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The prolongations of a differentiable manifold
|. Calculusof jets, principal prolongation

By CHARLES EHRESMANN

Translated by D. H. Delphenich

This Note continues a previous Notd§ and summarizes a conference talk that was given at
Oberwolfach on 19 August 1951. The jet as fundamental etemwiemifferential geometry.
Prolongations of order of a differentiable manifold. Study of the fiberustiure of prolongations.
The ones that depend only upon the fiber structure giriheipal prolongation of first order.

We call anyr times continuously differentiable homeomorphism of parosubset of
R" into R" that is everywhere of rankalocal automorphism of orderaf the numerical

spaceR"; let A’ be the pseudogroup composed of these automorphisms:manifold

structureon V, is defined by an atlas onV, with values inR" that is compatible’f with

A . If V, andVy, are twor-manifolds then a mapfrom a neighborhood of O V, into

Vm is called arr-map at the pointx if, with the aid of admissible local coordinates in
neighborhoods ok andf(x), it is expressed by functioristhat admit continuous partial

derivatives of each type up to orderLet C(V,,V.) be the set of pointed functior (
X), wheref is anr-map at the poink O V, ; let C'(V,, Vi) be the unimU CX(V.,V.).

XV,
Two elementsf(x) and ¢, X) of C*(V,,V, ) are said to have the samelasswhenf(x) =

g(x) and when the partial derivatives of the same e order for the functiorfsandg
take the same value xat

DEFINITIONS @). — We call an r-clask in C¥(V,,V,) anr-jet with source xand the
image ofx under one of the elementsXthetargetof X.

(*) Comptes Rendug16 (1943), pp. 268Seealso: C. EHRESMANNSur la théorie des espaces fibrés
(Collogue de Topologie algébrigu@. N. R. S.Paris, 1947).

(®) The definitions also apply to the case efc and to the real or complex analytic case, as welias
algebraic case/&[1 must then be replaced by the pseudogroup of birational travegfons of the real or

complex projective space to itsdiheing an algebraic map of one algebraic variety witbmgularitiesV,
to another one.)
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Let J!(V,,V,)be the set of-jets with sourcex and let J(V,, Vi) be the union
U JI(V,,V.). Ther-jet that isdetermined byf( x) O C'(Vs, Vi) will be denoted by
XV,
i

The functionx - |, f, which is defined in a neighborhood fnd which will be
denoted'f, is ther-flow of f.

The elementsf(x) 0 C'(Va, Vim) and @, f(X)) O C'(Vm, V,,) admit the compositiorgf,
X) O C'(Va, Vo). Upon passing to the quotients, this compositionlizepone law of
composition for r-jets, a second one for r-maps aifets, and a third one between r-jets
and pointed maps:

1x(9F) = (15 0@ F) = 905 ) = (T 9 )(F %)

Ther-jet of the pointed identity map o, atx [ V, is theneutral r-jetatx; one may
identify it with x. A stable r-jetatx is anr-jet of V, into Vi, with source and target An
isotropy r-jetat x is a stable, invertible-jet atx — i.e., one of rank, which is the usual
rank of an element of thejet atx. (We also define a rank of ordes r.) The isotropy

r-jets atx define a groug-, (V,, X) , namely, thenfinitesimal isotropy group at,xvhich is
isomorphic to the group| (R",0)that we denote by’ . The groupL! is canonically

identified with the homogeneous linear grdupof R". The groug is an inessential
extension oL, by a solvable group that is homeomorphic to a migakespace. L is an

extension ofL_™* by a group that is isomorphic to the additive gr&l.
We call anr-jet of R into V, with source 0 and target a p'-velocity in V,; let

T, (V,) be the set op'-velocities inV, . We call arr-jet of V, into RP with sourcex and

target O g'-covelocityin V, with origin x; let Tpr(Vn)be the set of’-covelocities inV, .
Forp =r = 1, one thus definegelocitiesand covelocitiesin V,, which are also called
vectorsandcovectors. Let L, be the space gf-velocities inR" at 0 orn’-covelocities

in RP at 0. L, is a group of operators that acts b, on the left and acts ok, on the

right. Lett, be the translation d&" that takesc O R" to 0. The seT; (R") is canonically
identified R" xL; by means oK - (x, txX), whereX is ap’-velocity with originx, and

T;D(R”) is canonically identified witiR" xL; . We call am’-velocity inV, of rankn an

r-frame. The setH'(V,) of theser-frames is thepringipal prolongation of order in V, ;
there are analogous definitions fecoframes andi" (V,).

For a magf of V, into R”, one calls the@'-covelocity d! f = Jx ;) its differential

of order rat x 0 V,, ty always denoting the translation BP that takesu to 0. In
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particular, iff is the identity map oR" then d. f is denoted byl'’x. The functionx -

d! f is denoted byl'f. It corresponds to a map of (V,)into L, . that is defined b -
(d; f) X, whereX is aq-velocity of originx.

Let f be anr-map ofV, into V, . By compositionf defines a map of [ (V,) to
T, (V,) that is called theprolongationof f and is again denoted lfythe pseudogroup
A, thus prolongs to botf (R") andTp’D(R”) . The prolongation o A}, is written:

xy) - (#(x).8.Y),
where x OR", y OL _, and:

n,p’

?= o (t¢(x)¢t;l) =d; (¢t>_<l) -

The elementg; of L is thederivativeof orderr of ¢ atx. The atlasA admits a
prolongation that defines an atlas ®f(V,) with values inT (R")= R"xL, that is
compatible with the prolongation o%]. It determines a fiber structure d@g(V,) with
symbol T (Va, M,
L, ,onto a fiber of that fiber structure. The associatedcpal fiber bundle iH" (),

L', H'(Vn)). Forh O H'(Vy), the mapy — hyis an isomorphism of

and its structure groupli§. It is an extension') of H'(V,) that is associated with the
canonical homomorphism of” onto L, . Since its kernel is homeomorphic [, its
fiber structure is determined up to an isomorphism by thiit @,).

DEFINITION. — Aprolongation of order r of Vis a fiber bundle that is associated to
the principal prolongatiohi'(Vy).

The preceding shows:
THEOREM. —The fiber structures that are defined on the prolongations of order r of

V, are determined, up to isomorphism, by the fiber structure of thecipal
prolongation of first order.

(*) C. EHRESMANN,Les connexions infinitésimaléSolloque de Topologique, C. B. R. Brussels,
1950).
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The prolongations of a differentiable manifold
1. The space of jetsof order r of V, into Vy

By CHARLESEHRESMANN

Translated by D. H. Delphenich

This Note continues a previous Note (Being given twa-manifoldsV, andV,,, we shall define
three fiber structures on the spdd®,, V) of r-jets ofV, into V,, : The first one has basgxV,,, the
second one has ba¥%g, and the third one has bagg. The fibers are isomorphic “qnn' T(V,),

T'(V,), respectively, endowed with the structure groups L, L;,, L.

ForX O J(Va, Vi), let a(X) be the source of and letX) be the target of; «is the
canonical map of'(V,, Vi) ontoV, , Bis the canonical map oni, , andy= (a, H is
the canonical map ont, x Vp, .

ForX 0 J(RP, Vi), setd"X = X 3"x, wherex = a(X), a'x = j;(t;*). For §, x) O C'(R",
Vi), set 0. f = f d'x. The p'-velocity of V, with origin X = A&X) [f(x), resp.] that is
defined byd'X (0. f , resp.) is called theelocity of order rof X (f, resp.) ax, or at the
instantx.

ForX O J'(Vm, RP), thedifferential of order rof X is:
d'X = (dX)X,

wherex = BX), d'x = j.(t,). If Xis invertible (of rankn = p) thendX O H"(V,) is the

inverse o®'(X™): d'x is the inverse 0d'x, wherex O RP. Recall the notation:

d f = (d'x)(f, %),
where f, X) 0 C'(Va, R?), X =f(X).
Let X O J(R", RP), x = a(X), X = AX). Call the element:

(d'x) Xa'x = (d'X) a'x = (d'x) "X

(*) Comptes rendu®33 (1951), pp. 598.
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the derivative of order of X; it is an element ot}  that one may also denote & /
d'x. For €, x) O C'(R", RP), the derivative of order of f at x is the elementf' of

L., »that is defined by:

fi=(d'x)fo'x,
wherex =f(x). One has:
d f=f'dx, a0, f=@0x)f,,
which justifies the notation:
fr= d, f |
d"x

If X OJ(R", R™ andX' O J(R", RP) admit the compositioX'X 0 J(R", RP) then the
associativity of the composition of the jets implibat:

d'(XX) _ [drxlj(dr Xj, x=a(X), X =BX) =aX).

d"x d'x )l dx
For f,x) O C'(R", R™ and @, xX) O C'(R™, R"), wherex =f(x), one has:
(9f).= g s d(gf)= g.d £, 0(gf)= go, f=(0,9)f;.

J(R", R") is canonically identified witlR" x R™ x L| by the mapX - (x, X, ),
whereX O J(R", R"), x = a(X), X = AX), y =dX /dx 0L, ,. Let AjxA] be the
pseudogroup of transformationsi x R™ defined by the set of transformationg (/):
(X X) - (#(X), X)), whereg OA!, g OA', (x, X) OR" x R™, such thatp(x) and ¢Ax)
are defined. The pseudogrot) xA' prolongs taJ'(R", R™):

(@, ) X=(ix s DX ign?™) 7).

The transformatioX - (¢, ¢)X corresponds iR" x R™ x L to the transformation:

(X X, y) ~ (), ¢UX), YY), or ¢, 0L, ¢, 0L,
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Let V,, andV,, be twor-manifolds,A, an atlas fol, with values inR", and letA’ be

an atlas fol,, with values inR™;, g O A is anr-isomorphism of an open set Rf onto a
open set oV, . The set of pairgy(g'), whereg [0 A, g O A', defines an atla& x A" for
Vi X V with values inR" x R™. The chartd, g') admits the following prolongation,

which defines a local chart (V. , Vi) with values ind"(R", R™:
X > (128X (J509™) = h yh' O I (Vo , V),
whereX O J(R", R™), x = a(X), X = AX),y =d'X/d'x = (d'x) Xd'x,
he= 0"g=gd'x O H'(Vy), h, = gd'x O H (Vi)

Upon identifyingd'(R", R™) with R" x R™ x L; , this prolongation ofg, g') may also be

written: (x, X,y) - h,yh*. The chartdgg™, g ¢"), where ¢, ¢) DAL xA" , admits the
prolongation $(x), ¢(x), ¢¥) - h. (@) yg! ', upon taking into account the equality:

0400 (997 = N (87) "
These two charts df(V, , Vi) correspond to the following change of chart:

(%X, ¥) - (B0, (X).05 YB3) ™).
The following theorem results from this:

THEOREM 1. —The prolongation of the atlasxA' determines a fiber structure on

the space'JV, , Vi) with base Wx Vn, projectiony; fibers isomorphic td_' , structure

group L x L', and admitting I{V,) x H'(Vim) as associated principal fiber bundle.
The elementh, h') of H'(V,) x H'(Vi) determines the isomorphisyn— h'yh™* of

L., »onto a fiber of that fiber structure.

One must also remark thag, @) admits the following prolongation, which defines a
local chart forH'(Vy) x H'(Vim) in V. x L xV_xL - (x, s X, ) > (hs, hs), wheres

oL ,s 0L,

THEOREM 2. -The atlas A admits a prolongation that defines an atlas @f,Vm)
in J'(R", Vi) and determines a fiber structure off\4, , Vi) with base Y, projectiona,
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fibers isomorphic toT'(V,), structure groupL,, and admitting {V,) as associated
principal fiber bundle.
The element h of "B/,) determines the isomorphism-z zh* of T.(V,) onto a fiber

of that fiber structure when(ZT (V) .

THEOREM 2. — The atlas Aadmits a prolongation that defines an atlas 6§V
Vi) in J'(Vo, R™ and determines a fiber structure a1V, Vi) with base },, projection

r

B, fibers isomorphic toT'"(V.), structure group L.,
associated principal fiber bundle.
The element'tof H (Vi) determines the isomorphism-zh'z of T'"(V.) onto a fiber

of that fiber structure when ZT (V).

and admitting H{V,) as its

To prove theorem 2, one canonically identifies the sgdBg, Vi) with R" xT (V. )

by the mapX - (x, 8'X), whereX O J(R", Vi), X = a(X). The charig O A admits the
prolongationX - (8"X)h*, which is equivalent tox(2) — zh', z=9'X OT.(V,),
zh* O J(Va, Vi), Which defines a local chart df(Vi, Vi) with values inR"xT'(V. ).
The change of chagt 0 Al admits the prolongatiorx(2) - (#(X), z(#.)™).

Definitions.

A section of the fiber structure ah(V,, Vi) with baseV, will be called anr-flow of
Vhin V.

A section of the fiber structure ah(V,, Vi) with baseVy, will be called arr-field of
Vhin V.

A flow whose elements ang-covelocities will be called differential form (') of
orderronV, .

In another Note, we will study the singularities of few or a field.

(*) One must not confuse this notion with thaerferior form of degree, which is derived from it in
the case of = 1.
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The prolongation of a differentiable manifold
[11. Transitivity of prolongations

By CHARLES EHRESMANN

Translated by D. H. Delphenich

This Note continues two previous Notéd ( The transitivity of prolongations is expressed by
Theorem 1. A regular prolongation admits a certaimiesimal structure?( with a property that is
given in Theorem 2.

Let V, andVy, be twor-manifolds whose structures are defined by two atlasasd
A" with values inR" andR™. Any r-jet X 0 J'(V, Vi) determines &-jet u(X) O J(Vn,

Vi), where O< k < r. The mapy of O J'(Vn, Vi) onto O J(Va, Vi) is continuous. In
particular, j is the projectiory of J'(Vi, Vi), if one identifiesd®(Va, Vin) With Vi X Vin;
i.e., )(X) is identified with the paird(X), AX)).

The prolongation ta*R", R™) = R" x R" xL; ,of the pseudogroup\; xA| is a

pseudogroup of-times differentiable transformations upon setting= k + [. The
prolongation tal'(V,, Vi) of the atlasAxA’ is compatible with the pseudogroup ahds
defines an I-times differentiable fiber structure &, Vi) with base W x V.

Letf OC'(V.,V.), X = j'f . Thek-flow j*f is anl-map of a neighborhood aflJ V,

in J(Va, Vim), Where thd-jet atx depends only upoX; set y; (X)=j.(j“f ). The map/,
is a canonical isomorphism Qf Vi, Vi) onto a subspace Qf'(Vn, J(Vn, Vi). In
particular, one thus obtains an isomorphisnT bV, ) onto a subspace af (T*(V,)) and
an isomorphism of T'"(V Jonto a subspace off(V,, T"(V.)); this permits us
identifyd’ f with o' (0“f)when f OC[(R",V )and d f with ' (d“f)when f
OC;(V,,R™). One likewise defines a canonical isomorphisnipf onto a subspace of
T, (L%, ), which permits us identifyf; with 8 (f*), wheref O C'(R", R™) andf* is the
functionx - f.

Let F be a space that admit§ as a group of operators, the law of composit&y)(
- sybeing continuous whes\J LX, y 0 F. The canonical homomorphism tfontoL,

(*) Comptes rendu33 (1951), pp. 598 and 773. Correction: pp. 589 the algebraic case
corresponds to a pseudogroup of local algebraic automorpbfdims real or complex numerical space.

() A notion that will be defined in a general fashion iater Note.
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when composed witls(y) — sy, also defineg, as a group of operators &n Let E(V,,
F) be the prolongation of ordek of V, whose fibers are isomorphic 6. The
prolongation tdR" x F of the pseudogroup! is the set of transformations:

) & Y) - (4, &Y, xOR" yOF, ¢OA.

The atlasA of V,, with values inR" admits a prolongatioA(E) that define an atlas on

E with values inR" x F, which is compatible with the prolongation 6f . We say that
E(Vn, F) is aregular prolongationof orderk of V, if the map §, y) - syis I-times
differentiable. Sinc& - ¢; is|-times differentiable, the transformations (1) arenth

times differentiable anthe atlas AE) defines an I-times differentiable fiber structure on
E with base V.

THEOREM 1. —If E(V,, F) is a regular prolongation of order k of,\then any
prolongation of order | of E is a prolongation of order r gf Upon setting =k + 1.

This theorem is first proved for the prolongatid’f;(E). The atlasA admits a
prolongation that defines an atlas'qif( E) with values inT; (R" x F) that is compatible
with the prolongation ofA; to T (R"xF). Upon identifying T;(R"x F) with
T, (R") T (F) =R"xL, xT (F) =R"x F, whereF' = L, xT (F), the prolongation

of ¢ DA, — or of the transformation in () is written:
2) & uY) - ($(, gu,Y),

wherex O R", u OL, ,, YOT,(F), Y = g(j,(#)(@\)u, Y), upon lettingg denote the

map & y) — sy, as well as its prolongation 6, (L, xF). Setz=(u, Y) OF. The
elementz = (g.u, Y') depends uniquely upo(®.,z), and one may denote it by [z.
For ¢ OA,, one hagy, 0¢, () = (¢(x),#, (). The prolongation oA thus defines the
fiber structure onT,')(E) that is associated with the principal prolongatidifV,) with

fibers isomorphic tdé-'.
For a fiber space associated WiH(E) the theorem gives the following results:

1. A fiber space that is associated Wit(E) is of the formR" x F".

2. Being given two fiber spacé€sand& with fibers that are isomorphic #and two
associated fiber spacg and€; with fibers that are isomorphic €, any representation
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(isomorphism, resp.) of in £ is associated with a representation (isomorphism,)resp.
of &1 in 51’ .
The prolongation ofA” to R" x F defines alocal structureon R" x F whose

infinitesimal isotropy group of ordérat the pointX, y) is isomorphic to the subgroup of
L, that leavesy invariant. The atlag\(E) determines a local structure @that is

subordinate to itd-times differentiable fiber structure. Af O E the infinitesimal
isotropy group of order of that local structure is isomorphic to thaffdfx F at the point

(x, y) that corresponds toin a local chart oA(E). If LY operates transitively of then

these isotropy groups are isomorphic to the subgrou tifat leaves, O F invariant.
From this, one deduces:

THEOREM 2. -f E(V,, F) is a regular prolongation of order k of,\6uch thatL¢
operates transitively on F then any prolongation of order | of E admitsbardinate
fiber structure with base E whose structure group is the subgrouptbét leaves yO F
invariant; this group may likewise be reduced to its projection pfwhich is identified
with a subgroup otL).

It results from this, for example, that the principatolongation Hk(Vn) IS
parallelizable.

Let E(B, F, G, H) be a fiber spacgg an equivalence relation Fthat is invariant undes, and letk be
the subgroup of that leaves each class mothvariant. By the isomorphisms Bfonto the fibers ok, p
determines an equivalence relatignin E. If pis an open equivalence relation thé&v p is endowed
with a fiber structure that is associated wit{BE F, G, H) with fibers that are isomorphic/p and
structure group &. We say that the fiber spaéeis an extensionof the fiber spaceE/ p that is
associated with the canonical homomorphisr® aintoG/K.

A prolongation of order of V, is not always a prolongation of ordeof a prolongation of ordet of
V,, butit is always an extension of order k that is associated the czaldmmomorphism of’ onto L; .

To each prolongation &f, there corresponds an extension of the same type aroétrary fiber space with
structure group, , a remark that permits one to extend to these extensgiersudy that is made in these
Notes.
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The prolongation of a differentiable manifold
V. Contact elements and enveloping elements

By CHARLES EHRESMANN

Translated by D. H. Delphenich

This Note continues four previous Notés (Groupoid associated with a fiber space, intrangitivi
classes, covariant maps. These notions, which we ptheabasis for the theory of covariant
differentials of an infinitesimal structure, are applteddefine the contact elements and enveloping
elements of order and to indicate the fiber structure that is definethiege elements.

1. LetE(B, F, G, H) be a fiber space with topological structure gr@ipWe call the
groupoid = HH™ of isomorphisms of a fiber onto a fiber thssociated groupoidit is
endowed with a fiber structure with baBg&B, fiber G, and structure grou@xG that
operates o in the following manner:

(s, 9t =sts™,

wheres, s, t [0 G. Letp be the projection o ontoB, p, the projection oH ontoB, a
andg, the projections dfl ontoB that are defined by:

a(hvh™) = p(h),  Ahh™) = p(h),

whereh, h' O H. I is agroupoid of operatorsor E: The compositior®z of 6 [ I andz
[ E is defined whemp(2) = a(b); one then hap(6z) = A08). One ha®'(02) = (6'0)z when
one of these compositions is defined. The left aght neutral elements di are the
identity automorphisms of the fibers.

We call the set of compositiotz, where6 [ N the intransitivity classof z [J E.
Two pointsz [ E andy O F will be called equivalent when there existshanl H such
thatz=hy. The intransitivity class afis the set of points that are equivalent to atppin
O F. The set of points d¥ that are equivalent tois an intransitivity class d¥ relative
to G.

A subspaceE’ of E will be calledinvariant (under 1) when it is the union of
intransitivity classesE' is then the set of points that are equivalentnt@rbitrary point
of a subspacé&’ of F that are invariant undeés. It is endowed with a fiber structure
E'[B, F', G/N, H/N] where N is the subgroup of G which leaves eacht pdiF invariant.

Let ¢ be a representation & on a group of automorphis® of a spaceF and let
E(B, F,G, H)be the fiber space associated WHB, F, G, H) by ¢. We also letg

(*) Comptes rendua33 (1951), pp. 598, 777, and 10@B4 (1952), pp. 587.
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denote the associated representatiotdafnH , as well as that dil on 1, which is
defined by:

g(hh™) = g(h)g(h) ™,

whereh, ' O H. A mapy of E inE will be called thecovariant map(invariant, if G
reduces to the neutral element, resp.) wign= ¢(6)¢ for any® [0 1. The covariant
map ( projects to the identity map @) it corresponds to a covariant mgp of F inF ;
i.e., such thatks = ¢(s) ¢, wheres 1 G. An intransitivity class is mapped undgito an
intransitivity class. Lejp be the equivalence relation khthat is associated witl and
let o be the equivalence relation Ehthat is associated witl, and suppose thatis an

open equivalence relatiorythen admits theanonical decomposition:
=9y,

wherey/ is the canonical covariant map Bfonto E/p, which is endowed") with an
associated fiber structute/ p [B, F/p, G/K, H/K], K being the kernel of, and¢/' being

an isomorphism oE/p onto an invariant subspace Bf. In order for the classesiod
£ on E to be the fibers of a fiber structure whoseup®group of local automorphisms
includes the local automorphisms of the structuf,B&, G, H), it is necessary and
sufficient that the classesod pin F are the fibers of a fiber structure that isvariant
under G(a condition that is verified, in particular, whénis a transitive Lie group i
and a class mogdis closed).

2. Consider twa-manifoldsV, andV,,. LetN'(V,) be the groupoid associated with
H'(Vy); it is the set of invertible elements #fV,, V,). Consider)(V,, Vi), endowed

with its fiber structure’j that has bas€.xVy, , fibers isomorphic td". , structure group

L' xL', and associated with the principal fiber sp&téVv,) x H'(Vy); its associated
groupoid isM'(Vy) x M'(Vy). The intransitivity class of O J'(Vn, Vi) is the set of
elementsh’'yh™?, whereh O H'(V,), h' O H'(Vy), y being an element of .that is

equivalent tw. We call the intransitivity classes pandz theequivalence elements y
andz
Also, consider the fiber structure difV,, Vi) that has bas¥,, fibers isomorphic to

T'(V,), structure group.,, and associated with'(\V;)). The composition o 0L andY
OT'(V,)is YS'. The associated groupoidME(Vy), the composition of O J'(Vn, Vi)
and® O M'(V,) beingzZ0™. The intransitivity class of relative tol'(V,) corresponds to
the classYL, in T.(V.)), whereY = zh This classYL, is called the contact element of Y
or of z; we also say that it is an contatialement in V.

Upon considering the fiber structure @f(V,)that has bas¥, fibers isomorphic

tol

m,n?

and structure group; , the equivalence relatiovi ~ Ys* corresponds i, to
the equivalence relation~ys™*, which is invariant undet; .
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Let P, , be the quotient space &f , under this equivalence relation; it is the space

of contactn’-elements with origirD in R™. This space, upon whithoperates, is not

separable, but each of its intransitivity classes liseahomogeneous spacé&.he space
P'(V.) of contact frelements on Yis the prolongation of order r of Mwith fibers that

are isomorphic t®, .. The mapYy — YL, is a covariant mag/ of T, (V,) onto P, (V).

The reciprocal image undef of an intransitivity class oP! (V. )is endowed with a fiber
structure that is associated with that projection. Warr, the intransitivity classes of
P(Vn) are theregular prolongations(*) of V., and canonical mag/) of T.(V,)onto

P’ (V,) reduces for each of them to amap, where& + | =r. If f is anr-map ofV, into

Vm then the pair f( V) is called anembedded r-manifold in .y f(V,), its support,

W (jif) is its contact element of orderatx. The mapy(j*f) of V, into P’ (V,)defines

the prolongation of order k of an embedded manifold. If the equivalenceneleme
of j“f is fixedthen this prolongation will be an embedded |-manifold in an intransitivity
class o, (V,); the contact elemeny'(j, f) is canonically identified with the contact

element of order | at x of the prolongatigh{(j“f).
Upon likewise considering the fiber structureXV,, V) with baseVy,, one defines

the enveloping element of(z J'(V,, Vi) or an equivalence elementof T (V. ) ; it is the
classT"(V,) that we also call thenveloping faelement in Y. The setP."(V) of these

elements is the prolongation of ordeof V, with fibers isomorphic t&'", the set of

m,n?

classes’ y (viz., the enveloping element of vy oL, ,)-
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The prolongations of a differentiable manifold
V. Differential covariant and prolongations
of an infinitesimal structure

By CHARLES EHRESM ANN

Translated by D. H. Delphenich

This Note continues five previous Notés (Definition of the notion of differential covarianith
respect to a pure infinitesimal structure. Prolongatiof an infinitesimal structure. The successive
prolongations of a general affine connection of order

1. LetV, be anr-manifold, H'(V,), its principal prolongation of order and'(V,),
its associated groupoid. Consider two prolongaBoand E of V, of orderk and k ,
wherek <r, k<r. N"(V,) is a groupoid of operators &and E. Let ¢ be a covariant
map ofE intoE; i.e., ¢8 = 0y, where® O M'(V,). We say that(2) is adifferential
covariantof zJ E. Such ay corresponds to a covariant mep of F into F , which are
the fiber types oE and E : (s = sy, wheres [ L.

Let s be a pure infinitesimal structure that is defined by iGeo of E. If z = §(X),
wherex [ V,, then the elemeny(2) is a differential covariant of at the pointx; the
sectionygoof Eis a differential covariant of

Suppose that is I-times differentiable, wherk + | =r. Let ¢(X) be the contact
element of jlo. We say that#, the prolongation of ordérof the sectiorg; defines the

prolongations’ of orderl of s. s' is a pure infinitesimal structure of order |, and its
differential covariants will again be called differettovariants o$.

If (f, Vp) is an embeddedmanifold inV, then its differential covariants are those of
its contact elements.
2. A groupoidll(s) is associated with the pure infinitesimal structsireviz., the

groupoid of infinitesimal automorphisms ef It is a subgroup of1%(V,), and its
solutions are the local automorphismss; ofA covariant map with respect tois defined

by the conditiony® = 0¢, whereB [1T1(s), ¢ being a map of a prolongation of ordkenf
Vi, to a prolongation of ordek, ; ki < k kx < k. If s is |I-times differentiable then

consider the prolongatios’ of order| of s and its associated groupoidi(s’). The
covariant maps with respect4bare again called covariant with respecs &nd one thus
has the notion of differential covariant of ordek + | with respect ta.

() Comptes rendu®33 (1951), pp. 598, 777, and 10@B4 (1952), pp. 587 and 1028.
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One must, above all, consider the covariant mapgensorial prolongatiorof V, (a
prolongation of first order that is associated witmadr representation df').

Let s be aregular infinitesimal structure of orddconV, . It corresponds to a fiber
subspacel (V) of HY(V,), with structure groupG that is a subgroup of. A fiber
subspacé that is associated witHl (V) that corresponds to a representatiosf G on a
group of automorphisms &f will be called aprolongation of Y relative tos. In order
for E to also be a prolongation relative to thmanifold structure oV, , it is necessary
and sufficient thayp prolongs td. The notion of covariant map relative ¢ds defined
for the prolongations relative to

3. The groupoid1¥(V;) is endowed with afrmanifold structure, where = k + |.
The three fiber structures 6H‘(Vn) that correspond to the projectigimto V,xV, and the
two projectionsa and S onto V, are |-times differentiable. LetE be a regular
prolongation of ordek of V, and letp be the projection ok of V, . The law of
composition @, 2 - 6z, wheref [J I'Ik(Vn) andz O E prolongs to the set of pair®(2),
where® O T;[M*(V,)] andZ O T,(E) such thapZ = a®©.

If G is a Lie group that operates in an r-differentiable manner on F ﬁ&m) is a

group that operates in an |-fold differentiable mannerTcé‘r( F). The groupT;‘(G) is I-
times differentiable, and in general it is a non-trivial extensio@.of

In particular, setl!"= T} (L'™), W="=1L,. The groupl, is canonically
isomorphic to a subgroup d&f”. Also, setL' =T!(L).

Upon setting < k let M*'(V,)) be the set oK O F[V,, M%(Vy)], such thataX is the
neutrall-jet and SX be the canonicdtjet that is deduced from the tardefet of X,
N*\(Vy) is a groupoid that operates B(E) .

Let N*!(Vy) be the set o OT)[M*(V,)] such that the projection &fontoV, is the

canonicaln'-velocity that is deduced from thé&-velocity at the origin oft. H'(V,) is
canonically identified with a subspaceHf'(V,), which is the associated principal fiber
space tdH'(V,) by enlargingL’, to L. The groupoid associatedit§'(Vy) is M*'(Vy).

We call an infinitesimal connection (V) a special affine connection of order k
It is a regular infinitesimal structure of order 1 that is defined') by a certain field
C of contactn'-elements in1%(V,). The prolongation of order 1 of that structure is an
infinitesimal connection iH**(V,). We call an infinitesimal connection H"(V,),
which is the principal fiber space associated wiljV,) by enlargingL|, to L', a
general affine connection of order rBy successive prolongations of a special affine
connection one obtains a general affine connectiborder r; however, one does not
obtain all connections of this type in this manner.

() See the precise definition in: C. EHRESMANNgs connexions infinitésimales (Colloque
Topologie,Bruxelles, 5-8 June 1950).
A general study of the infinitesimal connections of ordeill be made in another article.



