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On the fourth-degree surfaceswith sixteen singular points

By E. E. Kummer
Translated by D. H. Delphenich

Hr. Kummer read about the fourth-degree surfaces with sixteen singular points.

The Fresnel wave surface is a fourth-degree surfatdndisal6 singular points, four
of which are real and lie in a principal plane, eight bfol are imaginary and lie in the
other two principal planes, and the remaining four lia plane at infinity. One then sees
from this that fourth-degree surfaces with 16 singular paanh actually exist. However,
fourth-degree surfaces cannot have more than 16 singulds.poiine reciprocal polar
surfaces of the general fourth-degree surface would theff éhegoee 36, although that
degree would be reduced by two units by each singular point, ssmdoe than 16
singular points the degree of the reciprocal polar woulg thawo, or even less, which
is impossible.

In order to study the properties of fourth-degree surfaads16 singular points, we
will consider their enveloping cones. For each fourth-elegurface, that cone will be of
degree 12, but when its vertex falls upon a singular poititeofourth-degree surface, it
will be of degree only six. If the fourth-degree surfaas h6 singular points, at one of
which, the vertex of the enveloping cone lies, thenlthetraight lines that go from it to
the remaining 15 singular points must be double edges of theopmgetone. However,
an irreducible cone of degree four can have no more tdralouble edges, so it must
decompose into cones of lower degree, and in order ésethones of lower degree to
collectively have 15 edges, they must necessarily sbimgionly six planes that go
through the same point, and in fact, the 15 lines of iattien of each two of them will
serve for that purpose. The six planes that compisenveloping cone whose vertex
lies at one of the 16 singular points must, as envelopimgglaontact the fourth-degree
surface in curves that are necessarily conic sectiorsxsingular tangential planes that
contact the surface in conic sections must go throagh ef the 16 singular points of the
surface. Moreover, since the 15 lines of intersecticthe six singular tangential planes
that go through one and the same singular point go thrthegghemaining 15 singular
points, it will then follow that six singular pointe lin each singular tangential plane, and
this will imply that 16 singular tangential planes muspbesent, in all. Therefore:

Every fourth-degree surface with 16 singular points has, at the same time, 16
singular tangential planes, and these points and planes lie in such a way that each of the
16 planes will contain 6 of the points, and 6 of the planes will go through each of the 16
points.
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The six singular points that lie in a plane always tbeespecial position that a conic
section can be laid through them. They will then nemly belong to the points that the
singular tangential plane has in common with the satfand thus, to the points of the
contact conic section. Likewise, the six singular tatigeplanes that go through a
singular point will have the property that they aregtamial planes to a certain second-
degree cone, and indeed to the second-degree cone thdates the fourth-degree
surface at the singular point. As singular tangentiaigdao the surface that contacts
that cone in curves that go through the singular pthiese planes must also be tangential
planes to the cone that osculates the surface tapaid.

One recognizes that this relationship between the 16 pamdsthe 16 planes is
obviously a reciprocal polar relationship that has itgsbimsthe fact that the reciprocal
polar surface to a fourth-degree surface with 16 singular p@ntself a fourth-degree
surface with 16 singular points, and that every singulantpaf the reciprocal polar
surface will be assigned to a singular tangential plane conversely.

In order to define the general equation of all fourth-degurfaces with 16 singular
points, one selects four of the 16 singular tangentialgslauch that the four vertices of
the tetrahedron that they define are likewise four oktkieen singular points, which is a
condition that can always be satisfied in severalswdf one denotes the equations of the
four singular tangential planes that are chosen inviagtby:

p=0,9=0, r=0, s=0,

wherep, q, r, sare entire, linear functions of the three coordinates tme can regard the
desired general equation of this kind of fourth-degree suda@ae that is homogeneous
in the four variables, g, r, s. With the assumption that the four vertices of the
tetrahedron that is defined by the plapes 0,q = 0,r = 0, s = 0 should be singular
points of the surface, this homogeneous function musthawe degree four, and it when
it is set to zero, it will represent the equationhef tlesired surface, when one also sets its
first four derivatives with respect [ g, r, ands equal to zero, as long as three of those
variables are set to zero. It follows from this thatterms can enter into the equation of
the surface that contain the fourth powers of theatdgs and that no terms can enter into
it that contains the cube of one of these variablamely, if the equation contained —
e.g., a termfp* — then it would not be fulfilled if, at the same &none were to sgt= 0,
q=0,s= 0, while if it contained a termBp® g then the first derivative with respectdo
would not be equal to zero if, at the same time, omewesetp = 0,g=0,s=0. The
equation of the surface would then be of degree only tveadh of the four variablgs

g, r, S Moreover, since the aforementioned four base plamesld be singular
tangential planes of the fourth-degree surface, and eaghlai tangential plane should
cut out overlapping conic sections, it will follow tHar p = 0 the equation of the surface
must become a complete square of a homogeneous furatiakegree two of the
remaining three variables, and the same thing would alsauédorqg=0,r = 0, ands =

0. If one now chooses the most general form for mdgeneous equation in the four
variablesp, g, r, sthat is only of degree two in each of the variablesnithey are taken
separately, and determines the undetermined coefficierttisoform according to the
given conditions then one will obtain the followingost-general, form for the equation:
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a2q2r2+b2r2p2+C2p2q2+d2p252+62q252+f2r252+ Z)szqr
+ 2gacpofr + 2gabpgr? + 2¢’ cdpgs + 2¢” £ cepg’s + 2¢" depgs?
+ 2bdp’rs + 2ofpr’s + 2dfprs® + 2aeq’rs + 2afqr’s + 2efqrs” — 4gpars = 0,

wherea, b, ¢, d, e, f, andg are arbitrary constants, whig &', £ are just three units that
can each take on the two valued. This general form contains all surfaces of degree
four that have four singular tangential planes and fangugar points that lie at the
vertices of the tetrahedron thus-defined, which includesuhaces with sixteen singular
points. In order to single out the latter, it is tretnarkable that a further specialization
by condition equations in the constants is not requiredesit is, moreover, entirely
sufficient to make a correct choice of the three temeined unitss, £, &', namely, the
one for which all three of them are equal to — 1; anyratheice of these units would
yield only surfaces with less than 16 singular points.

The most general equation of all fourth-degree surfagbslw singular is then:

a2q2r2+b2r2p2+C2p2q2+d2p252+62q252+f2r252
(1) + Zoep?ar — 2acpg’r — 2abpgr? — 2cdp®gs + 2cepg’s — 2depas’
+ 2bdp’rs + 2ofpr’s + 2dfprs® + 2aeq’rs + 2afqr’s + 2efqrs” — 4gpars = 0.

Of the seven constanash, c, d, e, f, g, one can omit four of them in such a way that one
couples them with the four remaining linear functipng, r, s, so only four of them will
remain as essential constants. Since 15 constanitscarded inp, g, r, s, in addition, it
will then follow that the general equation of the soefavith 16 singular points will
contain 18 constants.

The general equation (1) can be easily put into thewallp form:

(2) @° = 4pqy,

where
@ =aqgr +brp +cpqg + dps + egs + frs,
¢ =abr? + des” + acqr + cdps + ¢'rs,
g =g +3(ad + bc + cf),

and in the same way, there are five more completelesponding forms in which the
second part of the equation has the prodoGtgr, gs, rs, in place ofag.

If one adds the quantitykgaf + 4k’p°q” to both sides of equations (2) then one will
get:

(¢+ 2pq)® = 4pq (¢ + kp+ K°pa).
If one now determines the undetermined condtauich that the second-degree equation:
@+ko+Kpq=0

represents a conic surface then one will get a sixthedegguation fok that is only the
complete square of the following third-degree equation:
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3 ciié+[g-2d-be 3% )., g—£d+b—e+ijk—ad:0,
2 2 2 2 2 2
but if one givek one of the three values that satisfy this cubigagiqn then:
@+ko+Kpq=0

will not merely be the equation of a second-degeeaic surface but, in fact, this
expression will decompose into two linear factavhjch shall be denoted hjy andq'.
The general equation of the fourth-degree surfaitle 16 singular points will then also

assume the following form:

(4)  [aar +brp+c(1+X) pq+dps+egs+frg* — 4 (k+ 1)pap'q =0,

where:
p’ :cq+l+§
k+1 k'
(5)
q’ :Cp+ﬂ+i.
k k+1

This equation can be put into corresponding forméve other different ways, in
which, when one sets:

r :fs+—bp —ﬂ,
k+1 Kk
(6)
s :fr—@+—eq :
k k+1

in addition, the products of four factors’s, qsq's, prp'r’, psp's, arg'r’ will enter in
place of the product of four linear factqgp'q'.
It is also especially remarkable that the irragiciorm of this equation for the surface:

©) Jkpp' +4/ (k+1)aq +/-rr' =0,

becomes entirely identical to (4) when makes itoral by giving p', q, r' the
expressions that are given by (5) and (6). The éguiations:

pPP=0,g=0,r=05=0
represent twelve of the 16 singular tangential g¢daof the surface, namely, when one

gives thek that it contains its three values that satisfy toubic equation (3); the
remaining four singular tangential planes are:
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p=0,9=0,r=0, s=0.

In these equations, which do not contain the congjagitectly, one can regard that
constant as being completely replaced with the kesuch that, b, ¢, d, e, f, k represent
the seven constants of the surface that are not inclagedyir, s. The other two roots
of the cubic equation, which will be denotedkayandk,, will then be determined as the
roots of the following quadratic equation:

ka12+(a_d_£+cfjkl+a_d = 0’
k k+1 k
or — what amounts to the same thing — by the twaons:
ad
kq kzza,
(8)
be
ki+ 1Dk +1)=—.
(ot De+ ==y

One can also represent equation (7) in the follgWorm, in which the traces of their
special way of being generated in (1), which sidtries them in its coefficients, have
been removed completely:

9) J P(Ba+yr+39) +/q(@ p+yr+ds) +r(@" p+p'q+d's) =0,
along with the two condition equations:

a’'y+a'B-py=0,
a y+pB8y-ap =0.

Without these two condition equations in the caeffits, equation (9) would be

equivalent to:
J PR +yaq +y/rr’ =0,

wherep, q, r, P, ¢, ' are six completely arbitrary linear functions dfetthree
coordinates, and would give a surface that had blgingular points.

Finally, another form conversion might be mentoiere that one can perform on
the equation of these surfaces. If one choose®thesingular tangential planes:

p:O, q:O, p’:O’q':O
that are included in the form (4) to be the fundatakplanes, s@, q, p’, g will be the

four homogeneous coordinates, and one accordirggigtés the last two byands, then
one will get the following form for the equation:
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(10) @? = 16Kpars,
where
P=p*+q+r°++2a(qr +ps) + D (rp+qs) + 2 (pg +r9)

K=a?+b?>+c?—2abc—1,

in which the seven constarash, c, d, e, f, k in that form are restricted to the correct
number of three constarasb, c. If one chooses the linear expressipng, r, s in this
form to be real and the three constaamt®, c to likewise be real and assumes that all
three of them are greater than one (except for timg g#gn one will get only surfaces in
which the sixteen singular points are all real, and likewvthe sixteen singular tangential
planes, along with their sixteen contact conic sestiill also be real.

In order to give the positions of these 16 points, 16gslaand 16 conic sections the
clearest possible picture, | have represented them iorauwade wire models. In these
models, the four fundamental planggy, r, s are chosen in such a way that they define
the four faces of a regular tetrahedron, and in orderake the regularity of the models
complete, the three constamatd, c are chosen to all be equal to each otheamely, to
2. The four contact conic sections that belong tduhdamental planes are circles that
lie in one and the same plane, while the remaining 12acbnonic sections that belong
to singular tangential planes are hyperbolas. Of theirdgular tangential planes, 12 of
them lie at the endpoints of the six edges of the redataahedron, which have been
lengthened by equal line segments, and also the sphsuidate that contains the four
contact circles, and the four remaining singular points die the four altitudes of the
tetrahedron that have be erected over its vertices.ofShe contact conic sections go
through each of the 16 singular points, so six of the wtnas represent them. The
surface itself consists of 12 separate parts that awrgected to each other only by means
of the 16 singular points. Four of these parts, whiclkcampletely separated from each
other, contact four other parts at three of these pantshe basis for each of them will
closely approach one of the four faces of the tetralme@nmod as the distance from that
basis increases, they will become ever thicker and eattenf will extend to infinity.
Four other parts of the surface are finite, and th@im$§ come close to three-sided
pyramids, each of which is linked with three of the previpdescribed parts by a
singular point, and with one of the remaining four sute$aat a singular point, in
addition. Each of the latter appears sphericatioto, but it is linked with the remaining
parts at only a single point, and extends from that goinbfinity. Each of the four
contact circles will be divided into six parts by the singular points that they contain,
three of which will lie on three of the originally-aeted sub-surfaces without lying on
their boundaries, but the remaining three will lie ore¢hfinite parts that have the form
of pyramids. Of the 12 contact hyperbolas, one branttltentain four singular points,
while the other one will contain two of them, andteat the four branches that contain
singular points will lie on one of the originally-detberd four sub-surfaces, on two of the
other kind, and on two of the third kind, with which, it gde infinity. Each of the two
branches of the hyperbola that contain singular poim@gever, will lie on one part of
the second kind, and will then go to infinity on both sitleat lie on two parts of the first
kind.
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The fourth-degree surfaces with 16 singular points, desutgaining only 18
essential constants and thus, 16 fewer than the most general fourth-degreacsurf
still occupy a level of generality such that all planeves of degree four can be found in
them, or conversely:

One can lay a fourth-degree surface with 16 singular points through any given plane
curve of degreefour.

In order to prove this, | shall take the given plane cof@egree four to have the form:

(11) Po(APy+ Ado+AS) +4/ UBp+BO+B 5 J+4/1 (Cp #+Cq #Cr,), =0,

where po, 0o, fo are arbitrary linear functions of the two coordésax andy. Hesse
showed that the most general fourth-degree curmebearepresented in this form in his
treatise on the double tangents to the curvesdardour in Crelle’s Journal, v. 49, where
he developed the rational form that is equivalenthis on page 301 and presented it in
equation (47). | shall further take the equatidrthe fourth-degree surface with 16
singular points:

p=pot+taz q=qo+tbz, r=ro+cz S=po+mQgo+nro+dz

to have the form that was given by (9). The irgetion of that surface with the plane
0 will then be identical with the given curve whe following eleven equations are
true:

A=, B=J0+a, C=0"+aqa’

AL =mé+ B Bi=md, Ci=md+p’
(12)
A2:n5+y, B, =n?d’, C,=no”,

O"y+ allﬁ_ﬁy: O, 0’”}/+ ,3”}/—0'”,3”: 0’

from which the eleven quantitigs y; J, a’, y, J', a”, B, 0", m, andn will be determined,
while the four coefficients, b, ¢, d will remain completely arbitrary. In order to par
out the solution of these equations in the simppessible way, | will introduce an
auxiliary quantityu, which | set equal to:

(13) u:—l,

so the last two of the eleven equation in (12) thiéin give:

y

u+1==L

-
u B B

u+l
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and when one substitutes the valueg,of a’, y, a”, f”that arise immediately from first
nine equations into this, one will obtain the three equati

An’— (A2 +Cu)n+Cou =0,
(14) Au+1Dm-@A (u+1)-Buym-B,u=0,
Co(u+ )M = (Ci(u+1)-B) mn-B.n’=0.

If one eliminates the two quantitiesandn from them then one will get a cubic equation
for the determination af that can be represented in the form of a determihaist t

2UA uB-(u+1)A A +uC
(15) UB-(U+D)A -20+1B  B,-@+1C,| =0.
A +uC B, - (u+1)C, 2C,

Two values ofn belong to each of the three valuesuothat this equation gives, and
furthermore, one value ah, and likewise one value @& y, J, a’, v, o, a”, B", &,
belongs to each of these six valuespbut the constants, b, ¢, d remain completely
arbitrary. The theorem that was stated above can libusiade more precise in the
following way:

One can lay six different four-fold infinite families of fourth-degree surfaces with 16
singular points through every given fourth-degree curve.

If a fourth-order surface with 16 double points goes throufgluigh-degree curve in
such a way that the curve lies in the surface then siagular tangential plane of the
surface will cut a double tangent to the curve from tlglof the curve. The sixteen
singular tangential planes of the surface will thertdysxteen of the 28 double tangents
to the curve. If one lays any other one of the afergmmned six surfaces through that
curve then the 16 singular tangential planes to that suvfal€ likewise cut 16 double
tangents from the plane of the curve that are partiadh same and partially different. If
one lays all six surfaces through the fourth-degree cinee all 28 double tangents to
the curve will be cut from the 96 singular tangential lemthose surfaces, and in fact —
as a closer examination that | would not like to go imtre has shown me — six double
tangents will be cut out six times, six double tangents,times, and 16 double tangents,
three times.

A very remarkable, seemingly deep, property of fourth-degreéaces with 16
singular points is connected with this, which will be laxped as follows: It is known
that 12 straight lines go through each point of spacedthatly contact a general fourth-
degree surface, so if one now considers all of theghtréines that contact the surface
twice then they will define a ray system that hasdbdace for its focal surface, and
which | will refer to as aay system of order twelve, since twelve rays of the system will
go through each point of space. If the fourth-degree sunare cut by an arbitrary
plane then the curves that would be thus cut out would B8vdouble tangents that
would collectively constitute all of the rays of thesm that lie in that plane, and for
that reason, | call it say system of class 28. Now, if the fourth-degree focal surface of
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the ray system one has 16 singular points (and consegjugéttangential planes, as
well) then the class of that ray system will beusetl by 16 units when one removes all
rays that lie in the 16 singular tangential planes alhdt up completely, since each
straight line that is drawn arbitrarily in a singulangantial plane is a doubly-contacting
line of the surface. The ray system will then become ohorder twelve and class
twelve. If one now considers twelve rays that lieam arbitrary planeé = 0 that are
twelve of the double tangents that are cut out of thalfsurface by that plane then one
can construct them in such a way that one lays thrcwglfourth-degree plane curve, in
addition to the one surface with 16 double points (whiakealy goes through it), also the
five other ones that are associated with it, whosgusar tangential planes cut these rays
out of the plang = 0. Among these five other surfaces, one of thembsaexpressed
rationally in terms of the coefficients of the given surfacel déime coefficients of the
intersecting plane. Namely, a roatof the third-degree equation upon which the
existence of the six surfaces depends is given at thetgamas one is given the surface,
and indeed, it can be expressed rationally in terms ofdb#icients of the surface and
the plane. Now, if one chooses a second surface thebene that belongs to the same
root of the cubic equation and the other value of the quadratiation— which will be
rational, in any case, here, since the first valueat®onal — then as the complete
execution of all calculations will show, the 16 singui@ngential planes to that second
surface will cut out eight of the twelve rays frora filane. It will further show that these
eight rays — just like the singular tangential plarteg they cut out pair-wise (i.e., any
two are given by a single equation) — will be expressédnaly in terms of the
coefficients of the given surface and the intersgcplane. It follows from this that the
ray system of class twelve decomposes into four spegiadystems of class two and one
of class four that are individually representable by eqoati If one considers the polar
ray system to this then one will immediately recogrtizat the four ray systems of class
two must also be ones of order two, and that the rstgsyof class four must likewise be
one of order four. One then has the following theorem:

The complete ray system of order 12 and class 28 that has a general fourth-degree
surface for itsfocal surface will consist of:

1. Sxteen ray systems, each of which consists of only all straight lines that lie in a
plane,

2. Four ray systems of order two and class two,

3. Aray system of order four and class four,

when that fourth-degree focal surface has 16 singular points.

| was first made aware of the importance of thesetlfiedegree surfaces by this
special property of fourth-degree surfaces with 16 singuleatgonvhich | discovered in
my investigations into algebraic rays systems (whichlll publish later) and proved in
an entirely different way. One can also consides twoperty from a completely
different standpoint e.g., when one lets the arbitrary plane in whichHe 12 rays of
the four systems of class two and the system of dtagsbe a tangential plane of the
focal surface, so every two of these 12 rays willesa into one. The same thing will
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be true for the six tangents that contact the surfac@@and the same point when each
of them contacts it at yet another point. Thus:

For fourth-degree surfaces with 16 singular points, the sixth-degree equation by
which one determines the six tangents to the general fourth-degree surface that have a
common contact point and contact the surface another time, in addition, decomposes into
four factors of degree one and one factor of degree two that can be expressed rationally
in terms of the coordinates of the common contact point.

If one calls the two contact points of one andsame double tangent to the surface
associated points of it then it will further follow that:

On any fourth-degree surface with 16 singular points, one can, in four different ways,
associate each point of the surface with another one in such a way that the coefficients of
the associated points can be expressed rationally in terms of the given ones, and likewise,
the coordinates of the given points can be expressed rationally in terms of the associated
ones.

These theorems become simpler when applied to tlmélrevave surface, since for
them, and all surfaces that are collinear to themydliesystem of order four and class
four will further decompose into two ray systems of otéer and class two.



