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The original, life-giving well-spring for mathematicakearch is, and remains for all
time, the free exercise of one’s imagination. Migihe demands of the neighboring
realms direct the unbound rushing mountain stream alongicedurses, and should one
like to know its descent solely for one’s own purpo#es, the individual factions would
always raise their voices once more, voices thaaydwdrown out the rushing of any
mountain stream with their puritanical shouts of “Eitket and “Correct or untenable,”
so the power of unbounded fantasy as the source of $icigntigress would then remain
entirely indispensible.

By comparison, in the prescribed context the will tisastubborn or compelled to
pursue a fixed goal often fails to create. In order ¢@rol, if it is to also be capable of
developing not merely tenable and tangible fruits of fildlssoms, it must choose its
problems themselves and might alter them in such a-waye must also occasionally
admit to such things that he has constructed his buildings on foundatiorsseitoad
capacity has still not been shown to comply withladl rules of the building code.

Admittedly, many beautiful structures will then latetlapse, and many others must
be buttressed by aspirations that first evoke a sontawafiamiliar impression.

Yet another disillusionment seldom fails to matezalithe knowledge that almost
any concept will forfeit its originality before the unb&ml and analytical view of the
historian. Just as the prism resolves the bright odyse sun into a spectrum, so do we
find the basic thoughts whose union will first define wwek under scrutiny.

From these somewhat timid-sounding considerations, risistmuld compel the
existence of perhaps less disciplines than preciselgah®in of contact transformations
did, which, as the total output that is inseparably linketh tihie name of Sophus Lie, has
been developed in detail, and indeed evolved into sometthag the ambitious
Norwegian researcher could scarcely have imagined. iMiyche has been long since
buried, although perhaps resignation had prematurely padalyizedrive, and did not
allow him to attain his greatest discoveries at all.

These general remarks give the guidelines for orientiggelf in our domain. We
must ask ourselves: How far had the theory of contaastormations advanced before
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Lie? What did he — with or without the knowledge of firevious accomplishments —
create from it? Which problems did he bequeath to theef@atur

The appointed authorities and colleagues of the workehhve addressed the first
two questions many times, and several articles of thenmmtical encyclopedias have
already discussed them so thoroughly that the pagessdditicle will serve, on the one
had, as a recapitulation of them, and on the other,aamodest survey of
BeruhrunstransformationenNevertheless, at this time, much will be said far $ake of
completeness that most of you will not appreciatenineelty of, although hopefully a
brief summary of that book and sharper accentuatiootisampletely unwelcome.

With Klein, | would like to make two sources explicitrgt, theformal problem of
presenting canonical substitutions for canonical diffegaéequations, as they appear in
mechanics, and then, however, three mobility in the manipulation of the space
elementsboth realms that were already thoroughly explored by Li

1. Canonical substitutions. Any partial differential equation of first order:

F(X1, X2, «.oy X, Z, P1, P2y -, Pn) =0 [pizg_):j

is linked with a system of ordinary differential equasiomhose integration succeeds in
describingevery solution of the partial differential equation itselft is the associated
“canonical system,” which defines the characteristics.

For example, in three-dimensional space the canosysém that is associated with:

&) F(X,y,2,p, @) = 0 (nﬂ,q:a—zj
0x oy
reads like:
Ox_OF dy_0F dz_ OF, OF
) dt op  dt 9q dt dp 9q
dp_ OF OF dq_ 9F_ 9F

dt~ ox "9z dt ady 'az

If one now completely ignores the fact thatand g should actually mean the partial
differential quotients of a function af and considers the five quantitiesy, z p, q as
simply variables, moreover, then the following quesi®fully justified: How must the
functions:

X1 =X(X, Y,z p, ),

y1=Y(x Y,z p, 0),
3) z=2(XY,2p,0),

p1=P(X Y,z p, 0),

0 =Q(X Y, z p, 0),

be arranged in order for this transformation (@) to again produce a system of the same
type: viz., a canonical system?
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If one denotes the introduction of the new variablesniojuding them in square
brackets then this gives:

difl _
dt

(AR, ARy i (38, (28 )y 4 08 g B
_[axl+plazlj[x’f]+(a>ﬂ+qa§j[\ﬂﬂ+a—Q[PI+a_q[Q]f.

(4)

In this, we have used the abbreviation:

[U, V] =
_ou (GV N pavj ou 6V+q6_\/ _a_via_u+ pa Uzj ov(a U ou
apax 0z aqay dz) dpdx 0 66y6
One now needs only to repladg [n sequence, witky, yi1, 1, p1, ¢ in order to arrive
at the desired conditions that the functions (3) mudilful order for everycanonical

system (i.e., one belonging to an arbitr&(y, y, z, p, g)) to again go to another canonical
system. The conditions read:

X, Y1 =[X.Z=[Y,Z] = [X, Q] =[Y,P] =[P, Q] =
®) [P, X]=[Q, Y] =p,
[P.Z]=pP, [Q.Z=pQ

and we remark in passing that according to Darboux they carobsiesimply obtained by
the requirement that the system of equations:

dz—p dx-qdy=0,
(6) Z-pX-(qoy=0,
dxdp +dydg —x dp —dy dg=0

remains invariant. One can calculate most comfortaltly this system, and when it is
coupled with the equations:

6_F5 +6—F5y+a—F5 +6—F5p+—5

0x oy 0z op 0q

oF oF oF oF oF oF
Ox+ oy+—o —5 c=0
(ax pazj (6y qazj op bt 0q

that one derives from (1), since it leads to exactly tanonical system (2) the
conservation of the system of equations (6) itself eaméde the paramount demand.
Thus, we have arrived at a foundation:
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Conservation of the canonical form of the systéth comes about when the
conditions(5) are fulfilled, or when the system of equati@@sremains invariant.

The third equation of the system (6) appeared for thefirstytime in Schering, and
was not noticed. Instead of it, Lie demanded that:

(7) dz —p1dx — 1 dyr = o(dz—p dx—q dy),

and, in so doing, found a new setting for things.

Incidentally, the position is perhaps justified thatthwithis demand the
transformations that one arrives at were elevateébetstatus of aautonomous clasthat
was no longer anere auxiliary constructioto the canonical equations.

2. The changing of spatial elements. For every initialformal train of thought
(conservation of the canonical forml!there is another one that follows an entirely
separate path. We are accustomed to considering theagargpatial element, so we see
any line or arbitrary curve as a structure that is coepas$c’ points and the plane or
any arbitrary surface as a structure that is composed’ @oints. However, duality,
especially the transition from a pole to a polar fozoamic section, from pole to polar
plane for a surface of second degree leads one to looktkdines or the planes as the
constituent spatial elements. As a further exampla obnsideration that leads to a
change in spatial elemenive cite thebase point transformation.If one associates a
point P with the structure that consists of the totality ofebpsints for the perpendicular
that goes from a fixed poir®d to the lines througl then this necessitateschange of
spatial element The pointx, y, z corresponds to the sphere:

X+ Y+ Z—xx— Yy —2zz = 0.

How is this “change of spatial element” connected wtile previously-found
transformations?

The change of spatial element, which implies amlgequation:

QX Y,z X1, Y1, z1) = 0,
then takes a point to a surface and a surface:
z=1(x,y)

to co? surfaces, which themselves possessraeloping surface Ry(xi, Y1, z1).

Here, one finds the simple, but prior to Lie, not isightly emphasized or exploited,
theorem: If two surfaces in the sp&g, y, z) have the tangential plane:

of of _
(Z—Z)—&(f—x)—a—y(/?—Y)—O
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in common at a point — or also a system of values:

of of
x,y,z,p:&,q:a—y,

then this property remains preserved under the map frorautifi@ces to the associated
enveloping surfaces.
In fact, if:
71 =f1(xe, y1)

is the associated enveloping surface then the fundtionust be determined by the
elimination ofx andy from:
Q(X, Y, Z X1, Y1, 1) =0,

0Q  0Q

8 —+p—=0,
® 0x P 0z
a_Q+qa_Q: 0.
oy 0z
One then finds the partial differential quotients:
om0
P1 o’ S} By,
from:
0Q 0Q 0Q 0Q 0Q 0Q 0Q 0Q
dQ = | —+ p— |dx+| —+ dyt| —+ p— | dx+| —+ v=0;
(ax pazj X (ay qa_zj y{u I?azj ¥ (ay ga_lzj a
i.e., p1 andq; are given by:
0Q 0Q
- pl_:O'
(9) ¥ 0%
o, 0z

Thus,x1, Y1, 21, p1, Ch are completely determined Byy, z p, g, and we have therefore
proved: Two surfaces that a definite tangential plane imomon at a definite point go
over to just such enveloping surfaces.

The same thing may be confirmed for the point-euransformation that is given by
two equations:
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Q% Y.z %, Y, 3)=0,

(10)
Q,(x¥,Z2 %, ¥, 9)=0.

A surface in a space thus corresponds to a focal surfan®ther space that envelops a
two-fold infinitude of curves, and the theorem is true foe relationship between
surfaces and associated focal surfaces.

Therefore, the “change of spatial element” is comekrtinto to a contact
transformation

We now also recognize the close connection betweernwsuiconsiderations: The
enlargement of the transformations (8) or (9) thatliakeed with the change of spatial
element to a contact transformation is, in fact,hmgf but the construction of a
transformation that fulfills the condition (7).

This shall be shown for the point-surface transfdiona

From:

Q(X,Y,2Z X, Y¥1,21) =0

6_de+6_Q dy+a—Q dz+a—Q dx+ 0Q

0Q
— — d=0
0X oy 0z 0% oy dlwa; d

dz —p1dxa — 1 dy1 = p(dz—p dx — q dy;
it indeed follows that:

and from this follow exactly the previous equati¢8sand (9).
The intrinsic basis for this is easy to see: Wh&nextend contact transformations,
we actually require that a system of values:

z=1f(x,y), p=uxy), g=v(Xxy)
for which:
_of _of
U - V - <
0Xx oy
or:
dz—pdx—-qdy0

is true go to a system of values for which the deina

dz —prdx—qdyy =0
is fulfilled.

That is:Transformationg3) that preserve the form of the canonical equati@)sare
identical with the contact transformations thatsaifrom the change of spatial element.
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If Jacobi had also been previously led from the construof a system of equations:

i=1L2---m
Qi(z X1, ..., %, Z, X, ..., X)=0 T
(Z X1, - X, Z, X X ) ( o j
to the canonical substitutions thére main idea of geometry breaks dowrhich was
first realized by Lie.

3. Theinfinitesmal element and the union of elements. We now encounter an
objection that we have expressly suppressed up to Dmes the equation:

(11) dz-pdx-qdyO

actually deliver only the totality of points of a surface with tlasisociated tangential
planes? FurthermoreDo surfaces actually go to other surfaces?

The one of these situations is so much less oftecase than the other!

In order to explain this, one avails oneself of thecept of an (infinitesimalurface
element. By this, it shall be understood that we mean just ystem of values, y, z p,
g, wherep andq serve to represent the plane:

(=2 -p(¢-X-a(7-y=0

that includes, y, z The surface element is thembination ofa point and a plane that
goes through jtwhere it simplifies the presentation when one wans only the points in
the immediate vicinity of that point, so the plane dees a limiting case of a planar
surface piece.

As Lie said, (11) defines anion of surface elementand there are three different
classes of two-dimensional unions of surface elements:

1. The elements of an arbitrary surface:

QD
—h
(7]
—A

z=f(x,y), p=

|
Q0
|
|

They alone were considered up to now.
2. The elements of a curve:

y =), z=9(x), g -p—qf =0.
3. The elements of a point:

X, Y, Zare given constants, whieandq are arbitrary.
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With this, the second question also finds its complesolution: For a contact
transformation, the surface elements of a surfaceoimmeed to again go to those of a
surface, since the union that they define can go to a tm&trihas @urveor apointas its
carrier.

The only characteristic of contact transformations is that all elesnagtin go to
other elements.

Lie himself first built the concepts only gradually, altgh today many
mathematicians also apply the well-known dictum fudréhe privilege of genius, whose
train of thought seems no longeamplicatedn later times, butrivial.

The first point-curve transformation of Lie is his lel@ated line-sphere
transformation, with the two definirgequationes directrices:

Xy +iy1+xz +z=0,
X(X1—iy1) —zn—-y=0,

through which, the lines of the spacey, z go to the spheres in the spaggey:, z . In
amicable competition with his friend Klein, he simu&ansly solved the problem of
determining the principal tangent curves of the Kummegudarity surfaces by means of
these transformations, but he had still not developedgéneral notion of contact
transformation, which is so simple and self-explanator us.

Hopefully it is the very fact that the concept ot@ntact transformation, which is
becoming classical moreover, is also only gradually béwpmlear to the researchers
and discoverers that were cited in regard to it thdl aso justify the elaborate
discussion of its development.

4. Thefinished philosophical system of contact transformations. As Lie himself
said, he could go into the elaboration of the detiaylswhich the foundations were
obtained “alive with music.” In place of this, in light the presentation in the works
published by Engel and Scheffers, and with hindsight of tiegobopedia article of E.
von Weber and G. Fano, we are allowed a briefeudsan, in which the emphasis is on
the concise characterization of the main points.

a) The complete founding of the system of formoilathe basic requirement:
(12) dZ - pdZ — ... — p,dZ = p(dz—p1dx — ... — pn dX).
To this, belongs the proof that the 2 1 functions:
Z, X, ..., X0, P, .., Py
of:

ZX .., %, Py s P

define a contact transformation when the bracketiosisit
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[Z, Xi] = [Xi, Xk] = [Pi, Xk] =0 Q = k),
[P, X]=p [P,Z=pP (i,k=1,2,..n)

are fulfilled, in which, one has:

[uv]:zn:ﬂﬂ+py—ﬂﬂ+p/@
’ lop,\op, “0z) aplax 02z
and furthermore, the generation from #egjuationes directrices:

’ ’ o /j:l,z,"',m
Quz X, oo X 2y Xy %) =0 ( m< n+1 j

and the given, which was missing from Jacobi, of the indigoee conditions that the
functionsQ, are subject to.

b) Invariant theory of contact transformatignse., establishing the criteria that are
necessary and sufficient for a system of functions:

F'(Xll ---1Xn, Zl pll '--lpn) (i = 1, 2, ,m)

to be convertible into the system:

§ 04X, 2, 800 ) i=1,2,..m
by a contact transformation.
This can be decided by differentiations and eliminatiansl indeed by the detour to
ahomogeneousystem of functions that is obtained by the substistio

Z = Ynt1, Xi = Vi, pi:_—qi,
qn+l
— ] I ] I _q|’ FR—
Z= Yo X=V p=—- (=L2..n).
qn+l

The homogeneous functions must be extendedftacion groupby bracket operations
- i.e., to a system that produces no new independent dasdhy bracket operations
and the sameompositionrmust be verified for the system that is derived inway from
the homogenizeds and the associated extension as the one that takes iplahe
corresponding system that is derived fromFhe i.e., the bracket operation on any two
functions of the first (extended) one — so it must predilie same function of these
functions as the second one did.
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c) Infiitesimal contact transformations and group theoryhe theory of groups of
contact transformations is a chapter in the theorgrofips of finite continuous point
transformations in2+ 1 variables:

Z Xty ooes Xy Py ooy P

One only adds the auxiliary condition (12).
Infinitesimal contact transformations, and thus, dhe-parametegroup that arises
from:

dx :dp :dz=
=&KX, o Xy ZP1y s Xn) - TE(XDy ey Xy Z P2, s Xn) - LK ey Xy Z P ey X)),

by integration, will be generated with the help of a abtaristic function:

W=p &+p &+ ... +pn{— ¢
sSo one has:

§=—, n=

ow ow ow ow
AL AL z=Y p - W,
ap ox P 0z 2P ap

One is then dealing with amparameter group of contact transformations when and
only when the generating characteristic functions:

Wi, . W,

which fulfill no linear relation with constant coefficientsilfill the relations:

WWE = Y W,
s=1

Thus:

: W oy OW 6_V\(
(WG = [WE W] W=+ W =

5. Elaborating on the details. The load-bearing superstructure of the abstract
theory is given by these three elements, so we agairta the concrete questions and go
from the theory to the applications, take up the folistinctions, and — last, but not least
— treat definite geometric problems.

a) Group theory as the main ideaFrom more detailed classifications, one must,
above all, cite the distinction betwessducible andirreducible groups; the former can
be converted into point transformations by a contacisformation, but not the latter.

Lie has determined all irreducible groups of contact trangftions in the plane. The
largest one has ten parameters and can be convertedhéntgroup that takes the
differential equation of certain parabolas, or alse differential equation of the circle,
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into itself. The other two are a seven-parameteraasi-parameter subgroup of it. The
ten-parameter group can be converted into the projectougpgof a linear complex by
mapping the line elements of the plane to the poink of

Lie had determined the three groups of irreducible comtacsformations iR, that
are transitive as point transformations of the elesrant.., x,, z pi, ..., Pn iN Ron+1, and
second, amongst those infinitesimal transformatidre leave the point in general
positionx; = pi = z = 0 invariant, obtain the greatest possible numbenerht— i.e.n(2n
+ 1) such mutually independent ones — from which no infimiakican be linearly
derived that adheres to each individual direction of tlnedle Z = 0. One of these
groups is primitive, and the other two are imprimitive.

In Rs there is, except for this one primitive group, only the lr&smeter group of F.
Engel.

Of the imprimitive groups, we cite the one that G. #ehe determined, which leaves
invariant a sheaf of partial differential equationsirstforder:

f(x,y,zp g =c,
and the ones that Oseen determined with the parametetsé, 9, 11, and 12.

b) Geometric starting point. | would like to compare the rules and conceptual
structures of group theory with the form that natural takes forcrystals |If it is
permissible to remain in the picture, then we might &dd the remaining mother liquor
is a rich agar in which a lugirganic lifeunfolds.

The issues of geometry are the germs and seeds olifehisand we might only
mention the determination of the arc lengths of alfemas, for which the curves of
constant geodetic curvature admit an infinitesimal adnteransformation, and
furthermore, the determination of all contact transfatioms for which the points of one
space correspond to the lines of a complex in anotherc@ameersely, and finally, all
contact transformations that again admit the rotatiurad a fixed point, which is
meaningful in mechanics.

With that, we have reached the end of our overvieth@fccomplishments of Lie in
the realm of contact transformations, which can osbyesent an incomplete sketch.

Since then, researchif we ignore individual investigations, which have mdhe
character of an extensienmoved in two directions, which — if we must cite two eam
were picked up on by Engel and Study and excised from ta#éha@&f questions that Lie
left behind.

6. Renewed interest in line geometry. For Lie, line geometry defined the gateway
from his line-sphere transformation to the realm ohtact transformations. In
connection with this, it would itself be linked with aewklopable property that
conscientious criticism must treat with the greataative.

Criticism demands that one recognize as full-fledged only suchforamstions that
are single-valued, and thencertaintywith which the response tgeneral questions is
often afflicted, must be cast aside by new creativiksrvoAbove allcoordinateghat fail
nowhere and whose carrying capacity omits all “excepticages” belong to these
coordinates.
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Vast new classes of contact transformations atalde for this field of endeavor —
for example, theequilongs which take “spheres” to “spheres” and therefore detne
distance between two oriented line elements on a sphexrgant. G. Fano has gone into
that topic thoroughly, while referring to the work of Lageeand Scheffers. Study has
presented a program for investigations of that sort iatleer obscure place. His own
work and the work of Coolidge, Blaschke, et al., thainepired shows the fruitfulness of
the issues that were addressed there.

7. Theinvariant theory of differential equations. In the second place, one must
enter into the invariant theory of differential eqoas. The effect of thgroupsthat
have emerged from the general theory of transformatiais been so informative that the
restriction to them can be a fetter, and the genleealry of equivalenceust move more
freely than that. The simplification of the integratioof differential equations in the
sense that Cauchy already defined, whereby the integrafian partial differential
equation of first order would come down to the treatment system of ordinary
differential equations that is constructible by means ot jdferentiations and
eliminations — this goal must not be lost from sight. Tfe®ry of equivalence that is,
theinvariant theoryof the problem foinfinite groupsof point or contact transformations
— affords the leverage.

An example might clarify this, which we have extractexdn what has long since
become the realm of the greater common good: The atiegrof a partial differential
equation of first order, when that equation is linear,thnd takes the form:

Alpr+Acp+ ... A =0,
demands only the integration of:

oy g _dx_ oz
A A A A

and not that of a system ofi 2quations. The intrinsic basis for this is that @&
characteristic stripsghat are generated are arranged into sheave$ bfeach of which
possesses one of the' characteristic curves as common carrier. Betwéentio
extremes- namely, " and«®"* — carrier curvesfor the characteristic curves given one
all of the possible intermediate cases, and each of tmeist, by already being the
simplest, lead to a simplification of the integratiproblem. One will then arrive at
criteria for the appearance of such a case, and that is a @udstiinvariant theory
which must be decidable in any case by differentiations.

Furthermore, it can happen, and also with no reductiothefmanifold of carrier
curves, that integral manifolds appear that have a lalveension as point manifolds.
Their determination will be simpler than the integratioh the partial differential
equations itself, and one will arrive at criteria foete special cases.

Necessary and sufficient criteriior these and kindred casesjuivalence theory
within the classes thus founsimplifying the integratiorof a problem in a class — these
are three essential problems to whose required solutibich was in part completely
carried out and in part tentative, but far-reaching, thel teéction of article 111.D.7:
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Beruhrungstransformationeim the Math. Enzyklop&die was directed in detail, using a
general procedure that was contributed by Engel.

However, this report might be concluded with the waliffded hope that the refined
methods in the lever of definite contact transformatiand the new lemmas that were
worked out for general equivalence theory will still grio light important developments
for a long time. A look backward at the work that haeady been accomplished since
the premature death of Lie justifies that perspectivéeriture.



