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Along with Table V, Fig. 5a and 5b)(

The very close relationship that exists betweaunlbsystermand thepolar system of a
paraboloid of rotationseems to have not been commented upon, up to now. Howeve
can be arrived at very simply [entirely apart from graptatical considerations)] as
soon as one considers the null system to be two caapspatial systems and poses the
guestion of which peculiarities of the null system cah¢he cost of a specialization of
the reciprocal transformation and which of them canéhe cost of a specialization of
position.

As examples of the former properties, which we would like call intrinsic
properties we can immediately recognize:

1. The existence of a central axis.

2. The fact that the pole of the plane at infinigslat infinity.

Both properties also characterize tpelar system of the paraboloid of rotation
intrinsically. Therefore, this leads one to suspeat the null system can exhibit only
one other reciprocal position of the aforementioned reaiprocal system& and%' that
are united by the polar system of a paraboloid of rotatidhe suspicion is justified
insofar as, indeed, it is nat and%' themselves that can always be brought into such a
mutual position in which they will constitute of a nutstem, but, in factt and a system
>" that is symmetric witlx'.

(") Translator’s note: These accompanying figures wetavailable to me.
() Cf., on this subject, my paper: “Ueber die reciprokeneigaler graphischen Statik,” in volume 100
of the Journal f. d. reine u. angew. Math.
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This shall be done more rigorously in what follows, whére most essential
properties of null systems)(will be derived from those of the polar system of a
paraboloid of rotation in the most elementary way.

§1.

Let the axis of the paraboloid of rotation Rg let its vertex beS and let the

tangential plane at the vertex bé; let the parameter of the meridian parabola be equal
to 2p. LetZ be the spatial system that is considered to berigenal system LetX' be
the system — we call it th@olar systen+ that is defined by the polar planes, polars, and
poles of the points, lines, and planes, resp3. oélative to the paraboloid of rotation.
Finally, ¥" means thenirror imageof the systen’ relative to the plane”as its plane of
reflection.

Now, if P is any point of the systera then one will obtain its polar plang” as
follows (cf., Tab. V, Fig. 5a): Lay the meridian péathrough the poir® and the axigX,

which will serve as the reference plane, and denotendrédian parabola of all of its
vertex tangents in it by’. One then draws a parallel 8 throughP that cuts the
meridian parabola &, extendX to M, and draws the ling' throughM “that is parallel

to the tangent to the parabola at the p#ing' is then the polar of the poiRtrelative to

the meridian parabola. Finally, if one lays the plantroughp' that is perpendicular to
the meridian parabola them will be the polar plane of the poift relative to the

paraboloid of rotation.

The linep’ cuts the tangent to the vertex at’and the axi€l atr’. The tangent to
the parabola aX cuts the axis a One drops the perpendiculdp andXx to the axis
from the pointd andX, respectively. One will then hap&= Sr’(sincepx = Px = XM’
=tr’andxS=S{. The pointp is then themirror imageof r 'relative to the plane”. It
follows from this that the lin&'p is the mirror image” of the linep’ and that the plane

that is laid througlp” perpendicular to the meridian plane will represeatrttirror image

7t of the planer, moreover.
One now rotates the plamearound the axi€l through an angle of 80so it will

describe the surface of a cone of rotation whose vésiex At the end of the rotatioit,
will go through the line pP.It will be divided into an upper and a lower sheeétlfy the
line pP. The upper sheet will lie in front of the meridiammé or behind it according to
whether the rotation around the axis results tddfter theright, resp. (i.e., as seen from
above, and opposite to the hands of a clock or in tine sg&nse, resp.). The first position

"

will be denoted byz and the second one iy . Conversely, if we were to consider the

() On this subject, one conferbébius: “Ueber eine besondere Art dualer Verhéltnisse zwischen
Figuren im Raume,” Crelle J., X, pp. 317. FurthermoeyerDie Geometrie der Lag&™ ed., 1882, Part
I, pp. 69.

(") If one recalls Fig. 5a (Tab. V) then the branchhef axis2( that falls inside of the paraboloid might

be referred to as thgperone and the one that falls outside of it, lteer one.
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plane 777 or 77, as belonging to the original systémand correspondingly denote them
by o1 or p,, resp., then the pol& of o1 would lie on the perpendicular to the meridian
plane through ’ at a distancep’'R = pP in front of the meridian plane. As a result, its
mirror image R’ would lie in front on the perpendicular throuyglat the aforementioned

distance and would then coincide withafter aleft rotationaround the axis by 9dcf.,
Tab. V, Fig. 5b, which presents the projection onto aepthat is perpendicular to the

U

axis). The mirror imager, of the polarR, of o, would lie at an equal distance behind
the meridian plane and, correspondingly, its coinadenith P would be obtained by a
right rotation around 98

If one performs the aforementioned operation withpalhts P and planeg of the
systemX then the syste’ that is defined by the polar plangsand poleR” - and
consequently, its mirror imagg" — will be reciprocal tax, and after its left or right
rotation around the axi¥ through 960, in either cases” will be situated in amvolutory

position with respect t& such that every plang’ will go through the poinP that
corresponds to it and any poRwill lie in the planeo that corresponds to it. That is:

The syster and the syster®” that is rotated througl®0® from it to the left or right
collectively define a null system.

From a different viewpoint, this can also be statédwod polyhedra correspond to
each other reciprocally relative to the polar systém paraboloid of rotation then one of
then can always be brought into a position with respethe mirror image of the other
one such that each of them is circumscribed by the otier

§2.

Let the distance from the poiRtto the axiA be equal te, and let the angle that the

plane 77’ makes with the axi€l be a’. Now (cf., Tab. V, Fig. 5a), if the normal to the
parabola that is drawn through the pointuts the axis at then the sub-normai will

be a constant that equals one-half the pararpetBurthermore, one will havex = ¢ and
the anglexXn= a’in the rectangular triangkxn As a result, one will have:

(1) etana’ =p.

Since the mirror image’ of the planerr” makes the same angleé with the axis

as 77, and since that angle will not change under the rotatfahe planes around the
axis, relation (1) will be true for the null systemtire same way that it is true for the
polar system of the paraboloid of rotation. The axisleamd of the polar plane is
determined directly from the distanedrom the axis to the pole by means of that in both
systems, and conversely. The polar plane to anygaol¢hen be given — and conversely
— when, in addition, one also observes that:
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In the null system, the polar plane goes through the perpendicular Pp thatrgoes f
the pole P to the axis. By contrast, in the polar system of ttabplaid of rotation, it

will go through the mirror image Rr’ of that perpendicular that has been rotated
through90’.

If one refers to the quantifythat related to the null system as tmmstant of the null
systenthen one can, moreover, state the theorem:

The polar system of a null system can be considered to be the miage, rotated
around the axis b90°, of the polar system of a paraboloid of rotation whose parameter
is twice as large as the constant of the null system

§3.

Let [ and[' be two conjugate straight lines in the polar systerthefparaboloid of
rotation. Let the shortest distance from the line the axisA be equal te, and let the

angle that its direction makes with the axis be equal t Let the distance from the axis
to the linel' be equal t&, and let its angle with the axis be equafto

The meridian plane that is parallelltawill serve as the reference plane (cf., Tab. V,

Fig. 5a). One draws the plarmeperpendicular to the meridian plane, which will ingets
the meridian plane along. p' will then be parallel t¢' and will represent its projection

onto the meridian plane.
If one lays the plané through the lind>” M’ perpendicular to the meridian plane then
this will represent the conjugate diametral plane efliep’, and consequently, also the

line ' that is parallel tg'. Thus, the polaf of I' must then lie in it. However, since the
diametral plane that goes throughs parallel to the meridian plane, and consequently,
perpendicular to the diametral plateone will then have the theorem:

The diametral planes that are laid through any two conjugate straight linedeuvill
perpendicular to each other in the polar system of the paraboloid of rotation.

It will then follow further from this, when one rotaté® mirror image” of [' (which
lies in the aforementioned diametral plane) aroundxsaby 9C, that:

The diametral planes that are laid through any two conjugate straight lineeuvill
parallel to each other in the null system.

The shortest distance from the lingo the axisl is perpendicular to the meridian
plane, so let its foot on the axis beand let its foot off beR”. One will then have’R’
= e’ Moreover, the angle that the lipe which is parallel td’, makes with the axis is
equal toa’. It will then be identical with the angle betwedse taxis and the plang’.
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Sincel' lies in the planer, its conjugatd must go through the pof of /7. Moreover,
sincel lies in the diametral plane that is perpendiculath® meridian plane, it will

project onto the meridian plane aloRl’, andPp will represent the shortest distaree
between and and2(. Finally, sincel’ goes through the poif’ [ must lie in the polar

planep of R. From 8§ 1, this will go througpP; its upper sheet will lie in front of the
meridian plane or behind it, according to whether thatg®’lies in front of it or behind
it, respectively. Correspondingly, the upper branch eflite [ will also lie in front of

the meridian plane or behind it according to whetheiitte[' lies in front of it or behind
it, resp. The angle that the plapemakes with the axig€l, and thus, also with the
meridian plane, will be measured by the angle thdefsed byl andPM’and will be,
correspondingly, equal to the angidetween the axis and the lihe

Since it is then proved that the distaneesmd€e from the two conjugate lindsand!l’

to the axis, and the anglesand a’ that they make with the axis are identical with the
distances from the axis to the two poiRtandR’, resp., and the angles between the axis
and the two polar plangsand 7, resp., the relation:

(2) etanag’=€ tana=p

will follow immediately from the theorem in § 2.
If one rotates the mirror imadeof [ (which possesses the aforementioned distence

to the axis and angle’ with the axis) around the axis through®38en either the
distance to the axis or the angle with the axis vidirge. The relation (2) is thus true for
the null system, as well as for the polar systenthef paraboloid of rotation. The
distance to the axis and the angle with the axis ofajrgvo conjugate lines will be
determined directly from the distance to the axis apdatigle with the axis of the other
one by means of it. One make the following remark gare to their mutual position:
The mirror imageR” of the pointR’lies on the line that is perpendicular to the mandi
plane atp, and will thus coincide with the lingP after a rotation around the axis by’90
Therefore:

The distances from two conjugate lines to the axis will fall on theentioned line
in the null system. By contrast, in the polar system of the pardbaiootation they will
fall on lines, one of which will represent the mirror image of oti@er one, rotated
through90’.

§4.

If the relation:
(3) etana=p

exists between the distaned¢o the axis and the angtebetween the axis and a straight
line [ then it will follow from relation (2) of the previoysaragraph that the distanee
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from the conjugate liné to the axis and the angée between it and the axis will possess
the aforementioned values:

It will follow that conversely: If two conjugate stréiglines( and ' have the same

distance to the axis then they will also have the samgles with the axis, and
conversely, and relation (3) will then exist betweenttho.

Two conjugate lines of this special kind have a positotihe null system such that
their distances to the axis (which, from § 3, willihethe same straight line) will either
coincide or lie on different sides of the axis. In ortkerexamine this behavior more
closely, we imagine, in connection with the consideratiof the previous paragraphs
(cf., Tab. V, Fig. 5a), two straight lind$ and [,, both of which are parallel tp' and

project ontop’, with [, in front of the meridian plane anl, behind it, but with equal
distances to the axeR, = r'R,. Their conjugate lines and[, will then lie in the plane

A that is perpendicular to the meridian plane and bétthem will project ontoPM".
They will both go throughP and lie symmetrically to the meridian plane: The upper
branch ofl; will be in front of the meridian plane, while the upfeanch ofl, will be

behind it; their common distance to the axis willgf& The distances to the axis and
the anglesr with the axis for; andl, might satisfy the relation (3). The distancesh® t

axis and the angles with the axis [bfand [, will then have the aforementioned values:
viz., 'R = rR,=pP=¢ anda’= a.

Let the mirror images oR and R, be R’ and R}, resp. They will lie on the
perpendicular to the meridian plane that goes thrquglith R’ in front of it and R;
behind it, resp., and at equal distange® = pR = pP (cf., Tab. V, Fig. 5b). One
imaginesPp as being extended ©@. Let the mirror images of and [, be[] and [,
resp. In Fig. 5b (Tab. V), the projections of the uppanthes for; and(;, as well as
[, and[,, onto the plane that is perpendicular to the axéesraarked byp. The upper
branches of] and[; are both inclined to the left, the upper branch,a$ inclined in
front of it, andl; is inclined behind it. Since the axis angles are, witlexception, equal,

one can regard these four lines as surface lines of alsi@evboloid of rotation, whose
midpoint isp and whose throat radius és Indeed,; and [[ belong to the one pair of
surface lines, whil& and [, belong to the other family.

If one then rotates the systeit around the axi€l towards the lef{i.e., opposite to
the hands of a clock) by 8@hen R" will coincide withP, and[] will coincide withl;,
while R, will arrive atQ, and the upper branch of will come to lie in front of the
meridian plane, such th& andl, will cross. By contrast, if one rotatestdgwards the

right (i.e., in the sense of clock hands) tH&hwill coincide withP, and [, with [, while
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R’ will arrive atQ and the upper branch df will come to lie behind the meridian plane,
such that; and(; will cross.

The totality of the coincident lines — and thus allh&f tinesl; under left rotation and
all of the linesl, under right rotation — will define lenear ray complex.If one imagines
two helices that both haw for their axis, and one of them is the liaewhile the other
one had; for its tangent then the former will lbght-wound, while the latter will be left-

wound. The character of the two ray complexes will dlsadetermined in that way. The
two null systems, one of which arises from the sys¥ by left rotation through 90
while the other of which arises by right rotation, whius differ from each other in such a
way that:

The ray complex that is defined by the double lines (guiding rays)tgteion will
be right-wound, while the one that is defined by right rotation will denetind.

At the same time, it will follow from this that:

A left-wound null system can be converted into a right-wound one by rotting
polar system around the axis 8¢’.



