV, that are called thieaves of the foliation.

The intransitivity class ofy O L., with respect toL xL, wil be called the

equivalence class of y. A fundamental problem of local differential geometonsists in
finding a canonical representation in each equivalerass cand more generally, finding

the invariants and covariantsytvith respect to x L, or certain subgroups.
The elemeny of L, is called REGULAR when the rank of the matra)(is equal

to the smaller of the numbems andn. The set of regular elements forms just one
equivalence class that has a canonical representatiie mapx =x fori <mif m<n,
orthe mapx =x fori<nandx; =0forj>nif n<m.

If one is givery O L, then letp andq be the smallest integers such thadmits the
decompositionsy = y1z = xy», wherez is a REGULAR element oL, , andZ is a
REGULAR element o, ., withy; 0L ,y> OL,,. One then hag<n, g<m, andy
admits the decompositiop = Zy'z, wherey D'—;,p- If zo denotes the-jet of the
canonical map oR" ontoR” and z, denotes the-jet of the canonical map & into R™

theny is equivalent toz)y' z ; one may say thatis equivalent toy L  in the larger

sense. Callp the rank of order at the source argl the rank of order atthe target of.
For k < r, the ranks of ordek at the source and target pfare those of‘y. These
numbers are increasing functionskof
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Considerk elementsyy, vz, ..., Yk of L,,. One may identify the sequenceyefy,,
..., Yk with an element ot . Letzbe an element ok, . The compositiom(y, y,

r

..., Yo) Will be an element ol , and may be called tl@mposition of yi, y», ..., Yk
alongz this notion generalizes the notion of linear combimagbvectors. In particular,
the elemeny of L is identified with a sequence of elementsy, y, ..., y) of L.
(They are the componentsyfbut that notion is not invariant with respectltp.) Any
elementz of L, determines a compositiayi, y», ..., Y). One is then led to the notion
of a subspace ok, that is generated by a given set of element& gt The rank of
orderr at the source of is the minimum number of regular elementd bf that generate

a subspace that contamsyo, ..., Ym.

The same considerations lead to the notion of thdomgation of a law of
composition. Arr-times differentiable law of compositior, ') — xx' that is defined in
Vm prolongs tad'(V,, V). If one is given two elemen¥andX’ such thata(X) = a(X') =
u then one sets:

XX = jI(ff"), where X = ji f, X =jf',

upon denoting the map - f(u) f'(u) by ff' here. In particular, ifG is anr-times
differentiable group theﬁ’; (G) will be a group. IiG operates on anrmanifold V, then

since the law of exterior multiplication istimes differentiable, the grouﬂ; (G)
operates o, (V,).

In that fashion, one defines algebraic structured pn that are invariant undel,,
but not L. An algebraic structure ové&" thus prolongs to an algebraic structure on
L;,, that is invariant undet; . We remark that the produgy of two elements ot?
is zero inL;,, ; however, one may defing’ as an element df;, . One likewise defines
the product ofk elements ofL;, as an element oty . More generally, one may
substitute elements dfmyn for the variables in a homogeneous polynomial of degree
with coefficients that are taken from the base f@flthe algebra considered ov&?, and

one thus obtains an element h'ﬁm. Its polynomial representative is obtained by

composing the linear representatives of the given eleane

Local differential geometry essentially amounts @ study of the spack , when
it is endowed with the group of operatot§ xL, or groups of operators that are
subgroups of it. The subgroups df and L}, intervene when one replacés and A},
by the sub-pseudogroupsandl”’. LetJ(I") denote the groupoid that is formed by the
set of jetsj'¢, whereg O . The groupJ; ('), which is the intersection df(I") and

L., will be called thanfinitesimal isotropy group of order r at the point O relative tb,
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which we assume to be transitive, in order to simpdytens. One will then have to study
the structures orl; , that are invariant unddf (") J,(I"); these structures transport

canonically ontoJ; . (V,,V,,) if Vi, andVi,are endowed with structures that are associated
with ' and I'", respectively. In particular,L{m may have an invariant subspace

underd; (M) xJ; (). This will determine a class of distinguishegets in J'(Vn, V).
More generally, this class of distinguishegets will be defined inJ'(Vi, Vi) WhenV,
and Vi, are endowed with structures that aafular infinitesmal structures (4) with
structure groups), (") andJ; ('), respectively. For example, in the case of complex

analytic manifolds{ = A;, I'" = A}) one obtains the class of complex analytjets

that are contained iff(V,, V). This notion also applies to almost-complex madgadf
orderr (manifolds that are endowed with a regular infinitesistalicture with structure

group J,(A7); they are equivalent to complex analytic manifoldssath point up to
orderr ). Having distinguished a subspace that is invariant ubder one is led to also

consider the equivalent relations that are invariant wtfie subspace, as well as the
corresponding quotient spaces. The general notion oérdiffial covariants of
infinitesimal structure comes down to that of covasanith respect the representations

of J,(M)xJy(I'") are groups of operators. In the geometries that ohearaholonomic,
the subgroups ol and L, that intervene are not associated with pseudogroups of

transformation$ andl™'.
We remark that* also admitsL xL" as a group of operators whet r andk <

m,n

r'. In particular, L7 xL? is a group of operators ofh ; the same is true for

JJ(AT)xJJ(A2). The operatoj is invariant under the group of operatdfsx L™ and
Lon = 17 (Lon) -
In a general fashion, one is led to consider the sdespofL that are invariant

under L, xL; or one of its subgroups. On such a distinguished subspaeavill have
to consider the invariant structures — in particular,itkariant equivalence relations and
the corresponding quotient spaces. The latter spaces bwayconsidered as
generalizations of the spaces of jets. We confirm llgisexamples in the study of
foliated structures, product manifold structures, or structiln@sare prolongation of an
r-manifold.

For example, ifR""%, which is identified withR” x RY, the product\' xA, generates
a pseudogroup that may likewise denote/tfyx A . Consider the pointed magfsX) of
RP x RY into R™, wherex = (u, v) O RP x RY, such thatf admits continuous partial

derivatives of every type and that satisfy the follmywconditions: They are of orderk
with respect to the coordinatasof u, of order< | with respect to the coordinatgsof v,
of order< r with respect to the set of these coordinates. drséh of these pointed maps,
one has the equivalence relation whose classes eadsmond to a given system of
values of the derivatives considered at the pa&intThis relation is invariant under
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/\‘; ></\'q. The equivalence classes are generalized jets teamay denote byj*'" f .
As in the preceding, one defines jets of this typ&ag in Vi, whereVy, is anr-manifold
andV,.q is endowed with a local product structure that is lgdathmorphic toR” x R

(ie., it is defined by an atlas & x R? onV,.q that is compatible with\ xA ). The
set of jets of this type oRP x RY in R™ with source and target O is a quotient space of

L ,.q- Form=1, it is the quotient algebra &f ., by the ideal that is generated by the

products of the coordinates that are of degr&ewvith respect to the;, of degree > with
respect to thej, and of degree with respect to the set of and v; . This rejoins the
viewpoint that was presented by A. Weil. However, thacss of jets with a given
source are not always endowed with algebraic struct{iyes.

() For the notions of pseudogroup of transformations amdtate associated with a pseudogroup, see
(4). The notion of the germ of a structure is definmdall types of local structures. The notion of the
germ of a subspace also extends to arbitrary local stasc{See P. Dedecker, Comptes rendus, P23is
(1953) pp. 771). One will find the general definition of prgation structures and infinitesimal structures
in (1), (2), and (3).



