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On the representation of curves by curvature and torsion
(By R. Hoppe)

Translated by D. H. Delphenich

If the curvature and torsion of a curve are given astfons of the arc length then its
form will be determined completely, and independently opdsition. In order to find
its equations in rectangular coordinates, one must pedorintegrations, corresponding
to the six constants that determine its position itspd hat is easy in two cases:

1. When the torsion is equal to zero.
2. When the torsion has a constant ratio to the turwa

In addition, there are still many simple relationgwsen both variables that the
integration admits. Although the general solution ofgr@blem is probably impossible,
it seems that there are some reductions to whichsitisseptible that are interesting in
their own right, namely, to the extent that it wokcome obvious from those reductions
what their integrability depends upon in some specialscalsshall allow myself to make
use of the terminology that | explained in my lasicét(v. 58, pp. 374).

If rand$ denote the curvature and torsion angles of a curvetfeintegrals of the
contingency angles between the tangents and the tsgytéanes), whilai, v, w denote
the cosines of the angles that the tangent, poledme principal normal define with any
axis, then:

(1) W+ +w =1
due to the perpendicular relationships between those &ndsrom known formulas, one
will have:

ou=war, ov=—-wdd, ow=vdI—-udr,

from which, it will emerge that:

_ar 9°u _ 08 9°v
) v=2L 28 u= 22 v+ 2|
07 or? or 09?



Hoppe — On the representation of curves by curvatureoasior. 2

Depending upon whether one now eliminates u, along withw, from equation (1), one
will get:

2 2 \2 2
(3) (ﬂj u+a—g +u2+(6_uj =1,
07 or or
or
2 2 \2 2
(4) (%j v+a—\2 +V° +(ﬁj =1,
or 07 09

resp. Therefore, any curve will have a reciprocal igiahip to a second one, in general,
in such a way that the curvature angle of one of thelimbe the torsion angle of the
other one, and the tangent to one of them will be alphtalthe pole line of the other
one. The integration of one of the foregoing equatitves implies the two cases of
given functions:

9(1.2)=0, ¢(F1=0

at the same time. For that reason, the followirggudision might be restricted to a
consideration of equation (3). Accordinglyshall be considered to be an independent
variable, and the prime shall denote the differentialigobtvith respect to it.

After differentiating once and dropping the faatior u”, equation (3) will give:

(5) u" + 1+ u —@u+u”)=0.
The complete integral of this linear equation has tha:fo
u=auw+bu+cus,

but the constants are subject to a relation that ot@nsbfrom introducing them into
equation (3). If one then chooses three systemseei th) ¢ such that sum of the squares
of the three corresponding values willbbe 1 then they will represent the cosines of the
direction angles between the tangent and three redtangxes, and will give the
coordinates as functions af after multiplying by the differential of the arc length
expressed in terms @f and a subsequent integration.

Since the solution to the problem is then complethomt the arc length entering into
the calculation, upon integrating equation (3) for any igpeelation betweerr and J,
one will get a class of curves whose common featunesisthat relation, while the
function that expresses the arc length in termsarbitrarily will require that their forms
must be different. The deviation can exist here onlyenetttension of the individual arc
length elements, such that each class will easilyaptpebe related.

For the further transformation of the differenggluation, one sets:
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or ;
u=qh?4¢+qﬂ
and upon solving this fax, it will emerge that:

g= [T el

After dropping the factor:

[q q*+q'” j VQT:EE}

equation (3) will go to:

J

(6) (—q qj+q +q%=0.

One can also obtain that equation as a speciajrait®f equation (5) by setting the
integration constant equal to 0 [which must haeevdlue of 1 according to equation (3)]
and setting the corresponding valuauadqual tog. The foregoing derivation shows just
what the relationship is between the real rootemifation (3) and the useless ones in

equation (5).
Furthermore, let:

_frer

from which, one has inversely:

After dropping the factor:

equation (6) will go to:

from which:
(7) r"+9r'+1r=0.

The possible transformations of this equationka@wn.

by the substitution:
r= Zj 9o e’

Q_I'o

namely, the following one:

2
a Fz) +£e¢2u9

0.

One gets the simplest form
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1.
If a special solution of equation (3) is known then tmemplete solution to the

problem will be guaranteed by reducing it to a second-ordearlieguation. One can
then arrive at it along a much shorter path than bynmeéequation (7). Namely, let:

U = COS¢ cosy, V = sin¢g cosy, w=siny

be the cosines of the direction angle of the tangdmw is further known as a function of
7, and one sets:
Y'=sinw

then ¢ and wwill also be known. One finds the following values fbe cosines of the
direction angle of the principal normal by a diffeiatibn:

u’” =—¢@’sing cosy— cosg sin ¢ sin w

4

v @’cosg cosy—singsinysinw

4

w cosysin
whose square-sum is:

1=¢'?cog g+ sirf w
The value:

¢ cosw
¢_Jcos¢/ar

that one gets from this permits one to kngw, and consequently:
x:juas, y:jvas, z:jwas,

as functions ofr. The missing integration constants, two of whigh be contained in
complete values of and one of which will be included i, are easy to derive by an
orthogonal substitution.

The expressions fou, v that one gets by way of equation (7) are much more
complicated than the ones that were just derivddreover, | would not like to verify the
identity of those two sets of expressions in sotheroway, for the sake of brevity.

V.

| shall present the solutions for four of the diagp cases in their simplest special
form. Let the cosines of the direction angle &f plole line be denoted bym, n.

1. If ’=0then, as is known:
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u = coSsT, V =SsinT, w=0,
u’=--sinr, VvV’ =sinT, w’=0,
| =0, m =0, n=1.

If one determines the constant factor of the integcabrding to equation (3) then that
will yield:

T . .
U =cosdcos——, v=coslAsinr, W = sinA,
cos/
V4 T T V4 T V4
u’=-sin——, VvV’ = coS——, w’= 0,
cos/ cos/

) T ) . T
| =-sinAcos——, m=-sinAsin——, n=cosAl.
cos/ cos/

3. If one setsv= r/a then that will imply the relation:
r’+9%=q%-1,

which will be fulfilled by the values:

r=4a*-1sinA, 9=-. a’*-1cosA,

and when one uses the method that was describe iprevious section, one will find
the following expressions:

u = 1sin al sinA + cosaA cosA,
a
1 . )
v =-2-cosal sinA + sinal cosA,
a
Jai-1 .
w =YX — sin/,
a
Jai-1 . Jai-1
u’ =—X—sinal, v i=—X ______cosal, w’:l,
a a a

| :i sin al cosA — cosaA sin A,
a
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m = —1 cosal cosA —sinal sin A,
a
Jat-1
n =4 cos/i.
a

4. If one setgv= ¢then one will have:

=1, I=2y, tan§= e
sO:
B 9 L 9 9
U =COSTCOS—, V=SIiNTCcosS—, W= sin—=,
2 2 2
o 9 L,
U’ =-sin7cos= - cosrsirf =,
2 2
, 4 . .o 7
V/ = COSTCcoS— —sinrsinf —,
2 2
, .7 4
W’ =sin= cos—,
2 2
( ) ﬂj 4
| = |sinT-cog cos-| sif-,
2 2
( . ﬂj 9
m =-—| cosr+ sinr cos- | sif-,
2 2
n = cos—

V.

Geometrically, the problem can be reduced in tllewing way: If one describes a
sphere around the coordinate origin with the lingait as its radius and draws, along
with the tangent to the curve, one the one hasgate line and on the other, two parallel
radii then they will describe two curves on theeatal surface that are parallel to each
other, because the running point of one of thenh Meilon the corresponding normal
plane of the other one. By switching the curvatmd torsion of the original curve, each
of those spherical curves will go to the other one.

If one distinguishes the element of that sphermale by the index 1 then its
equations will be:
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X1 =U, Y1 =YV, 1 =W,
and differentiating this will give:
up 0s =u’0dr, Vi 0S =V’0T, Wy 0S1 =W’0T.

Forming the sum of the squares will show that:

S =T,
8
(®) { u=u, v,=V, w=w.

A second differentiation yields:
uor,= (I tanAd —u) dr,

along with two analogous equations, and the sum of thearss will reveal that:

©) { cosAdr, =07,

u =Isind-ucosl, etc

and a third differentiation, while referring to equatio@y ill give:

[, —ur = A" (I cosA +usinA) cosA -u,
or, from equations (8):
[, =A" (I cosA +usinA) cosA,

along with two analogous equations, and summing their squalteseld:

J = A" cosA,
or, from equation (9):
6191 =0A.

Moreover, equation (9) can also be written:
S = COs/,

which is a quantity that expresses the curvature raditteeapherical curve.

That implies that the arc length of the sphericale represents the curvature angle,
it curvature radius represents the cosine of the cuevamidth, and its torsion angle
represents the curvature width of the original curve itshlbw, if & also given in terms
of 7 by:

A = arctany’
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then the curvature radius of the spherical curve Wath e known as a function of its arc
length. The problem that was posed initially will theme down to this one: Calculate a
spherical curve from the relation between curvature emteagth.

Berlin, 5 January 1861.




