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The general Mannheim curve
By P. Ermst in Vienna

Translated by D. H. Delphenich

Almost simultaneouslyH. Wieleitner () and myself?) generalized the concept of
the Mannheim curve [as is knowf),(that refers to the locus of curvature centers fer th
respective contact points of a cuivéhat rolls along a line] by allowing to roll along a
circle ().

A closely-related consideration would be curieshat are described by the curvature
centersm of the respective contact points of a cufvevhile it rolls along an arbitrary
curvek.

LetI" be referred to as tHease curvewhile K is called thecurvilinear axis Since
the name ofjeneralizedMannheim curvewas employed byVieleitner for the case in
which " rolls along a circleM will be called thegeneralizedMannheim curve ofl’
relative to K.

One obtains the poimh of the general Mannheim cur when one measures out
the arc lengtlts of the curvel” from a fixed starting poind on K and measures out the
corresponding curvature radigsof I' along the associated normalko A pointp of I’
with the natural coordinatgs s always corresponds to a pomton M then for whichp
means the perpendicular distance from the curvilinear amds means the arc length
from a fixed starting poiné on it to the footk of the perpendicular. For the sake of
uniqueness, a positive sense will be established for théemgth measurement. The
positive directions of the normals can then be datexthin such a way that the positive
directions of the tangent and normals at the curvetpminsidered coincide with the
positions of the positive half-axes of a rectangulardioate system.

These two givens, namely, the arc lengdind the distance to the associated curve
normals, which might be denoted bycan be regarded as the coordinates of the point
According toG. Loria (°), their introduction as coordinates goes bacigtdMannheim

() “Uber eine Verallgemeinerung des Begriffes ddannheimschen Kurve,” Math.-nat. Mitt.
Wirttemberg (29 (1907), 1-9.

() “Ein Analogon zur Mannheimschen Kurve,” this jouri8l(1907), 315/6.

() E. Wadlffing, “Uber Pseudotrochoiden,” Zeit. Math. Ph#4.(1899).

() Cf., Wieleitner, Spezielle ebene KurvefBammlung Schubert 56), Géschen, Leipzig, 1908, pp. 320,
et seq.

() Spezielle algebraische und transzendentale ebene Kuf8ammlung Teubner 5), Teubner,
Leipzig, 1902, pp. 606.
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(). This coordinate system, which representsGasle Longchamps(?) has remarked
already, merely a special case of the curvilinear coatenthatdoust (°) treated, was
addressed bil. Petrovich (*). In connection with that work,ongchamps published a
construction of the tangent to a given curviannfred or inverse normal coordinates
like the coordinates that were called by F. Ondragek (°).

That then implies the theorem:

If one replaces the natural coordinate s in the natural equation(p, s) = Ofor a
curvel” with the inverse normal coordinates n, s relative to a cunas kheir axis then
the equation {n, s) = Owill represent the generdflannheim curve M ofl” relative to K

If K is a line, in particular, then the inverse normal cowtis will clearly go over to
the Cartesian coordinates, avidwill become the usuaannheim curve ofl. IfKis a
circle then that will yield the generalizédiannheim curve. On the other hand, whEn
is a circle, one will get the parallel curve 8 If K and [l are congruent for
corresponding positions of the curvature radius Mewill become the evolute d4.

Naturally, one can also conversely replace the notomidinates of a curve with the
natural coordinates. One will then get the natural equatidhat curve whose general
Mannheim curve is the given one. If one switches the invemsenal coordinates with
the Cartesian ones then the so-caifiedge curvg®) to the given one will arise, which is
the usuaMannheim curve to that curvé€ whose generaVlannheim curve is the given
one.

Let B be the usuadllannheim curve ofl", let M be its generallannheim curve, and
let K be the curvilinear axes. One will then §&tfrom B by a process that is similar to
the one thaVarignon () used in order to convert a curi/&, y) = 0 into the curvé (p,
le) = 0. If one chooses the tangent at a pAimf K to be the axis of the abscissa, the
normal to be axis of the ordinate, and if the absqsgaoints to a poinp of the curveB
and makes the parallel curk€to K that goes througf intersect the curve normal that is
erected at the endpoint of the arc length pg that is measured fromthen, as one can
see immediately, the point of intersectwill be a point oM (®).

A spatial consideration will allow one to recognizsimple connection betwed
andM. If a pointp runs along the curvi€, while its plane moves parallel to itself in the
perpendicular direction in such a way that its dispfeaa is equal to the arc length of
the curve that is described themvill describe ageneral helix Gi.e., a geodetic line on
the cylinder that is projected ovi€r Any pointq that is rigidly coupled t@ by a curve
normal will describe a path under this motion that prejectto its plane like a curve that
is parallel toK. If one draws the normal plamgo the curveK through the starting point

') De constructione aequationum differentialum primi gradBsnoniae, 1707.

“Le courbes images et les courbes symétriques,” N@ow. math. (3)14, 373-278.
Analyse infinitésimale des courbes plar@authier-Villars, Paris, 1873.
Sur une systéme de coordonées sémi-curviljgtreger, Berlin, 1898.
Analytische Geometrie ebener Kurven in Buschelkoordinatenna, 1903.
Petrovich/oc. cit.
“Nouvelles formation de spirales, etc.,” Mém. de @&mnée 1704, Paris, 1722. Qfgria, loc.
cit., pp. 595.
() The drawing of the very simple figure shall be tefthe reader.
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a for the measurement of arc length, gnahakes a screwing motion in the planthen a
point g, will come about whose Cartesian coordinaten are clearlyx=n, z=-s. If
one performs this generalized screwing motion with aineectirveM =f (n, s) = 0 then a
generalized helicoi@ will arise that intersects along the curvé (x, — 2) = 0, and thus,
along the curve that is symmetric to the image curve efith respect to the-axis ().
If one draws the normal planethrough a poinb of K that is at a distance fromof s
along the curve then one will get the same curve ofsatgion with® as inv, except
that it is displaced parallel to itself along thdirection through a distance sf. If one
refers to the intersections wifl) v, ... as themeridiansthat correspond to the helicoid
and the intersections with normal planes to the akithe cylinder asiormal sections
then that will yield:

The generalized helicoi® that has the general Mannheim curve MTtoas its
normal section will be intersected by the meridian planes along the usarahhdim
curve B ofl".

All meridian sections ofd are congruent. The normal sections®fare different
from each other, but they can be regarded as general Mannheim curveséotheurve
I" relative to Kwhen the starting point of the rolling motion is thought of as being located
at the respective point of intersection of G with the normaimseptane in question.

The Cartesian equation of the gendfi@nnheim curve shall now be presented. Let
the equation for the curvilinear axis:
K be y=f(x),
and let that of the rolling curve:

r be pP=0(9 .
r

Figure 1

) | propose to treat these surfaces thoroughly nemt fhe descriptive-geometric standpoint.
prop gnly ptive-g
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If M has the running coordinaté&s n7 then one will getn from (Fig. 1) the distance
formula:

= (7—yY + (- %% (1)
and sincan andk lie on a normal td:
n-y 1
T )
f-x Yy

One calculates the desired coordinates from that:

3

f=x-——r——, n=y+

n
) ,7 L]
yy1+y? Jiry?

from whichn = ¢ (s) can be eliminated by way d'){

s= I 1+y'? dx.
X

It is just as easy to represent the general Manmberve in polar coordinates. If:
K... r=y(w,
... p=¢(©n

are the given coordinates ther(x, r) will follow from the cosine law:

n =r’+v?-2recosf - w). (5)

One further has:

E—Flcos(r—a))—r—l, sin(-w ) O. (6)
T

If one then uses:

S=

Jri+r'dw (7)

E —e

then the problem that was posed can be solved éyoadrature and one elimination.

() In the cited paper byetrovich, the formulas in question should correctly read:

f'(t)n(4) ¢'t)n()

yi=é(t) = Trod instead of y1=f(t) Tt
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The results are in harmony with the ones in the pafePetrovich that was
mentioned, where one can also find the conditionsther curves to be rational and
unicursal in inverse normal coordinates.

Figure 2.

Finally, the natural equation of the general Mannheim cwae be derived in
parameter form. As Fig. 2 showsSis given by }):

2
AS= [Mj AS? +0p? @)
Px
or in the limit by:
2 2
dS:dS\/(pK+prj +(dprj , (8)
P« ds

() If the rolling motion takes place around the innecuwinference themr must be taken to be
negative. (Cf., pp. 1)
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tan g :L : (9)
ds( pK + pr j
Pk
or since:
d
pL=p1, (10)
s
by:
tang= —Pr P (9)
Pr (pK + pr)

Now, the contingency angle bf is clearly:

du=dg +da (11)
SO
_ ds | (12)
da+ d¢
or, from (8):
2 2
J(pnprj (dpj
P, ds
R= (12)
i+£arcta pler
pr ds P (P +Pr)
(12) and:
+ 2 d z
S:,[ di/(pl( prj +( prj (12)
yop ds

define the natural equation forin parameter form.

If one observes that the angtébetween corresponding tangentdvaindK is equal
to the angle between the associated normals tleendt of equation (Pwill yield the
following simple normal construction)(for the general Mannheim curve.

One raises a perpendiculapabnM to the normaP at the corresponding point Kf
setsp, = oir, and makeghe second curvature radius of K intersect the eating line of
n with p. The connecting line between the poinbtefsection m that one obtains and p
will be the desired normal.

() 1 would like to thank Herrn DiL. Braude in Bierstadt for communicating this constructionrte in
a letter.



Ernst — The general Mannheim curve 7

Naturally, as one can see in the figure, it defines ale amth the normal t& whose
tangent is equal to tam

One can also draw the tangents to the general Mannhewe n a way that is
similar to how Longchamps (*) could construct tangents to the curve when it is
expressed in inverse normal coordinates, assuming thedrigent can be constructed at
K and the curvature centerk¥fand second curvature radiusios known.

Let (cf., Fig. 2)p andq be neighboring points oK, while p’ andq', resp., are the
corresponding points ¢f, P andQ are the associated normalsocandk is their point of

intersection. If one lays out the line segmé&nt’= p p alongP in opposite directions,

and likewise k_q°= qq alongQ then the linep' g andp® q° the linep qat the points

ands in such a way that p= sq (3. Now, ifk is associated with the angteandp® is
associated with the anglethen the trianglé p° o° will yield:

kp _ k¢ _  kd-kp 13)
sin@-a) sing sing-sin@-a)
or
f(s+ds)— i($ ds
f(9  _ f(s+dg_ a3)

snw-a)  sing S|na/2 { j
Y-
al2

If one now shiftg towardsq such thapq will be tangent thek will be the curvature
center oK, lim a=0,ds/ a = p«, and (13 will imply that:

f(s) f'(s)
~L=p, (13)
siny cosy
or
f'(s R
cot yr=p, (13)
f(s)’
which implies that:
*) Loc. cit.
() An entirely elementary consideration will show thastmplies: Let’t||q u||p q]|oCv, p°t=
@z b, so sincekTqu qq , one also havév = HJ and vTaoz qu. pr = ?uld , qisz ﬂ;;q’ a=
_ o T o —_
bitk ,S0Qs= b[ﬁk[qu Slnceq gq= kq’and—— P , one will haveqs= bqoa k- @ ; hence,
kd q'tkd p’v p°v

pr=gs
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coty = p, Gf)l—g . (137)

-

Moreover, the tangent construction can be performédallas/s:

One proceeds until one has ascertained the point m in precisely tleevsaynthat
one does with the construction of the norifpgd. 6), <m @ k = 90 —¢. One now sets
X S po p = ¢in order to ascertain the point that is symmetric to; selative to p, and to
connect it with p r,p’ will then be the desired tangent.

However, it is simpler to find; when one raises the perpendicularntop and
intersects it withT, which is immediately clear on the grounds of symmetry.




