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 The object of this treatise is to present the fundamentals of E. CARTAN’s theory of 
infinite transformation groups in terms of the ideas that were developed by 
EHRESMANN in his theory of jets. 
 
 

1.  Notations and terminology 
 

 The manifolds considered will be assumed to be differentiable of class C∞, and verify 
the second countability axiom.  For a Lie group G, this would signify that the number of 
connected components of G is denumerable. 
 Let X = r

xj f  be an r-jet of a manifold Vn of dimension n in a manifold Wm of 

dimension m.  The point x in Vn is the source of X and the point f(x) in Wm is the target of 
X.  The manifold Jr(Vn, Wm) of all r-jets of Vn into Wm has three canonical projections: α, 
β, and γ, where α(X) is the source of X, β(X) is the target of X, and γ(X) is the pair (α(X), 
β(X)).  The r-jet X = r

xj f also determines a p-jet ( )p
x Xθ = p

xj f , where 0 ≤ p ≤ r.  Let X = 
r
xj f  be an r-jet of Vn into Wm, and let Y = r

yj g  be an r-jet of Vn into Up .  If β(X) = α(Y) 

then one may define a jet rxj g f⋅ of Vn into Up that is independent of the choice of f and g 

such that X = r
xj f and Y = r

yj g ; one denotes that jet by Y ⋅ X.  An r-jet X = r
xj f  of Vn into 

Wn with the same dimension is invertible if the map f is of maximum rank at the point x.  
The inverse of an invertible r-jet X = r

xj f is an r-jet X−1 = 1r
yj f − , where y = f(x).  The set 

Πr(Vn) of all invertible r-jets of Vn into Vn is an open submanifold of Jr(Vn, Vn).  The set 
( , )r

n nL V x of all jets X ∈ Πr(Vn) with source and target x is a connected Lie group.  This 

group is isomorphic to ( ,0)r n
nL ℝ  (which one denotes by rnL ), where Rn is the numerical 

space of dimension n, and 0 is the origin of Rn.  The submanifold Πr(Vn) is a fiber bundle 

with base Vn × Vn, projection γ, fiber r
nL  × r

nL , and group r
nL .  An invertible r-jet X of Rn 

into Vn with source 0 and target x is called an r-frame with origin at x in Vn .  The set 
Hr(Vn) of all r-frames in Vn is a principal fiber bundle of base Vn and structure groupr

nL .  

A local (differentiable) section of Hr(Vn) that is defined over an open subset of Vn  is 
called an r-frame field. 
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2.  G-structures of order r 
 

 Let G be a Lie subgroup of rnL .  One says that a manifold Vn is endowed with a G-

structure S of order r if the following conditions are verified: There exists an open 
covering {Uα} of Vn and an r-frame field Xα that is defined on Uα such that Xβ(x) = Xα(x) 
⋅ sαβ(x) for x ∈ Uα ∩ Uβ , where sαβ is a differentiable map of Uα ∩ Uβ  into G.  The set of 
pairs {(Uα , X

α)} will be called an atlas for the structure S.  Two atlases {(Uα , X
α)} and 

{( Vα , Y
α)} define the same structure if: 

 
Yβ(x) = Xα(x) tαβ(x) for x = Uα ∩ Uβ , 

 
where tαβ is a differentiable map of Uα ∩ Uβ  into G. 
 A subset Π of Πr(Vn) is a sub-groupoid of Πr(Vn) if it satisfies the following 
conditions: 
 1. If X, Y ∈ Π and if the product X ⋅⋅⋅⋅ Y is defined then X ⋅⋅⋅⋅ Y ∈ Π. 
 2. If X ∈ Π then X−1 ∈ Π. 
 
 Let Ψ be a map of Π × Π into Vn × Vn such that: 
 

Ψ(X, Y) = (α(X), β(Y)), 
 
and set P(Π) = Ψ−1(D), where D is the diagonal in Vn × Vn .  The product X ⋅⋅⋅⋅ Y of two 
elements X and Y of P is defined if and only if (X, Y) ∈ P(Π). 
 
 A Lie sub-groupoid of Πr(Vn) is a subset Π of Πr(Vn) that verifies the following 
conditions: 
 a. Π is a sub-groupoid of Πr(Vn). 
 b. Π is a submanifold of Πr(Vn), and the canonical projection γ of Π to Vn × Vn is 
onto and of maximal rank. 
 c. The map (X, Y) → X ⋅⋅⋅⋅ Y of P(Π) into Π is differentiable.  (By condition b, P(Π) is 
a closed submanifold of Π × Π). 
 d. The map X → X−1 of Π onto Π is differentiable. 
 
 We let G(Π, x) denote the set of all elements X in a Lie sub-groupoid Π of Πr(Vn)  
that have source and target x.  G(Π, x) is a group that we shall call the isotropy group of 
Π at the point x.  The isotropy groups of Π at different points are isomorphic. 
 
 PROPOSITION 2.1 – The group G(Π, x) is a Lie sub-group of ( , )r

n nL V x . 

 
 PROPOSITION 2.2 – A Lie sub-groupoid Π of Πr(Vn) is a fiber bundle with base Vn 
× Vn, projection γ, fiber G(Π, x0), and structure group G(Π, x0) × G(Π, x0), where x0 is a 
point of Vn, and the group G(Π, x0) × G(Π, x0) operates on G(Π, x0) in the following 
manner: 

(σ, τ) ⋅⋅⋅⋅ ξ = τ ⋅⋅⋅⋅ ξ ⋅⋅⋅⋅ σ−1. 
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 Indeed, by condition b, there exists an open covering {Uα} of Vn and differentiable 
maps ϕα,β of Uα × Uβ into Π such that γ(ϕα,β(x, y)) = (x, y) for any (x, y) ∈ Uα × Uβ  .  
Suppose that x0 ∈ 

0xU , and set ϕα(x) = 
0 , 0( , )x xα αϕ  for any x ∈ Uα .  Let Ψα,β be a map of 

Uα × Uβ  × G(Π, x0) into Π that is defined in the following fashion: 
 

Ψα,β(x, y, σ) = ϕβ(x) ⋅⋅⋅⋅ σ ⋅⋅⋅⋅ ϕα(x)−1. 
 

One easily verifies that the maps Ψα,β define the required fiber structure. 
 
 PROPOSITION 2.3 – With the same notations as in proposition 2.2, let 

0xΠ  be the 

set of all elements X of Π with source x0.  
0xΠ is a closed submanifold of Π and a 

principal fiber bundle with base Vn, structure group G(Π, x0), and projection β (β(X) is 
the target of X). 
 
 Now let S be a G-structure of order r that is defined on a manifold Vn, and let (Uα , 
Xα) be an atlas of S.  An r-frame X with origin x is called a distinguished r-frame of S if 
there exists an σ ∈ G such that X = Xα(x) ⋅ σ, where x ∈ Uα .  This definition is 
independent of the choice of Uα such that x ∈ Uα , and the choice of atlas.  The set H(S) 
of distinguished frames of S is a principal fiber bundle of base Vn and group G. 
 We let Π(S) denote the set of all elements Y of Πr(Vn) that have the following 
property: If X is a distinguished frame of S with  origin x (x being the source of Y) then Y ⋅⋅⋅⋅ 
X is also a distinguished frame of S. 
 
 PROPOSITION 2.4. – Π(S) is a Lie sub-groupoid of Πr(Vn). 
 
 Now, let Π be a Lie sub-groupoid of Πr(Vn), and let X0 be a frame of origin x0 in Vn .  
The map k of 0( , )r

n nL V x  onto r
nL  defined by k(Y) = 1

0 0X Y X− ⋅ ⋅  is a differentiable 

isomorphism of 0( , )r
n nL V x  onto r

nL .  The Lie subgroup G(Π, x0) of 0( , )r
n nL V x  is mapped 

by k onto a Lie subgroup G of r
nL . 

 
 PROPOSITION 2.5 – There exists a G-structure S such that Π = Π(S) and X0 is a 
distinguished frame of S. 
 
 With the same notations as in the proof of proposition 2.2., set Xα(x) = ϕα(x) ⋅ X0 for x 
∈ Uα .  X

α is then an r-frame field on Uα , and the atlas {(Uα, Xα)} defines a G-structure S 
such that Π(S) = Π.  Moreover, one may assume that 

0 0( )xαϕ  = the neutral element of 

G(Π, x0).  X0 = 0
0( )X xα  is a distinguished frame in S. 
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3.  Transitive Lie pseudogroups 
 

 Let Vn be a manifold, and let f be a bijective map of an open subset U of Vn onto an 
open subset V of Vn .  f is a local automorphism of Vn with source U and target V if f and 
f−1 are differentiable. 
 A set Γ of local automorphisms of Vn is a pseudogroup if the following conditions are 
verified: 
 1. The identity map of Vn belongs to Γ. 
 2. If f ∈ Γ then the inverse map f−1 belongs to Γ.  If f and g ∈ Γ then the composed 
map f ⋅⋅⋅⋅ g belongs to Γ. 
 3. Let f be a local automorphism of Vn with source U = iU∪  such that the 

restrictions of f to Ui belong to Γ for each index i.  One then has f ∈ Γ. 
 
 Γ is transitive on Vn if for any point (x, y) of Vn × Vn there exists an f ∈ Γ such that 
f(x) = y. 
 We let Πr(Γ) denote the set of r-jets r

xj f , where f ∈ Γ, and x ranges through the 

source of f.  Πr(Γ) is a sub-groupoid of Πr(Vn).  The set of elements of Πr(Γ) of source x 
will be denoted by ( )r

xΠ Γ .  The elements of Πr(Γ) with source and target x form a group 

Gr(Γ, x) that we shall call the isotropy group of order r of Γ at the point x.  A 
pseudogroup Γ is called complete of order r if the following condition is verified: If f is a 
local automorphism of Vn of source U such that r

xj f − Πr(Γ) for any x ∈ U then f ∈ Γ. 

 
 A transitive Lie pseudogroup of order r is a pseudogroup Γ that operates on Vn and 
verifies the following conditions: 
 1. Γ is complete of order r. 
 2. Πr(Γ) is a Lie sub-groupoid of Πr(Vn). 
 
 Since the canonical projection γ is a map of Πr(Γ) onto Vn × Vn, Γ is transitive.  The 
isotropy group of Πr(Γ) at the point x coincides with the isotropy group of r of Γ at the 
point x.  Gr(Γ, x) is a Lie subgroup of ( , )r

n nL V x . 

 Now, let S be a G-structure of order r and let Γ(S) be the set of all local 
automorphisms f of Vn that map the distinguished frames of S – i.e., for any point x of the 
source of f and for any distinguished frame X with origin x, f(r)(X) = r

xj f X⋅ is a 

distinguished frame.  Γ(S) is a complete pseudogroup of order r that we shall call the 
pseudogroup of local automorphisms of S.  The elements of Γ(S) whose sources are in Vn 
form a group G(S): the group of automorphisms of S.  A local automorphism f of Vn 
belongs to Γ(S) if and only if r

xj f ∈ Π(S) for any x in the source of f. 

 
 PROPOSITION 3.1 – Any transitive Lie pseudogroup of order r is the pseudogroup 
of local automorphisms of a G-structure of order r. 
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 A G-structure S is called a structure defined by a transitive Lie pseudogroup Γ of 
order r if Π(S) = Πr(Γ).  A G-structure S is locally homogeneous and isotropic if for any 
pair (X, Y) of distinguished frames of S there exists a f ∈ Γ(S) such that f(r)(X) = Y. 
 
 PROPOSITION 3.2 – S is locally homogeneous and isotropic if and only if it is 
defined by a transitive Lie pseudogroup.  If S is locally homogeneous and isotropic then 
Γ(S) is a transitive Lie pseudogroup. 
 
 EXAMPLE 1. – Let G be a Lie group, and let Vn = G/H be a homogeneous space of 
G.  Let ΓG be the set of all local automorphisms f of Vn that enjoy the following property: 
The restriction to a sufficiently small neighborhood of any point of the source of f is a 
restriction of a transformation of G.  Suppose that the following condition (p) is verified: 
If an element σ of G leaves invariant any point of a non-vacuous open subset of Vn then σ 
= 1.  (If G is connected, and if G operates effectively on Vn then that condition is 
verified.)  ΓG is then a Lie pseudogroup of a certain order. 
 
 EXAMPLE 2. – Let V2n be an analytic manifold that is endowed with an almost-
complex structure S.  S is locally homogeneous and isotropic if and only if it is a complex 
structure. 
 
 Two G-structures of order r are called associated (S ~ T) if Π(S) = Π(T). 
 
 PROPOSITION 3.3 – If S ~ T then Γ(S) = Γ(T).  If, conversely, Γ(S) = Γ(T), and if S 
is locally homogeneous and isotropic then S ~ T.  If S is locally homogeneous and 
isotropic and S ~ T then T is also locally homogeneous and isotropic. 
 
 Now, let S be a G-structure of order r that is defined by an atlas {(Uα, Xα)}, and let σ 
be an element in the normalizer of N(G) of G in r

nL .  The atlas {(Uα, Xασ)} then defines a 

G-structure Sσ (cf. [1]).  Sσ = Sτ if and only if στ−1 ∈ G. 
 
 PROPOSITION 3.4 – S ~ T if and only there exists a σ ∈ N(G) such that T = Sσ. 
 
 A structure Sr of order r canonically defines a structure Sp of order p, p < r such that 
Π(Sp) = ( ( ))r

p rSθ Π .  In particular, if Γ is a Lie pseudogroup of order r then Πp(Γ) = 

( ( ))r r
pθ Π Γ  is a Lie sub-groupoid of Πp(Vn). 

 
 

4.  Prolongation of a structure of order 1  (cf. [3] and [5]). 
 

 A G-structure of order 1 will be defined by an atlas: 
 

{( Uα ; 1
αθ , …, n

αθ )}, 

 
where i

αθ  are linearly independent Pfaff forms on Uα such that: 
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( )i xαθ  = ( ( )) ( )i j
ja S x xαβ

βθ⋅ , 
 

σ → ( ( ))i
ja σ  being a matrix representation of Ln .  Local charts (Uα , ϕα) of H(S) (the 

principal fiber bundle of S) are defined in the following fashion: ϕα is a map of Uα × G 
onto p−1(U) (p being the projection of H(S)) such that ϕα(x, σ) = (X1, …, Xn), where Xi = 

( ) ( )i
j ja X xασ ⋅ , 1(Xα , …, )nX α  being the frame field in Uα that is dual to ( )i

αθ .  Let i
αη  be 

Pfaff forms on Uα  × G such that ( , )i xαη σ  = 1( ) ( )i j
ja xασ θ− , and set i

αω  = 1 1( )α αϕ η− .  One 

sees that i
αω  = i

βω  on Uα ∩ Uβ , and one may thus define Pfaff forms ωi on H(S) that are 

defined globally by the conditions ωi = ( )i xαω  for x ∈ Uα .  ωi are linearly independent. 

 Choose a basis Aρ = ( )i
ja ρ  (ρ = 1, …, r; r = dim G) for the Lie algebra L(G) of G, 

once and for all.  On p−1(Uα), one has: 
 

α ωi = 1
2

i j i j k
j jka cρ
ρ αω π ω ω′ ′∧ + ∧ , 

 
where ρ

απ ′  and i
jkc′  ( i

jkc′ = − i
kjc′ ) are Pfaff forms and functions on p−1(Uα), respectively.  

Now, let i
ρξ  (ρ = 1, …, r; i = 1, …, n) be r ⋅ n independent variables, and let: 

 
( )i

jkA ξ  = ( )i i
j k k ja aρ ρ
ρ ρ

ρ
ξ ξ−∑  

 

be linear forms in ξ.  Let A denote the indices 
i

jk

 
 
 

 (i, j, k = 1, …, n; j < k).  Let B be a 

subset of A that has the following property: The ( )i
jkA ξ  are such that 

i

jk

 
 
 

 ∈ B are 

linearly independent, and ( )i
jkA ξ , 

i

jk

 
 
 

 ∈ A – B is a linear combination of ( ( ))i
jkA b q  = 

− ( )i
jkc q′  for any q ∈ p−1(Uα) and for any 

i

jk

 
 
 

 ∈ B.  Set π = ρ
απ ′  + k

kbρω .  One then has: 

 
dωi = 1

2
i j i j k
j jka cρ
ρ αω π ω ω∧ + ∧ , 

where: 
i
jkc  = ( )i i

jk jkc A b′ + . 

 
 Now, suppose that such a transformation has been associated with each α.  One then 
verifies that the functions ijkc  are functions that are defined globally on H(S).  CHERN 

[5] called these functions ijkc  the structure invariants of S.  The structure S is called 
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integrable if one may choose a subset B of A in such a manner that the invariants i
jkc  are 

constants.  The integrability condition depends only upon the structure S. 
 
 PROPOSITION 4.1 – A G-structure of order 1 that is locally homogeneous and 
isotropic is integrable. 
 
Now, let G(1) denote the group of all matrices of the form: 
 

0n

n

I

B I

 
 
 

, B = ( )ibρ , (r = 1, …, r; i = 1, …, n), 

where: 
( )i

jkA b = ( )i i
j k k ja b a bρ ρ
ρ ρ

ρ
−∑  = 0. 

 

The atlas {(p−1(Uα); ωi, ρ
απ )} then defines a G(1)-structure Sɶ  on H(S).  Sɶ  depends upon 

the choice of B.  However, one may prove the following proposition: 
 
 PROPOSITION 4.2 – Suppose that S is integrable, and let T be a G(1)-structure on 
H(S) that is defined by an atlas: 
 

(Wβ, , 
1ω , …, nω , 1

βπ , …, r
βπ ), 

 
where iω  = i j

js ω , i
js  are constants. 

 Suppose that in Wβ one has: 
 

dωi = 1
2

i j i j k
j jka cρ
ρ βω π ω ω∧ + ∧ , 

 
where i

jkc  = − i
kjc  are constants. 

 The two structures T and Sɶ  are then associated. 
 
 One says that a G(1)-structure T that verifies the conditions above is a prolongation of 
S with respect to a basis Aρ = ( )i

ja ρ  of L(G), and that the constants ija ρ  and i
jkc  that are 

associated with T form a system of structure constants for the integrable structure S.  A 
prolongation of S is a prolongation of S with respect to a basis for L(G).  Two 
prolongations with respect to the same basis are associated. 
 Now, let S and S′ = Sτ be two associated integrable G-structures, where τ ∈ N(G).  
Let 1( , , )nX X′ ′…  be a distinguished frame of S′, and let Xi = ( )j

i ja Xγ ′ .  (X1, …, Xn) is then 

a distinguished frame of S and the map (( ))iXα ′  = (Xi) is an isomorphism of the manifold 

H(S′) onto the manifold H(S).  Let T be a prolongation of S, and let α*(T) be the 
reciprocal image of T.  It then results that if S and S′ are two associated integrable G-
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structures then the families of systems of structure constants of S and S′ that one may 
identify by the prolongations of S and S′ are the same. 
 Now, let Γ be a transitive Lie pseudogroup of order 1 that operates on a manifold Vn, 
and let S be a G-structure of order 1 that is defined by Γ.  S is locally homogeneous and 
isotropic, and therefore integrable.  The family of systems of structure constants of Γ is, 
by definition, the family of systems of structure constants of the structure S.  Since two 
G-structures that are defined by Γ are associated, the definition is independent of the 
choice of S. 
 Let i

jaρ , i
jkc  (i, j, k = 1, …, n; ρ = 1, …, r) be a system of structure constants of Γ.  

One sees that the following equations, which can be regarded as linear equations with 
respect to the unknowns ρστγ , iuρ

σ , ijvρ  ( ρ
στγ = − ρ

τσγ , ijvρ  = − jivρ ), are compatible: 

 
(1)    i j i j

j k j ka a a aτ σ σ τ−  = i
kaρ

τσ ργ , 

(2)    i k i k i k i i
kt s ks t k ts t s s ta a c a a a a u a uσ σ

ρ ρ ρ σ ρ σ ρ− + − +  = 0, 

(3)    i k i k i k i i i
ku st ks tu kt us u st s tu t usc c c c c c a v a v a vρ ρ ρ

ρ ρ ρ+ + − − −  = 0. 

 
Equations (1) are equivalent to the equations: 
 

[Aτ , Aσ] = ρ
τσγ Aρ . 

 
It then results that ρτσγ  are the structure constants of the isotropy group of order 1 of Γ. 

 Now, let Sr be a G-structure of order r.  Any f ∈ Γ(Sr) may be prolonged to a local 
automorphism f(r) of H(Sr) with source p−1(U) and target p−1(V), where U and V are the 
source and the target of f, respectively, and p is the projection of H(Sr).  Let ∆ be a sub-

pseudogroup of Γ(Sr).  We let ∆(r) denote the set of all local automorphisms fɶ  of H(Sr) 
that enjoy the following property: The restriction to a sufficiently small neighborhood of 

any point of the source of fɶ  is a restriction of an f(r), where f ∈ ∆.  ∆(r) is a pseudogroup 

that we call the prolongation of ∆ to H(Sr).  One may prove the following proposition: 
 
 PROPOSITION 4.3 – Let S be an integrable G-structure, and let T be a prolongation 
of S.  One then has Γ(T) = Γ(S)(1).  A local automorphism of H(S) belongs to Γ(S)(1) if and 
only if it leaves invariant the Pfaff forms: 
 

ω1, …, ωn. 
 
 

5.  Reduction of a Lie pseudogroup of order r > 1 to a Lie pseudogroup of order 1. 
 

 Let Γ be a transitive Lie pseudogroup of order r > 1 that operates on a manifold Vn .  
One sees that Γ canonically determines a transitive Lie pseudogroup of order 1 that 
operates on the manifold Πr−1(Γ). 
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 Let Sr be a G-structure of order r that is defined by Γ, let z be a point of Vn that is 
chosen once and for all, and let Z be a distinguished frame of Sr with its origin at z.  The 
map σ → Z σ Z−1 of G into ( , )r

n nL V z  is an isomorphism of G onto Gr(Γ, z), the isotropy 

group of order r of Γ at the point z.  Let {(Uα , X
α)} be an atlas of Sr, and set X′ α(x) = 

Xα(x) ⋅ Z−1.  One then has X′ α(x) ∈ ( )r
zΠ Γ  and X′ α(x) = X′ β(x) ⋅ s′ αβ(x) for any x ∈ Uα ∩ 

Uβ , where s′ αβ is a differentiable map of Uα ∩ Uβ into Gr(Γ, z).  The atlas {(Uα , X′ α)} 
thus defines a “Gr(Γ, z)-structure S′ r,” and the principal fiber bundle of distinguished 
frames of S′ r is ( )r

zΠ Γ .  One sees, moreover, that Π(S′ r) = Π(Sr) and that Γ(S′) = Γ(S) = 

Γ. 
 We then, in turn, identify the structure Sr with S′ r. 
 The structure Sr determines a Gr(Γ, z)-structure Sp for any p ≤ r such that Π(Sp) = 
Πr(S) and that H(Sp) = ( )p

zΠ Γ .  Set Γp = Γ(Sp).  Πp(Γp) = Πp(Γ) is then a Lie subgroupoid 

of Πp(Vn), and therefore Γp is a transitive Lie pseudogroup of order p that contains Γ.  
One sees that Γ1 ⊃ Γ2 ⊃ … ⊃ Γr  = Γ.  One may thus define the prolongation ( )p

τΓ  of Γτ  

(r ≥ q ≥ p) to H(Sp) = ( )p
zΠ Γ .  ( )p

τΓ  is transitive.  One says that Γ(p) = ( )p
rΓ  is the normal 

prolongation of order p of Γ.  We shall show that Γ(r−1) is a transitive Lie pseudogroup of 
order 1.  Now, suppose that p < r, and set Zp = p

zj I , where I is the identity map of Vn .  

Let f and g be elements of Γp+1 that are defined at the point z.  If one utilizes the local 
coordinates of the manifold of jets then one verifies that 1 ( )

p

p
Zj f  = 1 ( )

p

p
Zj g  if and only if 

1p
zj f+  = 1p

zj g+  (f and g being the prolongations of f and g to H(Sp) = ( )p
zΠ Γ ).  One may 

thus define a map Fp+1 of 1
1( )p

z p
+

+Π Γ  (= 1( )p
z

+Π Γ ) in the manifold 1 ( ( ))
p

p
Z zΠ Π Γ  by 

1
1( )p

p zF j f+
+  = 1 ( )

p

p
Zj f .  Fp+1 is differentiable of maximal rank, and 1

1( ( ))p
p zF +

+ Π Γ  = 
1 ( )( )

p

p
ZΠ Γ .  Let Np+1(Γ, z) be the kernel of the canonical homomorphism of Gp+1(Γ, z)  

onto Gp(Γ, z).  1( )p
z

+Π Γ  is then a principal fiber bundle with base ( )p
zΠ Γ , projection 

1p
pθ + , and group Np+1(Γ, z), and the following diagram is commutative: 

 
1( )p

z
+Π Γ  1 ( )( )

p

p
ZΠ Γ  

( )p
zΠ Γ  ( )p

zΠ Γ  
Identity 

β 

Fp+1 

1p
pθ +  

 
Utilizing these facts, one may show that Π1(Γ(p)) is a Lie sub-groupoid of 1( ( ))p

zΠ Π Γ .  

The isotropy group of Π1(Γ(p)) at the point Zp is G1(Γ(p), Zp) and Π1(Γ(p)) thus defines a 
G1(Γ(p), Zp)-structure Tp of order 1 in the manifold ( )p

zΠ Γ , which is locally homogeneous 

and isotropic, and H(Tp) = 1 ( )( )p
zΠ Γ . 

 One may prove the following propositions: 
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 1. Γ(Tp) = 1
p
p+Γ  for p < r. 

 2. Fp+1 ⋅ Γ(Tp)
(1) ⋅ ( 1)

1
p

pF +
+  for p < r, 

 
where Γ(Tp)

(1) is the prolongation of Γ(Tp) to H(Tp) = 1 ( )( )
p

p
ZΠ Γ  and Fp+1 ⋅ Γ(Tp)

(1) ⋅ 
( 1)

1
p

pF +
+  is the pseudogroup of all local automorphisms h of 1( )p

z
+Π Γ  of the form h = 

Fp+1 ⋅ f ⋅ ( 1)
1

p
pF +

+ , where fɶ ∈ Γ(Tp)
(1).  For p = r – 1, one has Γp+1 = Γ, and one thus obtains 

the following theorem: 
 
 THEOREM 5.1. – Let Γ be a transitive Lie peudogroup of order r that operates on a 
manifold Vn .  The normal prolongation Γ(r−1) of order r – 1 of Γ is a transitive Lie 
pseudogroup of order 1 that operates on the manifold 1( )r

z
−Π Γ , z being a point of Vn, 

which leaves invariant a G-structure Tr−1 of order 1.  The prolongation of Γ(r−1) to H(Tr−1) 
may be identified with Γ(r). 
 
 The family of systems of structure constants of Γ is, by definition, the corresponding 
family of the Lie pseudogroup Γ(r−1) of order 1. 
 The following theorem results from theorem 5.1 and proposition 4.3: 
 
 THEOREM 5.2 – The notations being those of theorem 5.1, the normal prolongation 
Γ(r) of order r of G is a pseudogroup of local automorphisms of a G-structure Tr of order 
1 in the manifold ( )r

zΠ Γ .  Tr is defined by an atlas {(Vα, ω1, …, ωm, 1
απ , …, r

απ )}, 

where: 
     m = dim 1( )r

z
−Π Γ , 

     r = dim G1(Γ(r−1), Zr−1), 
and: 

dωi = 1
2

i j i j k
j jka cρ
ρ αω π ω ω∧ + ∧ . 

 
i
ja ρ , i

jkc  are the structure constants of Γ.  A local automorphism of ( )r
zΠ Γ  belongs to Γ if 

and only if it leaves the forms ωi invariant. 
 
 REMARK. – One does not know, in general, if Γ(r) is a transitive Lie pseudogroup of 
order 1.  This would be true if Γ is also a Lie pseudogroup of order r + 1 or if Γ has finite 
type or is involutive (see paragraphs 6 and 7). 
 

 
6.  Lie pseudogroups of finite type. 

 
 A pseudogroup Γ is a transitive Lie pseudogroup of finite type if there exists an 
integer r ≥ 1 that enjoys the following properties: 
 1. Γ is a transitive Lie pseudogroup of order r. 
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 2. There exists an integer s ≤ r such that dim Gs(Γ, x) = dim Gs−1(Γ, x).  (We set 
G0(Γ, x) = dim (1).) 
 
 If Γ is of finite type then the canonical homomorphism of Gs(Γ, x) into Gs−1(Γ, x) is a 
local isomorphism.  It results from this that the canonical map of Πs(Γ) onto Πs−1(Γ) is 
locally bijective.  If one utilizes local coordinates on the manifold of jets then one can 
prove the following lemma: 
 
 LEMMA. – If Πs(Γ) →  Πs−1(Γ) is locally bijective then Πs(Γ) →  Πs−1(Γ) is bijective 
for p > s. 
 
 Now, let Γ be a pseudogroup that operates on Vn .  One says that Γ is simply transitive 
if it is transitive and if an element f of Γ leaves invariant a point x, so the restriction of f to 
a neighborhood U of x is the identity map of U. 
 Let Γ be a Lie pseudogroup of finite type and order r.  It results from the lemma that 

( )r
zΠ Γ  = dim 1( )r

z
−Π Γ , and therefore that: 

 
dim Π1(Γ(r−1), Zr−1) dim ( )r

zΠ Γ  − dim 1( )r
z
−Π Γ  = 0. 

 
The structure Tr in theorem 5.2 is thus defined by an atlas: 
 

{( Uα, ω1, …, ωn)}, 
 

and dωi = 1
2

i j k
jkc ω ω∧ .  The following theorem then results: 

 
 THEOREM 6.1 – Let Γ be a Lie pseudogroup of finite type and order r.  The normal 
prolongation Γ(r) of order r of Γ is then a simply transitive Lie pseudogroup of order 1.  A 
local automorphism of the manifold ( )r

zΠ Γ  belongs to Γ(r) if and only if it leaves 

invariant some linearly independent Pfaff forms ω1, …, ωn, which are such that: 
 

dωi = 1
2

i j k
jkc ω ω∧ , 

 
where m = dim ( )r

zΠ Γ , and i
jkc  are the structure constants of Γ. 

 
 EXAMPLE 3. – Let ΓG be the pseudogroup in example 1.  ΓG is then a Lie 
pseudogroup of finite type and a certain order r.  The number r is determined in the 
following manner: Let 0 be the point of Vn = G/H that is represented by H.  The map σ → 

0
pj σ , (s ∈ H), is a homomorphism of H onto Gp(ΓG, 0).  By the condition (p) (see 

example 1), there exists an integer p such that dim H = dim Gp(ΓG, 0).  The number r – 1 
is then the smallest number p that enjoys that property.  There exists an isomorphism θ of 
the manifold G onto the manifold 0( )r

GΠ Γ  such that θ*(ωi) are left-invariant Pfaff forms 

on G, where ωi are the forms in theorem 5.1. 
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7.  Involutive Lie pseudogroups 
 

 For the definition of an involutive linear Lie algebra, see [5] and [9].  A linear Lie 
group is involutive if its Lie algebra is involutive and a G-structure of order 1 is involutive 
if G is involutive.  A Lie pseudogroup of order 1 is involutive if its isotropy group of 
order 1 is involutive. 
 By using the theorem of the existence of solutions of systems in involution one 
proves: 
 
 PROPOSITION 7.1 – Let S be an involutive G-structure on an analytic manifold.  If 
S is integrable then it is locally homogeneous and isotropic, and its prolongations are also 
integrable and involutive. 
 
 A transitive Lie pseudogroup of order r is involutive if its normal prolongation of 
order r- 1 is involutive.  The following theorem results from theorem 5.2 and the 
proposition 7.1: 
 
 THEOREM 7.1 – If Γ is a transitive Lie pseudogroup of order r and involutive then 
the prolongation of order r of G is a transitive, involutive pseudogroup of order 1. 
 
 Now, let { , }i i

j jka cρ  (i, j, k = 1, …, ; r = 1, …, r; i
jkc  = − i

kjc ) be a system of constants 

such that the linear equations (1), (2), and (3) of paragraph 4 are compatible.  Suppose, 
moreover, that the Lie algebra L generated by the matrices Aρ = ( )i

ja ρ  are involutive, and 

that G is the linear Lie group that is generated by L. 
 
 THEOREM 7.2 – Let { , }i i

j jka cρ  be a system of constants that verify the conditions 

above.  There then exists an integrable G-structure that is defined in a domain D of the 

numerical space Rn such that { , }i i
j jka cρ  is a system of structure constants for that 

structure.  In other words, there exists a transitive Lie pseudogroup of order 1 that 
operates on D such that { , }i i

j jka cρ  is a system of structure constants of that pseudogroup 

(see [2]). 
 
 PROBLEMS: 
 
 1. One easily sees that a Lie pseudogroup Γ of order r is complete of order p for any 
p > r.  Is Γ a Lie pseudogroup of order p for any p > r? 
 
 2. Is any transitive, analytic Lie pseudogroup involutive or of finite type? 
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