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The Mannheim curve of a space curve
By Paul Ernst in Vienna

Translated by D. H. Delphenich

In the study of curves, the method of coordinate convetssmproved to be a fruitful
principle for the discovery of new curves and the ekbil of connections between
entire families of curves'), One of the most useful conversions is the one ttias
natural coordinates to rectangular. For any curve, itpraiduce the so-called Mannheim
curve ), which is the locus of the curvature centers thatrigeto the respective contact
points when the base curve rolls on a line without slgpp

In what follows, the concept of Mannheim curve shaltéeied over to space curves.

The form of a space curve is known to be determined ledety by the values of the
radii of its first and second curvaturpsand T, when expressed as functions of the arc
lengths. One refers to the givens:

p=¢(, T=F( )

as thenatural equationdfor the space curv&. The search for the equationsKfin
rectangular coordinates can come down to the integrafiandifferential equation of
Ricatti type {).

Let the curve with the equations:

y=¢(x, z=F() 2

be referred to the Mannheim curve M of the curve M
The validity of the following theorem can be seemigdliately moreover:

If a space curve K rolls along the x-axis of a rectangular coordinatersystithout
slipping in such a way that the x-axis always coincides with the tamgent and the xy-
plane always coincides with the osculating plane then the curvature ¢batdrelongs
to the respective contact point will describe the orthogonal projectionfN¥ onto the
xy-plane, and the torsion center that belongs to the respective contatiylbdescribe

() Cf., e.g.B. Wieleitner, Spezielle ebene KurveBoschen, Leipzig, 1908. (SammluBghubert 56),
pp. 313t seq.

() Welffing, Zeit. Math.44 (1899), 140Mannheim, J. math. pure appl. (2)(1859), 93-104.

() See, perhap8ianchi, Vorlesung tiber DifferenzialgeometrigGerman translation blyukat), 2"
ed., Teubner, Leipzig, 1903.
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the orthogonal projection Mof M onto the xz-plane, where M means the Mannheim
curve of K.
The simplest example is defined by thdinary helix:

p=y T=C 3
Its Mannheim curve reads:

y=y z=C, 3

So it is therefore Ane that is parallel to the-axis.
The equations:
p=as T=bs (4)

represent theoxodrome of the circular condts Mannheim curve:
y = ax z=bx 4)
is also dine.

Thegeneral helix (v.z, the cylindrical loxodrontée characterized by the fact that its
curvatures have a constant ratio. Its equation is:

(5)
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and a curve:

(6)
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that lies in a plane that is perpendicular toytaplane (so it is @lane curvé will be its
Mannheim curve.

The skew circles which are characterized by constant flexure, also pegdlane
curvesas their Mannheim curves.

One also finds thasymptotic lines of the pseudo-sphere:

p= %(es’a+ e’ T=a (7)

amongst the lines of constant torsion.
Their Mannheim curves are planar and are closely refatdwcatenary:

1ﬁ x/a X a 1
== e “+e Z=a, 7
y=3 2( ) (7)

and they bear the name wéult lines(Ger.Gewdlbelinié (%).
As a final example, let thesymptotic lines to the catenoille cited. Their natural
equations are:

() Schlémilch, Ubungsbuch zum Studium héheren Analysik, 3% ed., Leipzig, 1879, pp. 101.
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2
p:s+2i, T:a+i, (8)
S 2a
which implies the equations:
2
y:x+2i, z:a+i (8)
X 2a

for the Mannheim curve, or more simply:
X—xy+2a°=0, xX=2a(z-3a. (8)

It is then aspace curve of order four and type dhat is defined by the intersection of a
hyperbolic cylinder that is perpendicular to tkeplane and a parabolic one that is
perpendicular to thezplane. As the elimination ot will show, its perpendicular
projection onto thgzplane is:

Y (x-9-2xX=0, (8

which is a specighngent curveo theparabola(®).

The number of examples can be expanded arbiti@yily

In the same way as one does for plane cufjesife can also examine space curves
that arise from the Mannheim curve when the basescwlls without slipping along an
arbitrary curve, instead of a line, in such a waatthe moving triad covers the fixed and
moving curves. However, that shall remain a furtbeic to pursue.

() L. Henkel, Uber die aus einer Kurveyf (x) abgleitete Kurve y= xjy =x (), etc. Dissertation
X
Marburg 1882.
() In regard to the examples that were cited here, Gesarq Natiirliche Geometrie(German
translation byKowalewski), Teubner, Leipzig, 1901.
() L. Braude, Uber einige Verallgemeinerungen des Begriffes der Mannheimscheme K
Dissertation, Neumann, Pirmasens, 1911.



