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On a new general foundation for mechanics
(By Herrn Hofrat and Prof. DiGaussin Gottingen)

Translated by D. H. Delphenich

As is known, the principle of virtual velocities contgerall of statics into a
mathematical problem, ardiAlembert’s principle for dynamics reduces that study, in
turn, to statics. Therefore, it is in the naturehri@gs that no one has given any new basic
principle for the study of motion and equilibrium thadwid already include both of the
latter principle, and from which they could be derivéathe meantime, however, due to
that situation, a new principle would not seem to bethless. It would always remain
interesting and instructive to abstract a new and @blerviewpoint for the laws of
nature such that one would easily solve this or thatipnobrom it, or that it would add a
special reasonableness to that problem. The great geomiebuilt the structure of
mechanics on the basis of the principle of virtual Vil so brilliantly, did not reject
the raising oMaupertuis’s principle of least work to a state of greater deteaicy and
generality, which is a principle to which one can appetil great advantage from time
to time ().

The peculiar character of the principle of virtual eéies consists of the fact that it
is a general formula for solving all static problems apar@digm for all other principles,
without taking the credit for them so directly thatmbuld already recommend itself as
something plausible, as long as only expresses it.

In that regard, the principle that | have proposed beeens to have one advantage.
However, it also has a second one, namely, thatcbmpasses the law of motion and
rest in completely the same way and in greatest gdyeralherefore, it would very
much be in order that from the gradual development of seiamcl the teaching of
individuals, simple things should come before complicab@tys and specialized things
should come before the generalities. Nonethelesse @me has reached the higher
standpoint, the spirit will demand the converse proaghsreby all of statics appears to
be only an entirely special case of mechanics. Evemfirementioned geometer seem
to place some value upon that notion when he regarded othe @fdvantages of the
principle of least action as being that it included both dxuwin and motion at the same

() Remark by the author: However, permit me to point out therel did was not satisfied by the way
that another great geometer attempted to pHweghenslaw for the extraordinary refraction of light in
crystals with double refraction by means of the ppiecof least action. In fact, the admissibility of tha
basic law depends essentially upon the conservatiars gfva, which would merely constrain the positions
and speeds of moving points without having any influence oditbetion of motion, which was, however,
assumed in the aforementioned attempt. It seems thahmtsystems of emanations, all endeavors to link
the phenomena of double refraction with the genera lavdynamics must remain fruitless as long as one
considers light particles to be merely points.
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time when one expresses them in such a way thatghkesa is smallest for both of them,
which is a remark that seems to be more clever the however, since the minimum in
both cases occupies an entirely different place in obthem.

The new principle is the following one:

The motion of a system of material points that are always coupled to each other in
some way, and whose motion is, at the same time, always subject to external constraints,
agrees with the free motion at each moment to the greatest possible extent or with the
least possible constraint when one considers a measure of the constraint that the system
suffers at each point in time to be the sum of the products of the squares of the deviations
of each point from the free motion of its mass.

Letm, m, m” ... be the masses of the points. &e&’ a” ..., be their positions at
timet, and letb, b’, b” ..., be the positions that they would assume afteintin@tely-
small time intervatit as a result of the forces that act upon them duriagtiime and the
speeds and directions that would be attained at tonmethe event that they were all
completely free. The actual positioms ¢, ¢’, ... will then be the ones that are
compatible with all of the conditions on the system famdvhichm (b ¢)? + m’ (b’ c’)? +
m”(b”c")? + ... is a minimum.

Equilibrium is obviously only a special case of the genara| and the condition for:

m(bc)>+m’(b’c)>+m”(b”c?)’+ ...

itself to be a minimum, or the persistence of theesysin the rest state, is that the free
motion of the individual points should lie closer thary of the other possible ones that
might emerge.

The derivation of our principle from the two that weted above comes about easily
in the following way:

The force that acts upon the material panis obviously composed, first of all, of
the force that is coupled with the speed and directidimatt that takes to c in the time
dt and a second one that would lead from rest bty way ofcb in the same time if one
considered the point to be free. The same thing witkdee for the other points. From
d’Alembert’s principle, the pointsm, m, m” ... must then be equilibrium under the
effect of only the second forces aloeig c'b’, c"b” ... at the positions, ¢, ¢, ... due to
the constraints on the system.

From the principle of virtual velocities, equilibriunowld demand that the sum of the
products of each of the three factors (namely, eacheofmasses), m’, m”, ... the lines
ch, c'b’ c"'b” ..., and any others that would project onto the latesp.r due to the
possible motions of that point that are compatible whgh ¢onstraints on the system)
would always have to equal zero, as one ordinarily espee$), or rather, more

() Remark by the author: The usual expression always assionssaints that make the opposite of
any possible motion equally possible, such as, e.d.atlpaint should remain on a well-defined surface,
that the distance between two points should be unvargimgjthe like. However, that is an unnecessary,
and not always appropriate, restriction on nature. duter surface of an impermeable body does not
require that a material point that is found upon it must irermgon it, but merely prohibits it from
appearing on the other side. For a tensed, inextenbilidlexible, string between two points, only an
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correctly, by saying that each sum can never be positiNesrefore, ify, y, v, ... are
positions that are different from c', ¢”, ..., but still compatible with the constraints on
the system, and, @', 8", ... are the angles thaty, c'y, c"y”, ... make withcb, c'b’,
c'b” ..., then m kb [ky[tosHwill always be either 0 or negative. Now, since:

yb?=cb? +c y? - 2cb [kytosa
it will then be clear that:

SmOypP-SmEb’=Ym y?-2Y mtb kyltosh

will always be positive as a result, 5om Oyb® will always be greater tha m [t b?;
i.e., that will be a minimum. Q. E. D.

It is very remarkable that although free motions caeratt constraints are imposed,
by their very nature, they will be modified in the gsamvay by the method of least
squares, which relates to quantities that are necessarigled with each other by
dependencies, as the calculating mathematician willirconby experience. That
analogy can be pursued even further, although | presentigtdatend to do so.

increase in the distance between two points is imiplesdiut not a decrease, etc. Why then would we not
choose to express the law of virtual velocities in saickiay that it encompassald cases right from the
beginning?



