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The stability of the compressed rod

By Karl Kreuzer in Dresden

Translated by D. H. Delphenich

Summary. — In the present work, the buckling limit for circular and rectangular compressed rods will be
calculated as an example of the theory of the stability of elastic equilibrium that E. Trefftz developed. The first section
includes a sketch of the theory of elasticity for finite deformations. In particular, it will be shown that the expression
for the elastic potential (internal elastic energy per unit volume) can be adapted from the theory of elasticity for small
deformations when one substitutes the actual distortion quantities for finite deformations (i.e., the variations of the
coefficients of the line element) for the linearized distortion quantities.

In the second part of the paper, the expression for the second variation of the internal energy, whose sign
determines the stability, will be defined by the integral for the total internal elastic energy thus-obtained. The stability
limit, i.e., the load limit beyond which the second variation can become negative, will then be determined from the
standard methods of the calculus of variations. The third section includes the results of the numerical calculations,
from which it emerges that the Euler formula that one ascertains by elementary methods in the study of the bending
of beams is confirmed within the limits of computational accuracy (i.e., up to a fraction of a percent).

I would not like to neglect to thank Herrn Professor Dr. Trefftz warmly for the advice and encouragement that
he contributed to this work.

Introduction. — The problem of elastic buckling (*) will be treated in what follows by taking
the view that the essence of the buckling process is that of a problem in the theory of elasticity for
finite deformations.

It will be assumed that the stresses that appear will lie within the domain of validity of the
extension of Hooke’s law to finite deformations. The restriction to fixed body forces and surface
tractions, i.e., ones that do not vary with the deformation, will also be imposed.

The method that is applied is the energetic one, when one considers the finitude of the
deformations in all three coordinate directions, as E. Trefftz (?) developed it at the International
Congress for Engineering Mechanics in Stockholm in 1930.

The following notations will be used:

x®, x@ x®  the coordinates of a point

(Y For the older work: Enzyklopadie der mathematischen Wissenschaften, Bd. IV, Leipzig 1907/08. For recent
work: Handbuch der Physik, v. Geiger and Scheel, Bd. VI, Leipzig 1938.

(® E. Trefftz, “Uber die Ableitung der Stabilititstheorien des elastischen Gleichgewichts aus der Theorie
endlicher Deformationen,” Internationaler Kongref flr Technische Mechanik 1930, Stockholm, Teil 111, pp. 44.



Kreuzer — The stability of the compressed rod. 2

X1, X2, X3 the components of the body force per unit volume in the
undeformed body along the three axis directions

E1, Ho, 83 the components of the surface traction per unit area in the
undeformed body along the three axis directions

u®, u® u® the components of the displacement along the three axis directions

su®, su®, su®  the components of the variation of the state from the equilibrium
configuration (i.e., the perturbations)

E the internal energy of the entire body

An elastic state is a state of stable equilibrium when for every finite displacement that is
compatible with the geometric conditions the increase in internal energy is greater than the work
done by external forces that is available, i.e., when:

AE > _mz X, ou® dx® dx® dx® +J]ZE ou® do .

Developing both sides of the equation in powers of Su® and their derivatives gives:

AE = SE+6°E+--- > ”.[z X, su® dx® dx@ dx® +HZEV su® do . 1)

No powers of su™ appear on the right-hand side as a result of the restriction to fixed external
forces Xyvand =y .

Now should the left-hand side be greater than the right-hand side for arbitrary su™ that are
compatible with the kinematical conditions, then the linear terns would have to vanish in their own
right, i.e., one would need to have:

5E = J”Z X, ou® dx® dx® dx® +”ZEV ou™do .

The gist of this equation is referred to as the “principle of virtual displacements” and says that for
every virtual displacement from the equilibrium configuration, the variation in internal energy will
be equal to the work done by external forces.

Should the equilibrium state be stable, then the quadratic terms in the left-hand side of eq. (10)
would have to exceed the right-hand side. As a result of the restriction to fixed external forces, the
work done by external forces is exhausted by the linear terms. The stability condition then reduces

to 6°E > 0.
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The stability limit is reached when the second variation of the internal energy vanishes for at

least one system of displacements ou‘’, so one will have 5°E = 0.

Those completely-general Ansatze shall be applied to the stability problem of the theory of
elasticity in what follows, and in particular to the determination of the buckling load for a
compressed rod.

I. — The theory of elasticity for finite deformations.

1. The state of deformation. — “Substantial coordinates” will be used to fix the particles of an
elastic body. They are assumed to be rectangular normal coordinates in the undeformed state and

will be denoted by x". In the deformed state, each mass-particle is endowed with curvilinear
coordinates.

An arbitrary mass-particle will have the coordinates x®, x®, x® before the deformation. It
occupies a point P, which will lead to the position vector ¢ = z x™ & in a fixed spatial axis-

cross with the three perpendicular unit vectors &;, &;, &3 . A neighboring particle with the

coordinates X +dx®, x® +dx®, x® +dx® will then assume a point Q. If d ¢ is the vector from
PtoQthendy= ) dx" ¢, ,and the line element reads:

ds? = > > G, dx" dx™“ .
voou

For the coefficients G, = &, - €, of the line element, one has the matrix:

100
[Gwl[={0 1 0
001

for rectangular normal coordinates.
The body will be deformed by an elastic displacement u = Zu‘”) ¢, . The point P () will

assume a new position P (r = + u), and its neighboring point Q will assume the new position Q
(v+drv=g+dc+u+du). Inthat way, the following relation will exist between the components
£™ of the position vector ¢ after the deformation and the components x™ of the position vector
t before the deformation:

éz(v) = xW 4y® dé‘:(‘/) = dx® +du®
The line element after deformation reads:

do? = ZZ r, dx® dx“)

voou
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in which one has:

(x) (x) (v) (#) (x) (x)
o= Z 0g™ g™ _ G +6u +6‘u N ou™ ou '
aX(V) ax(ﬂ) vi 6)((#) aX(V) - aX(V) ax(ﬂ)

K

The line element ds” is then deformed into the line element do”. Comparing the two will give
the changes y. = I'vu — G in the coefficients of the line element:

= + + .
ax(ﬂ) aX(V) - aX(V) ax(ﬂ)

Yvu

The yu are the “quantities of deformation” and describe the elongations and changes in angle
that each volume element experiences. Due to the commutation rule . = y.v, there are only six
distinct quantities of deformation. They define a tensor, and it is the symmetric deformation tensor
that is associated with each point of the elastic body.

The line element do?, when written out in detail in rectangular normal coordinates, then reads:

do? = (L4 74,) AXD? + (L4 7,) AXP? + 1+ p5,) AXO?
+ 27, dXPdx® + 25, dxPdx® + 2y, dxPdx®,

2 2 2
yo=2 ou® . ou® . ou® . ou®

Vi = + + + + ,
Toax® o ax® ax® ax®@  ox® ox®  ax® ox®

in which:

)

etc., and cyclic permutations.
Those nonlinear equations go to the linear equations of the classical theory of elasticity when
)

8x(,u)

the products and squares of the can be neglected in comparison to the linear expressions in

those terms.

2. The stress state and the equilibrium condition. — In order to describe the stress state at a
mass-particle (x,x?,x®) in an elastic body, one considers the rectangular parallelepiped that

is defined by the elements dx®, dx?, dx®, which are parallel to the axes in the undeformed
state. After the deformation, they will become a general parallelepiped with the edges %dx“’ ,
X

& o O
5X(2) ! 8X(3)

ot . L . .
dx® . The vectors e, = =X that give the direction and expansion ratio after the

deformation will be called “lattice vectors.”
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If the force £Pdx@dx® acts upon the boundary face of the parallelepiped that lies in the
direction of increasing x® then ¢® will be called the stress vector for the surfaces x = const.

Corresponding statements are true for the remaining surfaces. £ is the stress vector for the surface

element x = const., and it means a force per unit undeformed area.
Each of the three stress vectors can be decomposed along the lattice vectors:

W = z k' ¢, ©)

7

which will produce nine stress components k" that describe the stress state completely.

Equilibrium with respect to rotations around an arbitrary direction requires the vanishing of
the sum of the moments of all stress forces that act upon the midpoint of the parallelepiped in
question, so:

M = 3 (e, xt®)dx® dx@ dx® =0.

After introducing the reciprocal vectors ¢', ¢”, ¢’ to the lattice vectors e1, ez, es using the formula

¢):

[eleZeS]’ 0 u=v,

and when one recalls the component representation (3), it will follow that:
e® (k® —k¥) +e® (k* —k®) +¢? (k' —k™) = 0.
That vector equation will be fulfilled only when:
k™ = k",

The Cauchy reciprocity law is then true for the k™ . The number of stress quantities then drops
from nine to six.

For equilibrium under a displacement in an arbitrary direction, one considers the force
£® dx@dx® that acts on the surface element x® = const. of the parallelepiped. The force

@

0
£® dx@dx® +% dx@dx® dx® then acts upon the surface element x® +dx® = const. The
X

: : oew
excess force for this surface-pair amounts to de(z)dx@ dx®”. The excess forces for the
X

remaining surface-pairs then follow from that by cyclic permutation. That will yield a resultant

(® M. Lagally, Vorlesungen Uber Vectorrechnung, Leipzig 1928.
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dfR of the stress forces with a magnitude of d % = Z dx(l)dx<2) dx® . In addition, the body

force:
d £ = PdxPdx® dx® = ZP(V) e dx®dx® dx®

acts upon the parallelepiped, in which 53 is the body

force per unit volume on the undeformed body, and
P™ is its component in the direction of the v'" lattice
vector. Equilibrium under displacements requires
that:

dR+dKR=0,

i.e., after eliminating the product dx®dx® dx®: D
2, dx

oW Figure 1.

ZV: ox® +ZV:P(V) =0

With the use of formula (3), and after performing the differentiation, it will follow that:

ZZ ax(v) /l Z Z k"'” ax(v) +ZP(V) :

v oou 7 v

Oe r v}
H = ¢,
x® Zh:{ h|™"

in which {ﬂh‘/} are the Christoffel symbols of the second kind. Therefore:

Now, one has:

ILLEIIG 3030 3 LMD VLT

Should all of the basis vectors be called ¢en , then one can permute the indices accordingly. If one
decomposes that vector equation into its components then that will give:

Zak:f; ZZk““{ }+P<“)=0- (@)

|4
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That equation yields a partial differential equation for each of the three directions h=1, 2, 3. The
middle term carries the curvature of the coordinate curve calculation, but the differentiations in (4)
are with respect to the substantial coordinates, which are curvilinear in the deformed state.

3. Internal energy. — The considerations up to now associated each point of an elastic body
with a state of deformation and stress. In order to represent the connection between the two of
them, we shall consider the internal energy. Its existence follows for all reversible static processes
on thermodynamic grounds. We shall use the following notations:

e=lerezes] = /[T, |  unitvolume in the lattice
dVv = gdx® dx® dx® volume of the infinitesimal parallelepiped
e internal energy per unit volume of the undeformed body
ec internal per unit lattice volume
d’V =edVv internal energy of the volumed V .

In order to represent the internal energy e as a function of the quantities of deformation .. ,
one must look for invariants of the deformed state. One absolute invariant is:

1
—ly\/l_/lGV |
|GW| H H

for all values of the parameter A.

Developing the determinant in powers of A will yield a function of degree three in A. Since it
is an invariant for all A, the coefficients of the cubic form will likewise be invariants. That implies
the three invariants:

1
" m{ﬂl (Gy, Gas = G32) +72(Gys Giy — G3y) + 755 (G, G, —GYy)
Vi

+ 2 712 (G31 G2z — G12 Ga3) + 2 123 (G12 G13 — G23 G11) + 2 1 (G23 G2 — Gzt G22)},

-1
1G,, |
+2G12 ()81 y23— y12 733) + 2 Gz (y12 y13 — y23 y11) + 2 Gar (y23 y12 — y31 y22)},

2 {Gu (72 73 _7223) +G,, (V33 711 _73?1)4‘633(711 V2 _7122)

11 is linear in the y,, while I is quadratic, and 13 is cubic. Furthermore, I emerges from I by
switching G with y.
For the rectilinear normal coordinates, one has:
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1= 511+ 2 + 153,
l2= 11 po2 + o2 33 + y33 11 — 7122_7/53_7321’
I3 =1 pwul.

Which Ansatz should be imposed upon e? From the wealth of possible Ansétze, the simplest one
is the one that corresponds to classical theory, i.e., e will be represented by the simplest quadratic
invariant of the deformation state, and indeed:

G
e= :le{%lf—ﬂb}.

vu |

The foregoing factor is an invariant since it is the ratio of the volumes of the parallelepiped in the
undeformed and the deformed states. The consists « and g are the two independent elastic
constants of the classical theory:

[N

m_—1 Y;;

m-—

o=

N ®

-6
>

N

Here, G means the shear modulus, and m is the Poisson number of the lateral contraction of the
material.
The internal energy per unit lattice volume is then:

e = |GW|{%I12—,BI2}. (5)

It follows from the condition that e must be positive that 2 < m < oo, as in the classical theory of
elasticity. The Ansatz (5) is allowable in that domain, since (e &) will be a positive-definite
quadratic homogeneous form in the . .

For rectangular normal coordinates, one has:

a
¢e= 5(711"'722 +733)2_ﬁ(711722+722 733+733711_7122_7223_7§1) :

The infinitely-small deformations can be freely associated with the Ansatz (5) when the linearized
expression for the quantities of deformations are employed.

4. The stress-extension equations and the extension of Hooke’s law to finite deformations.
— The equilibrium conditions (4) alone are not sufficient to determine all quantities of stress and
deformation. Relations between the forces that are acting and the deformations that they produce
are required, in addition. As in the classical theory, the consideration of internal energy offers the
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possibility of deriving the stress-extension equations when one starts from the internal energy per
unit lattice volume.

In order to derive it, an
additional displacement ou will

(1)
be superimposed with the k(”+%mdx‘”}dx‘z’dx”’
displacement u that actually ox
occurs, which will vary », by
Oyw . The increase in the
internal energy is then equal to
the work done on the volume
element by the stress forces. Figure 2.
The point A experiences the
@ )

additional displacement §u+@dx_ , and the point B experiences 5u_@dx_ . A variation

oxY 2 ox® 2
in the internal energy is connected with that additional displacement whose magnitude is
¢® % dx® dx® dx® . The variations of the internal energy for the remaining two directions are

X

obtained from that by cyclic permutation. Their sum amounts to:

) Oou _ y oou
v v ou

per unit lattice volume. Now:

ou oou
ev:€v+w SO 52‘/:W’ Fvy:GV,u"'}/vy SO 5Fvy:5jfv,u,
and since:
Fvu=ev-eu, one will have ol wu=¢ev-Oeuteu: Oev.

That gives the detailed representation of the variation of the internal energy:
5(6 g) = % kll 67/11 +% k22 é‘7/22 +% k33 5733 + k12 5}/12 + k23 57/23 + k31 57/31 ' (6)
On the other hand, from formula (5):

8(88)57/11+5(98)5y22+a(98)5y33+5(98)57/ +a(e8)5723+a(e8)5731- (6.9)

oee)= 12
0y 072, 0733 071, 0%»3 075

Comparing the two expressions will give the six equations:
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Kt :M, k12 :M,
Oru o

o _0(e8) u_oes) o
072 072

k3 :M, k3t :M.
073 0ra

These are the stress-extension equations for the theory of finite deformations. They say that the
stress quantities k™ can be obtained from the specific internal energy (e &) by a partial
differentiation with respect to the quantities of deformation . . They are also true in the form (7)
when one does not start with normal coordinates.

From the Ansatz (5), the internal energy (e &) is a homogeneous quadratic form in the quantities
of deformation y., . From (7), the k™ are linear homogeneous functions of the quantities of
deformation and read:

2
k™ = ?l [a1,(G,, Gy _G223) — B(Gy, 733+ G371, — 2G5 7551

15, (8)
12 2
k™ = T [ 1,(G3 Gy =Gy, Gyy) = B(Gyg 715 + Gis 725 = Gag 71, — Gy 7)1,

| vu

etc., and cyclic permutations.
Those equations are the extension of Hooke’s law to finite deformations.
For rectangular normal coordinates, one has:

k=G Vi1 m—Zj’ klzsz/lZ,
k22 =G o +%j, k23 =G Vo3 (9)
k¥ =G 733+mqj2j’ kSl:G731’

in which:
D = yi1t+ y2 + 53

Equations (9) go to the classical stress-extension equations when one assumes infinitely-small
deformations. With:

ou® au® _, ou®
ox® x® T x®

Xy

one will then have:
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®=2(UX+Vy+Wz)=2®,

kllZZG [Ux-i- , klzZG(Uy+Vx),
m-2
k? = 2G | v, + , k® =G (v + W),
[y — (V2 + )
33 @ 31
k ZZG(WZ—F , k> =G (wx + Uy) .
m-2

Equations (9) imply the connection between the stress components and the quantities of
deformations. If the values for the stress components k™ in (9) are substituted in the equilibrium
conditions (4) then that will give the differential equations for the displacement components u®
u®, u® that are required for the determination of equilibrium. Exactly as in the classical theory

of elasticity, boundary conditions must be added to those differential equations that can refer to
either the displacements or the surface tractions.

5. Stability of equilibrium. — In the foregoing, the equations were presented that would serve
to determine the equilibrium state. For study of stability, it will be assumed that those equations
have been integrated such that the stresses and displacements are known for the equilibrium state
whose stability is under scrutiny. For the application of the theory, we will be content with a
relatively-simple special case, viz., the compressed rod, whose stress and displacement state in
equilibrium can be seen with no further analysis.

In order to be able to evaluate the stability, one must compare the internal energy that is
contained in the body in the equilibrium state with the internal energy in a neighboring state. In
addition to the equilibrium displacements u®, u®, u®, one must also consider the neighboring

displacements u® +ou®, u® +6u?, u® +5u®, and develop the expression for the internal
energy:

E= [[[e£)dx® dx® dx®

in powers of su™ (their derivatives, resp.) in the neighborhood of the equilibrium state.
From what was said in the introduction, the equilibrium state will be stable when the so-called

second variation 6°E, which includes quadratic terms in the aforementioned development, is
always positive for every allowable (i.e., compatible with the geometric conditions) system of
“perturbations” ou’ .

If the differentiations are denoted by subscripts, e.g., u™ = ou" /ox®, then the second
variation will take the following form (*):

(¥ This expression was calculated for the first time by Trefftz in 1930 (from a personal communication).



Kreuzer — The stability of the compressed rod. 12

S5%E = J.J.J. {% 4a(1+ur(]h>) +2ﬁ(uh+l) +2ﬂ(ur§'1)l) khhj| su sy

113 [28@uP) + 28 (U ) + e (U ) | Su sy

h,

2

h,k

k
[2(a- B) @+ u®)ul +k* ] su® sul?
> [4a@+u")ul +28 W+ uf)u + 280, ull)., | ou sul

h,k
3 [4(@-B)@+u®) @+ul) +28uP ul | sul suf

h,k (10)
+3 [4(@-p)a+uP)u® +24uP u® ] su® su

h.k,

+> [2Qa-Aul ul’ +k™ ] su® sul

h.k,

+3 [28@+uM)@+ul)+4(a - B)uP u ] su® su®

h.k,

+ [4@-p)ul uP +28@A+u)ul | su sul

h.k,

3

3

3

3

+>) [2,6(1+u Nul +4au™ul +28@1+u k))u(“)] oul 5u(”‘)} dx® dx@ dx®.,

K,

=
3

The indices run through the values one to three, while indices that are denoted differently can never
assume the same values. Values of the indices that are greater than three are reduced modulo three.

The problem then comes down to deciding whether allowable perturbations su®™ can be found
for which the second variation becomes negative, or if it is always positive. Thus, the
displacements and stresses in the equilibrium state are now regarded as given, and what are sought
are the “most dangerous” perturbations, i.c., the ones Su™ that make the second variation as
negative as possible.

6. Determining the stability limit. — From what was said in the introduction, in order to
determine the stability limit of a state of elastic equilibrium, it is necessary to consider the second
variation of the internal energy. That is obtained from the expression (10) when the components
of the displacements and stresses that correspond to the particular problem are substituted in it.
Since the quadratic form in the su® and their derivatives under the integral can always be written
as the difference of two positive-definite forms, it is convenient to write:

§°E =Q1-Qz,

in which Q1 and Q are integrals of positive-definite quadratic forms in the derivatives of the su®’.
In order to see whether the difference can become negative, one can write that as:
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S°E =Q2(1-1), /1:8—2.

The danger of 6°E becoming negative will become greater the smaller that 2 becomes. The “most
dangerous” displacement from the equilibrium configuration is the one for which A is a minimum.

Qz 5Q1 _Ql 5Q2
Q;

Should A be a minimum, then 54 = would have to vanish, i.e., one would need to

have:
RN1=1R2, (11)

for all allowable variations & (6u®’) .

Eq. (11) has a solution A = A that can be greater or smaller than unity. The case of 4 =1
yields the stability limit.

Since one is only asking what the stability might be, the problem can be simplified. Eq. (1)
says that: For the “most dangerous” displacement ou®, su®, su® from the equilibrium
configuration, one has:

A1 =1

for all variations & (5u™) . Now, instead of determining the value of A for given forces and then

asking which forces will make A =1, one can also set A = 1 directly. One then asks what the forces

and associated displacements su®, su®, su® from the equilibrium configuration would be for
which one would have:

Q1= RN, (12)

for arbitrary & (5u™) . That equation is essentially the Jacobi criterion for the occurrence of a

change in stability. It allows one to ascertain the stability limit for every state of elastic equilibrium.

It should be remarked that the stability limit can also be determined from the isoperimetric
variational problem: Among all allowable variations of the displacements from the equilibrium
state, the most dangerous will be the ones for which the integral Q: is a minimum under the
auxiliary condition that Q2> = 1. If A is the Lagrange factor for the auxiliary condition then that
will be identical to the equation:

R1=14 K2
which coincides with (11).

The criterion for the stability limit that is expressed here in the language of the calculus of
variations can be converted into a system of homogeneous differential equations and homogeneous
boundary conditions for the most-dangerous variation. That homogeneous problem will have non-
zero solutions only when the parameters (viz., loads) that characterize the equilibrium state assume
well-defined critical values (buckling values).

That process shall be carried out in the example of a compressed rod in the following sections.
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I1. The stability of the compressed rod.

7. The equilibrium state. — The notations are adapted to the particular problem in order to
carry out the Trefftz process for finding the stability limit of a compressed rod.

The coordinates are denoted by X, y, z. The coordinate system is arranged such that the z-axis
coincides with the rod axis, and the remaining axes coincide with the principal axes of the cross-
section.

The displacements from equilibrium are denoted by uppercase letters U, V, W. The variations
of the U, V, W will be denoted by lowercase letters u, v, w from now on. When the variations of
the u, v, w are used later on, they will be denoted by du, ov, dw.

The rod in question shall be “compressed.” That means that all points of the lowest cross-
section and all points of the uppermost one experience the same vertical displacement, e.g., W shall
be prescribed for the end cross-section. Thus, from now on, among all perturbations of the
equilibrium state, the only allowable ones will be the ones for which w = 0 on the lower face of
the rod, and also ow / 6x =0 and ow / oy = 0.

The rod will be compressed by a force P = p - f (f = cross-section) for a fixed lower end (z = 0)
by a given distance — AL . The displacements will then be:

U=axX, V=gvy, W=a,z,
which is clear with no further discussion.

The connection between the elongations ay, ay, a; and the pressure p is given by the stress-
extension equations (9), which now read:

IS LS LS SSSS SIS S,
k* =G + =0,
(e =) I
()
k¥ = G(}/yy“rmJ =0,
LSS AL AT
k“:G(;/Zﬁ ):—p. y
m-—2
One has: X
m-—2 m Figure 3.
D =- E’ rx = Ky = P ) Yoz = P )
m+1G (m+1)G (m+1)G

which will make:
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The equilibrium conditions (3) are fulfilled automatically, as they are in any homogeneous
state of stress.

8. The second variation of the internal energy. — The homogeneous equilibrium state loses
its stability above a “critical” magnitude of the pressure p.

In order to find the stability limit, the second variation of the internal energy will be considered.
It is given by:

S°E = J:UQa [A+a)’u; +(@1+a,)’ vy +(1+a,)* W]
4 (a- P [(L+ax) (L+ay) ucvy+ (1 +ay) (1+az) vywz+ (1 +az) (1+ax) Wz Ux

+ B [Q+a)’ (uy +up) +(@+a)’ (v +v)) +(L+a,) (W] +w))]
+2Q+a)(Q+a)vwuy+2(1+ay) (L+a)wyv,+2(1+a) (1+ax) v:Wy]} dxdydz

— gﬁj (U? +vZ +w>)dxdydz.
If the perturbations u, v, w are replaced with:
Uu=>0Q+a)u, V=_(»1+a)v, wW=>»1+a)w,

m_

_'IB:

and one sets o = then one will have:

N

3
[
| ®

N

5€ = [[[ {%rrnn—_;(uf+v§+w§)—26[4uxvy+4vywz

+ AW, T, — (T, +V,)* — (V, +W,)* — (W, +,)*]}dxdy dz

P u’ v’ W
- = L+ L+ 2 dxdydz.
2 m l:(l+ax)2 1+a,)’ (+a,) d

The first integral is equal to precisely the deformation work that one defines in the classical theory
of elasticity. It represents the deformation work that occurs under small displacements 0, Vv, W
when they alone are present. The second integral includes the pressure p that is acting. In that way,
the second variation of the internal energy of the compressed rod is written as the difference
between two integrals over positive-definite forms in the derivatives of the U, V., W, so:

O°E =Q1-Q:.

9. The Jacobi equations. — From what was said in 6., the stability limit is reached for a state
of elastic equilibrium when there is a “most dangerous” variation u, v, w for which one has:
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Q1= A2

for every allowable variation 6u, dv, dw, and for which Q1 and Q had the values above in the case
of the compressed rod.

The fulfillment of eq, (12) for arbitrary variations of the u, v, w leads to a system of three partial

differential equations. They represent the Jacobi equations that are assigned to the equilibrium
problem as the variational problem (6).
In order to simply the derivation, the overbar on U, V., W will be once more dropped. The
partial derivatives of the integrand of Q1 with respect to the deformation quantities Z—u Z—u+?
X oy OX
etc., will be denoted by the stresses ox, 7y, etc., in formal agreement with the classical theory. One
has: ox = 2G {au © } ny=G 6_u+@ , etc., in which © = 8_u+@ @
oX m-2 oy oOXx oX oy oz
Since Q1 has the form of the Hookean deformation work, that will give the first variation of
Q1 precisely as before with ® = uy + vy +w; :

R = 2m.5uG(Au+ 8_@) dx dy dz

m-—2 oXx
+ 2”_[5vG(Av+ mTZ%;)J dx dy dz

+ 2”]5WG[AW+ mm 2%—?} dx dy dz

- ﬂ {ou[o, cos(n, x) +7,, cos(n, y)]+oVv[z,, cos(n, x) + o, cos(n, y)]

sheath
+ OW [7x cos (N, X) + &y cos (n, y)]} do
” [our, +ovr, +owao,]do+ ” [our, +ovr, +owo,]do.

upper face lower face

Moreover, one has:

1207)

= (1+a) H §u dxdydz+

H §va > Y dx dydz + Hj&w— dx dy dz

(a)

- ” : 2a_u5qu P 2@5v+ P za\_N
upperface_(1+ax) oz (1+ ay) 0z (1+az) oz

(a)

w |do

w |do.

[ [t 2y, b o
Iowerface_(1+ax) oz (1+ay) oz (1+az) oz
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The equation dQ1 = &> can exist for all allowable variations only when first of all the integrals
in the spatial integral are equal to each other. It will then follow that:

2
G(AH m_00)__p _ou
m-—2 oX (1+a,)" oz
2
Glavs-M O P v (13)
m-20y ) (l+a)) oz
2
G(Aw+ m_2® -_P 28_\/2v.
m-2 oz (1+4a,)" oz

Those equations are the Jacobi equations.
The boundary condition that are implied by the surface integrals must be added to them.

a) The integral over the sheath, which is due to only dQ1, must vanish. It then follows that the
equations:
ox €0s (N, X) + zy cos (n,y) =0,
Ty COs (N, X) + oy cos (n,y) =0 [cos (n, z) = 0],
Tx2 COS (N, X) + 7y, cos (N, y) =0,

must exist on the sheath, which say that the displacements u, v, w correspond to a force-free sheath.

b) The integrals of /1 and Q> that are taken over the end faces must be equal to each other.
Now, since from 7., all allowable perturbations and their variations will give w = 0 on the two end
faces, and therefore ow = 0 for all points, so one will also have wx = 0 and wy = 0, it will then
follow that zx = G u; and zy = G v,. Therefore, all that remains in the expression for the upper end
face will be:

B 5
(I 5uGa—lZdedy = [ (1+";X)2 G a—‘zjau dxdy,

from which it will follow that for an arbitrary 6u, one will have:

ou
0z

=0.

Corresponding statements are true for the upper end face, so one likewise has:

ov

— =0.
oz

Together with the condition w = 0, the boundary conditions for the end faces read:
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W:O, —:O, — =0 or W:0, sz=0, sz:O.

That finally gives: The “most dangerous” displacement u, v, w satisfies the homogeneous
differential equations:

2

G(AHL@ __Pp _ou
m-2ox ) (1+a)" oz
2

G| Av+ m_o© :Lza—\zl
m-20y ) (+a) oz
2

6[aws PP TY,
m-2 oz (1+a,)” oz

with the homogeneous boundary conditions:

a) For the sheath:
Ty COS (N, y) + oxcos (n,x) =0,
oy cos (N, y) + zy cos (n, x) =0,
7yz€0s (N, y) + &z cos (n, xX) =0,

b) For the end faces:
w=0, u,=0, v,=0,

whereby the stresses are defined by the conventions of the classical theory, so:

UXZZG(a—u-Fij, Txy:G @4_@ .
oXx m-2 oy OX

Eq. (13) admits a simple interpretation that helps one to understand the connection between
the extended theory and the elementary theory of approximations. When one starts from the
equilibrium equations of the classical theory of elasticity:

G(Au+ a—®j+X:0,
m-—2 ox

Gl av+—" Py _o,
m-2 oy

G[Aw+la—®j+zzo,
m-2 oz

and substitutes the volume forces:
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P . P
l+a)”

WZ

7

- Vi -
(1+a,)’ (1+a,))?

then that will give eq. (13). That says that the integration of those equations is identical to the
problem of finding the equilibrium form of the rod when (for a suitable value of p) the loads per
unit volume are proportional to the quantities Uz, Vzz, Wz .

When the volume load is integrated over the cross-section of the rod, that will give the loads
per unit length of the rod:

2 2 2
deF:_ P Zd_[l:]’ J.YdF:— P zd[\zl]’ J-ZdF:— P 2d[\;\/]
(1+a,)” dz (+a,)” dz (1+a,)” dz
2
in which d [l;], etc., are mean values. If those mean values are replaced with the differential
z

2 2
quotients (;—l: % that are taken for the beam centerline, and if the small quantities a in the
z° dz

denominator are neglected in comparison to unity then that will define the problem of finding the

2 2
equilibrium form of a rod that is loaded perpendicular to the rod with forces P j—l: ,— P % per
z z
unit length. That is precisely the gist of the equation Elw" =— Pw" that follows from the

elementary theory.

I11. — Numerical results.

The Jacobi equations, together with the boundary condition on pp. 18, says that along with the
initial state, there exists a neighboring equilibrium state. The displacements that take the initial
state to the neighboring state are the solutions u, v, w, up to the factors (1 + ax)?, etc., which differ
only slightly from unity. Since the Jacobi equations and the boundary conditions are
homogeneous, one is dealing with an eigenvalue problem. The eigenvalue is the “critical” load p
itself.

In this section, the eigenvalue problem will be solved for the circular and rectangular cross-
sections. In the first case, it will be solved by an integration using a series development, while in
the second case, it will be solved by means of the Ritz process.

10. The circular cross-section. — Eq. (13):

2
G(Au+ m GGJ_ p o

m-20ox ) (l+a)? &%’
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2
G Av+la—® -_P 28_\2/1 O=u+Vv, +W,,
m-2dy ) (1+a,)’ oz g
2
G(AW+ m a_®j: P 28_\2v
m-2o0z) (l1+a,) oz

will be converted into cylindrical coordinates. They mean that one seeks the equilibrium form of
a rod that is loaded with the forces (per unit volume):

o°u 0%V
-p— =X, -p— =Y,
p@z2 p622

o*'w

N = Z ,
P oz’
in which the very small quantities ax, ay, a; are neglected in comparison to unity.

Now, when cylindrical coordinates r, 9, z are introduced and the displacement in the radial
direction is denoted by p, the one in the tangential direction by z, and the one in the axial direction
by w, the problem will become that of finding the equilibrium form of a rod that is loaded in those

N . o°p o°r o’w
three directions with the volume forces — Pz Pz P If o1, 09, o7, w9, 19, T ATE
z z z
the stress components, when referred to the cylindrical coordinates, then the equilibrium
conditions will read (°):

oo, 1lor, 0r, o,-0c, _ 0
+= + + = p—,
o r o8 oz r 0z
0ty 100y 07y 27y _ pa_zz’
o ro% oz r 0z
or, lor,, Oo, 1, _o'w
+= + +-= = p—,
oo ro% oz r 0z
and the stress-extension equations:
O'rZZG(a—p-i- © j , T = G(la_p+a_r ,
o m-2 ror oz

o9= ZG(EQ+£+ij , Tr = G(a—p+@] ,

ro$g r m-=2 oz or
=206 N, 9 | S NN A
0z m-2 or r ror

(®) Cf., Handbuch der Physik, Band VI, pp. 81.
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_ 8p+18r P OW

o ro9 r oz

Eliminating the stresses in the equilibrium conditions by means of the stress-extension equations
will yield the Jacobi equations in cylindrical coordinates. With:

8 18 10 &
=T —t——t-—t—
o r2o9 ror o0z°

they read:
m 0® 20r p o°p
G oA 2aq 2| P
L m-2or r°o9 r 0z
[ m 100 20p 1 o°r
GAT+—=—+———-=|=p—, 14
Tm—2ror r2od rz} o (14)
B 2
G| Aw+ m a—®}: 6_\;v
m-2 oz 0z
They are combined with the boundary conditions:
a) or=0, ©9=0, w=0 for the sheath of the cylinder, and

b) w=0, u=0, v,=0 for the end faces (z=0,z=L).

One chooses the following Ansatz for the integration of equations (14):
p=P(r)cosngcosvz,
7=Q(r)sinngcosvz, (15)

w=R(r)cosngsinvz.

It will satisfy the boundary conditions for the end faces when one takes:
V= —. (16)

The three ordinary differential equations for the functions P (r), Q (r), R (r) will follow from (14):
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1 m-—2 P
PII _PI_ 1 _ _

i [+2(m—1) Vi@ ) ( —1) }rz
3m-2 Q m-2 Q my R’

2m-1) 7 2m-1 " 2(m-1)
Q"+%Q’{1 20D v [

3m—4 P_ mn P’ mnvE
m— 2r m-2r

)

(17)

-0,

in which the primes mean derivatives with respecttor,andq=p/G.

With the introduction of cylindrical coordinates, we have then succeeded in reducing the
system of partial differential equations (14) to a system of three ordinary second-order differential
equations.

Equations (17) now imply the case of buckling, i.e., the lateral deflection of the solid, but
hollow, cylindrical column for n = 1. When the value 10 / 3 has been substituted for the lateral
contraction number, the equations will read:

rZP”+rP’+%v2(q—1)r2P—%P—%Q+?FQ'+5—VVZR':O’

, , SV
r’Q"+rQ +v(q-1)r’Q- rP—TrR 0, (18)
r’R"+rR'+v?(q-1)R- R—S?V P—%V r’p’— 52 rQ=o0.

The boundary conditions for the sheath simplify by means of the Ansatz (15) to the equations:

7r,P'+3(P+Q)+3vr,R=0,
P+Q-r,Q' =0, (19)
R'—vP =0,

to which one must add three analogous equations with r; in place of ra in the case of the hollow
cylinder.

The complete integration of the system of equations (18) leads to six integration constants.
That is contrasted with the six boundary conditions (three inside, three outside) in the case of a
hollow cylinder. The missing three conditions are obtained from the requirement that the stresses
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o, 9 Trz must remain finite for r = 0. The functions P, Q, R must behave regularly for r = 0. That
regularity requirement implies three further givens for determining the constants.

Equations (18) are integrated in the usual way by a power series development for the solid
cylinder. When the integration constants are denoted by ci, ¢2, cs, the successive calculation of the
coefficients will yield the series:

_ _ 2
pry=  Gl1 o 1A72220 0 gy, e e A347393G434G7 (0 gy ey,
v 7-192 7-96-96
B _ _ 2
e | ¢ 1545290 o MI35TAHALGT L
I 7-24 7-12-96
2
. 140-15q 4 ., 420-3150+200° oo |
I 7-96 7-48.96
c [ , , 231-206q « 4 2450-4375q+20500> 6o
Q)= 2|1+2(q-Dvir2+ 2222 (gont et + —D)VErE 4
Q) v @1 7102 7Y 49-64-144 @1
B _ _ 2
ve, 1oy?., 266=2410 , . 2793-5061+2393¢° . o
7-24 49-32-144
M _ _ 2
e 5,2, 280-2250 . . 2940-53550+25400° oo |
I 7-96 49-32-144
¢ [5 s 5 70-45q s s 735-945(+335¢> .
-R(r)= =|=@-Dv'r’+ -Dviri+ “Dvirt+...
0= gV g @ 99606 VY
_ _ 2
ve, 5,3, 70-450 5 735-945q+335¢° o, 2
I 724 49.12-96 (20)
M _ _ 7n2 _ 2 3
- _r+9+qur3+133 7609-7q 1/4r5+1421 1743q+5239°+49q Vo]
I 8 7-192 49-48-96

In addition to those equations, the system (18) also possesses logarithmically singular solutions
that will drop out because of the demand of regularization.

Upon multiplying them successively by trigonometric functions of & and z according to the
Ansatz (15), once g has been found, one will get the desired values for the “most-dangerous”
displacements of the cylindrical rod from the equilibrium configuration. Generally, one the three
arbitrary integration constants ci, Cz, c3 in those equations are determined from the boundary
conditions (19). They read:

7r,P"+3(P+Q)+3vr,R =0,

P+Q-r,Q =0,
R—vP =0,
and say that the sheath is stress-free.

If the values in (20) with r = ra are substituted for P, Q, R then the boundary conditions will
define a system of three homogeneous linear equations for the constants c1, 2, cs. The quantities
v=2x/ L and the radius ra appear in the powers with the same degrees such that one can set their
product equal to k = 2z r, / L. That system of three homogeneous linear equations can be solved
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for non-zero values of the constants only when the determinant D of the system vanishes. Since
the determinant includes the unknown load magnitude g, the latter can be determined in such a
way that the determinant will become zero.

For the following calculations, the series expansions for P, Q, R will be employed with the
accuracy that is given in formulas (20). The laborious calculation of the determinant leads to the
equation:

40 qk? 54610999 +503q° 4 ~ 12495-36043q +31781qg° -8358¢°

KS—. =0. (21)
3 63 49144

Carrying out those calculations is only possible numerically. Due to the complicated structure
of eq. (21) with respect to g, the value of the load is prescribed in order to evaluate the series. Since
g =p/ G and the shear modulus G is very large, g must be a very small quantity. With G = 800000
kg/cm?, p = 800 kg/cm? and p = 1600 kg/cm? will give the values g = 1/1000 (g = 1/500. resp.) for
the loads that lie in the domain of Hooke’s law.

The results of eq. (21) can be compared with the elementary theory, in which the buckling
length Lk is given by:

The result deviates only slightly from the Euler formula. It is:

,EI

1
=, 12 = 472 =1 (1-0.0012),
97 1000 7 ¢ )
g= L 12 = 422 5L a_0.0027).
500 P

K

The Euler formula is then confirmed by that, within the limits of computational accuracy.

11. The rectangular cross-section. — The rod has, in turn, the length L. The rectangle has
sides of length 2a and 2b (a > b). The position and compression ratios are the same as before. The
stability limits go back to the equation Q1 = JQz, in which Q1 and Q2 have the same meaning that
was explained on page 16.

The Ritz process will be employed in order to solve the equation.

An initial Ansatz for the displacements u, v, w will be to choose:

u=A(Xy)cosvz, v=B(x,y)cosvz, w=C(xYy)sinvz, v:ZT”, (22)



Kreuzer — The stability of the compressed rod. 25

so the spatial problem will reduce to a planar problem. It fulfills the boundary conditions for the
end faces, so one must have w =0, u; =0, v, =0 forz=0 and z = L. The integration of Q1 and Q2
over the length of the rod L gives:

Q= GTH {—(AUB +vC)’~2A B, —2vB C-2vAC
-a-b
1(A +B)*+1(C,-vB)’+(C,—v A)’} dxdy (23)
Q,= ]] (A? + B® +C?)dxdy.

One chooses the Ansatz for A, B, C:

(04
_ 20 2 2
A==2ta X+a,y+a, VX +2a, VXY +a,VY’,

B= ﬂo+ﬂ1x+ﬂ2 y+ﬂ11‘/x +2/3‘11vxy+/3‘22vy ) (24)

C:7+71X+72 y+7/11VX2+27/11VX y+722‘/y2'

If they are substituted in (23) then that will give:

Qu=2abLG{[3(af + 5 +70)+ 3 + By +a + Bl + 70 +7)
+ %(alﬂZ +a17/0+:82 70)+azﬂl_ﬂo V2T O 7/1]
+ 1 + B+ T(edy+ BY) +2(Bh+ v+ oy + ) + 17

tavontPofut iy rntibrmtlonn
2
+6 o1 fro+ 3 Pro+ 4w P2 — P2 n—2 B o]

v-a
[ (o +ﬂ2)+7(0ﬁ2+1822)+2(0‘22+722+ﬁ12+712)+472
+ U+ By Pt 5V V22— 5B Vea T30 Vo + 25 7

2

2b2
+6 a2 2+3 ot d o fro— onn—2 o n V3
v*a?b?
+ [2(0‘122 +:3122)4‘%1 Oy + By Py + 5 (111 V2 "‘27122)] 9
4 4 2 v b4

v a
[ (all+ﬂll)+47/ll +[%(0‘222‘*‘18222)"‘47/22

5
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Q2= ablL p{[ao2 +ﬁ02 +702]

2,2
v-a
+[alz+,312+}/12+2a00{11+2,6’0ﬂ11+2707/11] 3
V2 b2
2, p2, .2
+ [052 +5; +7, +2aoa22+2ﬂoﬁ22+270722JT
vta’b’
+ [4%;"'4:615"'4712+2a11a22+2:311:322+2711722}T
44 44
v'a v a
g A1 e A1

The integrals Q1 and Q2 are homogeneous quadratic functions of the eighteen coefficients. The
equation for the stability limit JQ: = dQ1 implies eighteen linear equations for the coefficients

0Q _ 9Q,

according to the formula — =
0a, oa,

1K K

groups that include the following coefficients:

. The system of eighteen equations decomposes into four

o2 Py e
o1 B 2
oo ol o Pfun

Poi P P enz; pe.

Awnhe

The individual groups are systems of homogeneous linear equations for the coefficients that
occur in them and will have non-zero solutions only when the determinants vanish. If we then
select one group and set its determinant equal to zero, which will determine the buckling load, then
we will get the coefficients of that group, up to a common factor. The coefficients of the other
groups will be zero, since the determinants of the other groups will not vanish for the value of the
buckling load that one ascertains. What is of immediate interest to us here is the determinant
equation that yields the buckling load. We then ask which of the four groups we have to take.
Naturally, it will be the one that gives the lowest buckling load, which is one that we can, however,
recognize with no difficulty. If the rod deflects in the x-direction then all points of the cross-section
will have roughly the same displacement in the x-direction. u cannot be an odd function of x then.
Now, the only group that gives u as a function that is not odd is the third one. Thus, if we set the
determinant of that group equal to zero then we must get the value of the buckling load that results
from a deflection in the x-direction. The fourth group, which emerges from the third one by
switching x and y, implies the buckling load for a deflection in the y-direction. The determinant
equation is the same as it was for the third group when we switch a and b. Groups 1 and 2, which
go to each other by a permutation, imply a type of crush limit, but those values have no physical
significance, since that process lies outside the bounds of the extended Hooke law.

We write out the third group of equations in detail as:
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18y, +121n* ar,, +[42+120° +4n°k*(1-q)1 B, +9y, =0,
31-g), +(1-0q) k? a;, +(1-0Q) nzkzazz =37, =0,
15(1-q) e, +5(1—-q) k* g, +[9(A—q) n* k* +60] ,, + 603, —15%, =0

15(1—q) oy +[9(1—q) k? +210] e, +5(1— ) N’ k? o, + 903, +30, = 0,

- 6050+4k2 aﬂ—an k2a22 +6k2,812+[6+(7—2q) kz] 7n =0,

in which we have set:

q:£1 n:E1 aV:@:k
G a L

to abbreviate. The determinant of that system, when multiplied out, reads:

3 15n°k*+9312k* +51 , 26n°*k*+291n°k®+432n%k*+93n*+630 ,
q - 21,2 q + 4,4 q
2n°k 4n*k
B 100n* k® +2535n* k* +1296 n*k* + 22797 n’k? + 3060
4n°k°
1890n* +14850n%+28890 | , | 60n*k®+1518n%k?+1734n%k"
+ 41,8 q + 41,8
4n*k 4n*k
N 4896n* k* +38421n%k* + 4230k* +1890n*k? +14850nk? + 99090k > +3060}
4n°k®

_[56 n*k® +25681n* k* +6200n*k? +1320n%k* +39735n%k? + 5600k ? + 280800
16n*k®

J-o
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(25)

Since the coefficients of the powers of q alternate in sign, the equation can have only positive

roots.

For the numerical calculation, we remark that g, as well as k, are very small. If we consider the
limiting case of a very slender rod, i.e., we let k go to zero, then after multiplying by k®, only the

constant and linear terms will remain, which will give the equation:
13k?-15q =0
for determining g. That will imply the buckling load:
Pk = g Gk?.

If we substitute:
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2

a
= —, Py = -F
3 k= Pk

m E, m= 1_’ k = _Zﬂ-a I_
2(m+1) 3 L F
in that then we will get the Euler formula for the compressed rod precisely:

4r’E |

|2

Py =

That formula is therefore confirmed for the limiting case of a very slender rod. The lateral ratio n
does not enter into it explicitly. Strictly speaking, a correction that depends upon n is required, but
it will obviously not make a noticeable contribution in practical cases.



