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Introduction. — The following investigation has the goal of developing a theory of the so-
called Bourdon tubes. Those thin-walled metal tubes are used as aneroid barometers when the air
is pumped out of them and as thermometers when they are filled with ether. They have the
remarkable property that very slight pressures that act upon their external or internal surfaces can
produce measurable deformations. An aneroid barometer allows fluctuations of air pressure to be
measured that amount to only a fraction of a millimeter of mercury in pressure. A millimeter of
mercury in pressure is a pressure of 13.6 milligrams per square millimeter. The elastic modulus of
most metals corresponds to a pressure of 8000 to 20000 kilograms per square millimeter. The
quotient of both pressures then lies between, say, 1/6 - 102 and 1/15- 10>, so it is exceptionally
small. A cylindrical tube will no longer react to such a slight pressure measurably; a measurable
deformation will occur for only bent tubes.

In order to lay the foundations for the theory that | speak of, it is necessary to dig somewhat
deeper. I shall then begin by transforming the basic equations of the theory of elasticity into general
curvilinear coordinates. In the second part, those equations will then be applied to the case in which
the body considered is a thin, bent plate. The third part addresses tubes that have the form of
surfaces of revolution.

Part I: Transforming the equations of elasticity into general coordinates.

1. The basic equations of elasticity theory in Cartesian coordinates. — The transformation
of the equations of elasticity into general orthogonal coordinates was first carried out by Lamé.
Simpler methods were given later by Carl Neumann, Borchardt, and Beltrami. For the
following, it is desirable to employ, not orthogonal, but entirely arbitrary coordinates. The theory
of invariants serves as means of achieving that transformation with very few calculations.

T means the kinetic energy of the body considered, U means the potential of the elastic forces,
dM is the work that is done by internally-acting external forces under a virtual displacement, and
d (M) is the work done by tractions that act upon the outer surface. As is known, one will get the
equations of elasticity on the basis of Hamilton’s principle from the equation (%):

[
1) jat[5T+5U+§M +8(M)] =0.

fo
Here, t means time. The virtual displacements are chosen such that they will all vanish for the time
pointst=toandt =ty .

We next employ a system of Cartesian coordinates x, y, z. We denote the volume of the body
by V, its surface area by S, and its density by k. The components of the displacement of a point of
the body are denoted by u, v, w, and their variations by du, év, dw. The components of the external
forces that act on a point in the interior are denoted by A, B, C, and the components of the pressure
on an element of the surface by (A), (B), (C).

(H Cf., Kirchhoff, “Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe,” Crelle’s Journal, Bd.
40, Gesammelte Abhandlungen, pp. 237.
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When expressed in terms of those quantities, the quantities that enter into (1) will have the
values:

) M = j[A5u+Bav+c5w]av,
V)

©) S(M) = j [(A)Su +(B) Sv +(C) 5W] &S,
(S)

4) T= %Nj)[(%):(%)z{%’vﬂkav.

Finally, under the assumption that the body is isotropic, one has:

(5) U=—K [ [ +2 +4+3(h+4,+ ) 1oV,
v)

in which A1, A2, A3 denote the principal dilatations.
The mechanical meaning of Kirchhoff’s elasticity constants K and  is inferred from the
following remark: If one end of a cylindrical rod of length I is fixed, while a tension of magnitude

. . . P 1+2 .
P acts upon the other one, then the rod will experience a lengthening of I-2— i ’9. A line-

K 1+39

element that is perpendicular to the axis of the rod experiences a shortening that is equal to 129
+

when expressed as a fraction of the length. The elastic modulus is therefore E = 2K 1+§‘9, and

1+39

the quotient of the length dilatation and the lateral contraction is u = % .
+

2. Introduction of general coordinates. — Instead of the Cartesian coordinates X, y, z, we shall
now introduce general coordinates pz, p2, p3 . We assume that every point is determined uniquely

by those coordinates. That demands that the functional determinant % must not vanish
Py Psy Ps
for any point in the body. We assume that the notation is chosen such that this determinant is

positive.
The square of the line element:
ds? = dx* +dy’ +dz’

is expressed in the new coordinates in the form:
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ds®* = > a,,dp, dp, (A, u=1,273).

We denote that differential form by F, its determinant by A, and the subdeterminant that is adjoint
to the element as. by Ax. . The form F has the character of a positive-definite form everywhere
inside of the region in question. None of the quantities axz, Ais, A can vanish at any point in the
region. Since:

= XX Yoy oz
op, P, Ip, P, P, P,

0(x,Y,2)
O (Pys Py Ps)
root, as in all of what follows.
The cosine of the angle that the direction of increasing p. makes with the direction of increasing

puis a,, ,/aM a,, - We distinguish an inner side and an outer side for the coordinate surface p.

the functional determinant = ﬁ where the symbol ﬁ means the positive square

= const. We refer to the outer side as the one that lies on the side of increasing pz . The cosine of
the angle that the outward-pointing normals to the surfaces p. = const., p. = const. make with each

otheris A, /,/ i A

Since the functional determinant _oy.2)

does not vanish, by assumption, one can pose
o(Py, Py Ps)

the equations:

O L

api ap v=1 api apy v=1 apg ap v=1

(A u=1,2,3).

A A A
Obviously, one has { 'u} = {ﬂ } The quantities { ﬂ} can be expressed in terms of the
v 14 1%

quantities as. and their first derivatives. Namely, if one multiplies the first of the foregoing

equations by ox / dp« , the second by oy / dp«, and the third by ox / dp«, and adds them then that
will give:

2 2 2 3 (A oa oa
O ’x_x &y oy & -Z{ u} -4 - w08y 08,
op,p, op, P, P, P, apﬂ o, op, A op. op, Op,

(A x=1,2,3).

In place of the displacement components u, v, w, we introduce the quantities:
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2 &= u+ v+ w 1=1,2,3)

and simultaneously replace the force components A, B, C and the traction components (A), (B),
(C) with the components Pz and (P.), which are defined by the equations:

© M= P65, 5= D (P,

Equation (2) shows that &, /ﬂ/ a,, Iis the projection of the displacement of a point in the direction

of increasing p. .

We set 6& = 0, 6& = 0, and take o6& to be positive. Thus, the direction of the virtual
displacement whose components are the quantities ou, év, ow will coincide with the direction of
the outward-pointing normal to the surface p1 = const., and the absolute value of the displacement
5 551/\/5. Since the work done by that displacement is equal to P1 o6&, Pl/\/a will be the

projection of the force whose components are the quantities A, B, C onto the outward-pointing
normal to the surface p1 = const. The mechanical meaning of the remaining quantities P and (P.)
is explained analogously.

It follows from (2) that:

Sdpr+ &Ldp2+ &dps=udx+vdy+wdz.
That equation shows that the quantities &, &, & and dpi, dpz, dps are considered to be

contragredient variables.

3. The form du dx + dv dy + dw dz. — Along with the differential form that represents the
square of the line element, yet another quadratic form is also meaningful for the theory of elasticity
that determines the dilatation of the line element.

It is the form:

du dx + dv dy + dw dz

= a—udx2+@dy2+a—v\/dzz+ 2-1 MmN dydz+2-%(a—u+@)dzdx+2-% xu dxdy .
OX oy oy oy oz oz oX ox oy

Let the expression for that form in the new coordinates be:

®=>a,dp,dp, (A4, u=1,2,3)
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Here, one has:

(1) Qiu =

NI

ou 8x+8v 8y+8w oz N ou 8x+8v 6y+8vv 0z
op, p, 9p, p, P, P, op, op, p,op, Ip, P,

From equations [§ 2, (2)], one has:

2 2 2
o _ ou 6x+av 6y+8W az+u 0°X iy o’y W 0z (4 u=1,2,3),
op, p,op, 0p,0p, p,0p, IOp,0p, P, 0P, op,op,
and on considering [§ 2, (2)], it will follow that:
o0&, o0& 3 (A u
(2) Oy = i _],_'__,U - é:‘, (ﬂ/’ ,Ll: 1! 2! 3)'
i op, o, VZ:; %

We now summarize those forms of the system that is determined by the quadratic forms F and ®
that will be used in what follows. We let A (1) = A3 — A2 A+ A% —A,A" denote the determinant
of the quadratic form ® — A F. Here, we obviously have Ao = A. We let G denote the contravariant

of the form F and let ¥ denote the simultaneous contravariant of the forms F and ®, which is
linear in the coefficients of those two forms. We then have:

G = ZAZ,;J 5], 6;: (/1’ /u: l’ 2’ 3)
We set:
Y= Buéid.
Here, we have:
3 3 aA
(3) Biu=Pur= D> a, —= (A4, u=1,2,3).
V=l K=l oa,,

The contravariant ¥ can also be defined as the coefficient of p in the development of the
determinant:

ay—pay =P, ay—pa; &

Q= Py Up—pPay, Apy—pPay &

Qz =Pl Up—Pay Ap— Py &
& S S

in powers of p.
The following easily-proved relations exist between the forms A1, A2, G, and V-



Maurer — On the deformation of curved elastic plates. 7

A1 :ZAZ./J aﬂ,u (/’L!,Ll:l; 213);
4 oA, oA oA oA
=A,, —2=2A , —%2=p8,, —%=2 A# u).
oa,, Y aa@ Vit oa,, B 861/1” ﬁ,m (A= w)

The values that the forms F, @, A (1), etc., assume when the Cartesian coordinates enter in place
of the general coordinates pz, p2, ps might be denoted by F’, @', A’(1), etc. One then has, e.g.:

F’= dx*+dy® +dz*, @' =dudx+dvdy+dwdz.

4. Expressing the potential of the elastic forces and the kinetic energy in the new
coordinates. — The principal dilatations A1, 42, A3 are given by the values of A for which the
determinant of the quadratic form @' — A F“vanishes, so the roots of the equation A’(1) = 0. A(4)
= A A’(4), one then has:

M+ A+ Az= %, M+ Az + A3 n=

> >

As a result:

A2 A
2+ 2+ 2:_1_2_2_

One further has:

G (&, &, &)=AG (U, v,w),
so one will also have:

2 2 2
G(%,%,%j:%{@ﬂm]ﬂ Y () (o))
ot ot ot ot ot ot ot ot ot
Finally, one has:
oV = [ Adp, op, op,.

That then gives the following expression for the potential for the elastic forces [§ 1, (5)]:

_ Al A,
= K(\J/.){(lhsl)?—ZK}ﬂ6p18p26p3,

and the kinetic energy is [8 1, (4)]:

o8, OF,
T=1 j [ZAM%%} ky/ A dp, op, op, -
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5. The basic equations of elasticity theory in general coordinates. — From the foregoing [8
3, (4)], one has:

sU=— 2K j ZZ{[(H&)%—%}5%}%@15@ ap, .

(V) A=l pu=1

Here, one has [§ 3, (2)]:

08, &[4
S = 3| 60 4 5%5n —z{ “}5;.
ap apl v=1 |4

"

We set:
A
1) 2K{(1+8)K1 Aiﬂ—ﬂﬂﬂ} =—Niu, Nui=Ni A u=12,3),

to abbreviate, and get:

(2) &J: J. |:23123:N/w 5%_23123123:{/1‘/#} Nl,u 55‘/:'%\/%8[33 :

) [ 41 = apﬂ A=1 p=1 v=1

We convert the integral on the right by partial integration in the known way.

The angle that the outward-pointing normals to the surface p. = const. make with those of the
outer surface S to the body will be denoted by @, . That angle is obtuse at a location where the
direction of increasing p1 enters the body, and one will accordingly have:

A, dp,0p, =—C0S @1 38 .

The angle @, is acute at an exit location, and one will accordingly have:

A, 6p, p, =+ C0S @1 3S
there. One then has:
Nll
N A
J‘ Nllé‘ 65/1 apl apz ap3 — A1 COS a)l 5§A as _ ‘[ 6 5451 apl apz 6p3 ]
V) 5p1 ﬁ G N A11A ) Py

0

&‘

Two analogous formulas are obtained by cyclically permuting the indices 1, 2, 3. We then get from
(2) that:

0S

G

3
3) U= IZ Ny cosm, + N,z cosco2+Mcosco3 S, -
A=1

VA R A
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a NﬂZ

N N,
0~ 0
B IZ \/K+ \/K—i_ \/_ 1 ZZ{ } Hv 5§v8p28p26p3

) A=1 ap]_ ap2 aps \/K u=lv=1

Furthermore, one has (cf., § 4):

jﬂat_jatj {ii% ~ a;”}ﬁépﬁpzapa-
V)

t A=1 p=1
Since the variations o6& vanish for t = to and t = ty , it will then follow from this by partial
integration that:

4) j(ST ot = jatj Z[ZAM = }%mapzapg.

(v) 4=l | u=l

With the use of equations (3) and (4) of this article and equations (3) of article 2, we will now get
from the basic equation of the theory of elasticity [§8 1, (1)], the differential equations for the
interior of the body:

a Nﬂl NlZ a NZS
(5) k {A 62§1+A 62§2+A 8253}:P— JA_ ,/A_ JA 1 {,UV}
A1 2 A2 2 A3 2 A
JA ot ot ot op, op, op, /

1=1,2,3),
and the condition on the outer surface:

2_COS @, + 22 cosa)s} =—(P)x 1=1,2,3).

6 L { Nt cosmy o N N,
JALVA, VA, VA
Here, / a,; (P1), «/ a,, (P2), \/ a,, (P3) mean the projections of the pressure that acts upon the outer

surface onto the outward-pointing normals to the surfaces p: = const., p2 = const., p3 = const., resp.
(cf., the remark in regard to § 2, (3)]

6. Mechanical meaning of the quantities N, . — The equations that were derived in the
foregoing are also valid for an arbitrary subset Vo of the total volume V of the body. Instead of the
components (P1), (P2), (P3) of the pressure on the outer surface, the components of the pressure
that Vo experiences from the remaining part of the body will enter in this case. We assume that a
part of the outer surface of the volume Vo coincides with one of the surfaces p, = const. in such a
way that the outer side of the former surface covers the inner side of the latter, and we let I1,1,
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I, I,z denote the values that the quantities (P1), (P2), (Ps), resp., assume in this case. /a,, IT ,

then means the projection of the pressure that the inner side of the surface p. = const. experiences
onto the outward-pointing normal to the surface p. = const. The cosines cos @i, COS @», COS @3
take on the values:

A

ul

A A

"2 y7K]

_\/AilA/w, _\/AZZAW 1_\/A33Amt 1

resp., in which case (cf., the previous article and article 2), and from equation (6) of the previous
article, that will give:

A A A
! {—”l N, +—22N,, +—22 N%} = i (A u=1,273)
\/ A,,,, A 1 Azz Ass

Part 11: Application to the case of curved, thin plates.

7. Geometric definition of the body. — We assume that the body in question is a thin plate
that has the form of a curved, but not developable surface.

In order to define the form of the body geometrically, we start from a “middle surface” So,
which can be closed or have a boundary curve L.

As for all surfaces under consideration here, we will also distinguish an outer side and an inner
side for So .

We then assume that there are two parallel surfaces S+ and S- to the surface So, the former of
which runs across the outer side of Sp and the latter of which runs over the inner one, and both of
them possess a distance from So of &. As long as the middle surface is closed, the two surfaces S+
and S- define the complete boundary of the body. If that is not the case then we imagine that the
normals to the surface So are erected along the boundary curve. The surface strip R that defines the
normal segments that lie between S+ and S- complete the boundary of the body.

We assume that the middle surface is continuously curved, so in particular, it is free from edges
and vertices.

8. Specializing the coordinate system. — In order to fix a point on the middle surface, we
employ parameters pz, p2 in the usual way. It will be assumed that every point of the middle surface
is determined uniquely by the associated parameter values. In order to determine an arbitrary point
of the body, we introduce the distance pz of the point from the middle surface. It will be considered
to be positive or negative according to whether the point lies on the outer or inner side of the
middle surface.
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We denote the Cartesian coordinates of an arbitrary point of the body by ¥, y, z, the coordinates
of the base-point of the normal that goes through the middle surface by xo, Yo, Zo, and the direction
cosines of the outward-pointing normal to the middle surface by X, Y, Z.

For the square of the line element, since:

Xdxo+Ydyo+Z2z0=0 and XdX+YdYy+zZdz=0,

there will be an expression of the form:

(1) [a dp? +2a? dp, dp, +a5) dp?]+2[c,, dp? +2c,, dp, dp, +C,, dp2] p;
+ [by, dp? +2b,, dp, dp, +b,, dp3] p? +dp? .

The first quadratic form on the left represents the square of the line element of the middle surface,
and the form that is multiplied by p? represents the square of the line element of the GAUSSIAN
sphere. The quantities ci are the so-called “second-order fundamental quantities” of the middle
surface (%).

In the general formulas of arts. 1-4, one must then set a;3 = 0, a3 = 0, azs = 1 in the present
case. It then follows that:

2 Aun=axg, Az=an, Apr=-an, Aiz=0, Ax=0, As=A=anaxn-a,.

. A . : .
In regard to the quantities { H } that were introduced in art. 2, for the present purposes, it
|4

would suffice to remark that since (see art. 8):

X_x. Yoy oz xriyiyzieoq,
op, P, P,
one has:
2 2 2
0°X Ry oy L7 0z _
apy apS apy apS apﬂ ap3
and as a result:
3
{‘;}:o for  u=1,2,3.

() Cf., Knoblauch, Einleitung in die Theorie der krummen Flachen, pp. 24.
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12| (23
The quantities { } { } (v=1, 2) will not come under consideration in what follows. Finally,
14 14

A A A
as far as the quantities { 1ﬂ}’ { Zﬂ}’ { 3”} (A4, =1, 2) are concerned, only the values that

exist on the middle surface will appear in the following, so only the ones that correspond to the
value ps = 0. Those values are defined by the equations:

RNl
op,0p, 1)op [2)0p, |3
2 y) A A
o, op, (L1)op [2]ap, (3
A
op,p, (1)ap (2])0op, (3

A
Those equations show that for p3 = 0, the quantities { 3” } are the negatively-taken second-order

(3)

A
fundamental quantities of the middle surface, so { 3’”} = — Ciu for p3 = 0 . The values of the

A
quantities { 3”}, (A4, u=1, 2), that correspond to ps = 0 are the known Christoffel constraints ().

The angles w1, a», ws that the outward-pointing normals to the outer surface of the body define
with the outward-pointing normals to the surfaces p: = const., p. = const., p3 = const., take the
following values in the present case:

along the outer surface S- : % , % , 0,
" inner " S Z, Z, 7T,
2 2
" boundary surface R : w, w2, %

The conditions for the outer surface (arts. 5, 6) then read as follows in the present case:

(Y Cf., e.g., Knoblauch, loc. cit., pp. 172.
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along S+: Niz=-A(P)),
4) " S-: Ni=+A(P)),

\/—COSG)1+\/—COSC()2——\/_(P(R))
22

Here, \/5 (RH, \/E (R), (B") mean the projections of the external pressure that acts upon the
surface S+ onto the outward-directed normals to the surface p1 = const., p2 = const., and pz = const.
or So . The meanings of the quantities (P;’) and (P{) are then clear with no further discussion.

(1=1,2,3).

If tractions, in the narrow sense (i.e., not tensions) act upon the surface S+ and S- then (P,)

will be negative and (P®) will be positive.

9. Introducing restricted assumptions. — We now make use of the assumption that the
thickness 2¢ of the plate considered is very small. In that way, we consistently maintain the
assumption that the components of the displacement &, &, & and their derivatives of first and
second order (and correspondingly, the stress components and their derivatives) must also be
considered to be continuous functions when we consider ¢to be a quantity that is infinitely-small
to first order. In other words: We exclude the case in which the displacement components or their
derivatives of first and second order go up to an order of magnitude of 1/ &.

In regard to that, it should be remarked: The assumption that the components of the stresses
that originate inside the body are very small and vary continuously everywhere generally demands
that the components of the displacements and their first derivatives with respect to the coordinates
must be very small, but it does not exclude the possibility that in some parts of the body, the
quotient of the directional derivatives of a stress component with the component itself (i.e., the
logarithmic derivative of the stress component) will attain the order of magnitude 1/ &.

Rather, it is not at all established a priori whether the assumption that this does not occur is
even admissible.

In the following, it will be shown that this assumption is admissible for certain forms of plates,
but not for others.

With our assumptions, the quantities «.v (and naturally the corresponding principal dilatations
A1, A2, A3) are at least infinitely-small quantities of first order. However, the case can occur in
which those quantities a are all infinitely-small of second order, while the derivatives in the
direction of the normals to the middle surface go up to the first order of magnitude. If one imagines
developing the quantities oy in a series of increasing powers of ps :

()
Quv=« +aﬂv p3+ aﬂv p3

then if affv) is a first-order quantity, one can neglect the terms «;, p;, 3., pZ, and likewise all

of the ones that follow them, as infinitely-small quantities of higher order. By contrast, when aff’v)
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is infinitely-small of second order, the second term «,, p, must be preserved. It is then clear that

the two cases require an entirely-different treatment.

In what follows, | shall restrict myself to the case in which the quantities ¢,y are small
quantities of first order and reserve the second case as something that | will return to on a later
occasion.

We make two further simplifying assumptions that are admissible in the cases that occur in
practice: We overlook external forces that act upon the interior of the body, so we neglect gravity,
and we assume, secondly, that only a constant normal pressure acts upon each of the two outer
surfaces of the plate S+ and S- . Along the boundary to the body, which belongs to a boundary
surface R, we assume that the pressure that acts upon an element of R is perpendicular to the normal
to the middle surface So that goes through the surface element.

10. Consequences of the assumptions that were introduced. — By assumption, the
fluctuations that the values of the functions &1, as., Niu experience when one advances along a
normal to the middle surface So are considered to be infinitely-small quantities of higher order. It
then follows that: One can replace the value of one of those functions at an arbitrary point on the
normal with the value that exists at the corresponding point on the middle surface. It should be
remarked in regard to the functions N1z, N23, N33 that since, by assumption, a normal constant

pressure acts upon the surfaces S+ and S-, one must set (R"), (R,’), (R7), (P,) equal to zero in
the formulas [§ 8, (4)]. The quantities — (F;") and (P,") can differ by only a negligible quantity.
To simplify the notation, we set:

-(R)=F) =(F).

(P) will be positive or negative according to whether a pressure or a tension acts upon the surfaces
S+and S-.
Even though the quantity (P;")+ (P,) can generally be neglected, nonetheless, (due to the

smallness of &) the quotient — [(R,") + (P, )]/ 2¢ can possess a value that cannot be neglected.

That value might be denoted by Q. The constant Q will be positive or negative according to
whether a greater pressure acts upon the outer or inner surface, resp. (cf., the remark at the
conclusion of art. 8).

On the grounds of the assumed continuity of the quantities Nz, and their derivatives, the
following equations [see § 8, (4) and (1)] will be true for every point of the body approximately:

Q) N1z =0, N23 =0, Ns3 = (a{f)aé‘z’) —afﬁ’z)(P) :

To the same degree of approximation, one can replace the differential quotients N3 / dps with the
quotients:

N;A_N;/I — _A+(P/1+)_A7(P;) — A
2¢ 2¢

GIEIGAY
2&

A
e (P
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Therefore, ON13 / dp3 = 0, dN23 / opz = 0. To the approximation that is valid for oNa3 / dps , the
quotient (A" —A")/2¢ can be replaced with the value of the differential quotient 6A / dp that is
calculated for the middle surface, and that value is equal to [§ 8, (1)]:

(0) (0) (0)
a; Cptay, C11_2312 Cp -

We then get the approximate value:

aalp% = (ai(f) C22 +aég) Cll _231(3) C12)(P)+(a1(f) aég) _al(g)z)Q |
3

and that will give the approximate value:

a N33
VA 1
0 T ToLo Lon [1(af c,, +af ¢y —2a% ¢,)(P)+(a) af —a%*)Q] .
Ps a; &, —a;

The simplifications that proved to be admissible in the foregoing are not introduced into equations
(5) and (6) of art. 5.

It is convenient to simultaneously introduce a simplification into the notations. In what follows,
the values that the aforementioned functions assume for pz = 0 shall be denoted by x, y, z, u, v, w,
a, o, Nau, & . Those quantities will then be considered to be functions of position on the
middle surface from now on. We denote the determinants of the quadratic binary forms:

a,, dp? +2a,, dp, dp, +ay, dp? and ¢, dp; +2cy, dp, dp, +C,, dp;

by a and c, resp., and their simultaneous invariant by (a, ¢). Analogously, we let (a, ) denote the
simultaneous invariant of the binary forms a,, dp? +--- and «,, dp} +--- In place of the quantities

N11 N12 N22 that were originally defined as the coefficients of a simultaneous contravariant of two
ternary forms (arts. 3 and 5), we introduce the quantities 11 = N2z, 22 = N11, 712 = — N12, which are
considered to be the coefficients of a simultaneous covariant of the two binary forms a,, dp/ +---

and a, dp] +---
It now follows from equation [§ 5, (1)]:

A
2K |:(1+ zg)Kl A/l,u —ﬂlﬂ:| =- le,u )

that since:

A3 =0, A3 =0, A=Asz=a, Ni3=0, N23 =0, N33 =a (P)
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[cf., 8 8, (2) and equation (1) of this article]:

P13=0, P3=0,
2K[A+ 9 AL—pz]=—a(P).
Now:
A1 = ZA/M a, =@ ag+aas.
As a result: |
) pra=+ L (14 9) [0, @) + 2 il

On the other hand, from their definitions [§ 3, (3)], the quantities S have the expressions:

P =ax az+ a, P2 = au a3+ ou1, P2 = — a2 a3 — a12,
P13 = a1 axz —an a3, Pr=an az—an s, =(a,aq).
Since:
Pz=0, P3=0, onealsohas a13=0, o3 =0.

If one substitutes the value of 3 that was just found in equation (3) then it will follow that:

1P 9 (g

a33 = —
1+92K 1+9 a
and from that:
ﬁ: (a’a)+a33:_ 1 @_ 1 (a'a)_
A a 1+92K 1+9 a

It now follows from equations [§ 5, (1)] by a simple calculation that:

9 @_1+29(a,a)
1+92K 1+8 a

4) Vou = ZK{O% +( ja@} A4, u=12).

Art. 6 will imply the equations for the stresses that prevail along the middle surface:
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1
\/EHM = ———=ay, 75, &, 75,1,

1 a‘22

1

o \ A I1, :m[aﬂ Yutan ¥l
1

\ &y I, = ——=[a, 7, +a, 111l

1 a22

1
\ @ I, = —=I[a,, 1, + 2, 751 -
\ & a,a

The mechanical meaning of the quantities I, can now be expressed in the following way:
J a,, IT , means the projection of the pressure that the surface that lies on the inner side of
the curve p. = const. experiences from the outside onto the outward-directed normal to the curve

p2= const. that contacts the middle surface. The outer side of the curve p, = const. is considered
to be the side along which the coordinate p. increases.

11. The basic equations of the problem. — We must now carry out the following substitution
in the equations of the theory of elasticity [§ 5, (5) and (6)]:

At =ax, Ap=-ar, Ax=an, Az =0, A =0, Axz=A=a,
1) o [l 22l 33, [38_, [33] _,
3 11, 3 12, 3 22, L , 5 , 3 ,
P1=0, P,=0, P3s=0,
OoN ON
Nit=p2, No=-n2, Nao=pu1, Ni=0, Ns=0, B =0, —2=0,
0P, op,
Mo
a
N33:a(P), \/_ =l(a’C)(P)+\/3Q.

o, a

That gives:

7/22 712

226t2 26'[2 ﬁapl ap2 1\/3 1fJa [1){a]|’
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P4 Y 712

= 0% ﬁ -_ \/_ \/_ Yo 12 yéry 22 T
@) {""“ a“atz}‘ il w {z}ﬁ Z{z}ﬁ{ |

3) k8252 :_%M(p)_Q_,_M _
a a

As long as the middle surface is not closed, the following boundary conditions [cf., § 8 (4)]
will have to be considered:

1| cosw1 c:osa)2 | —_(P™®)
712 1)
“ Jal Ja, ™ Ja,
\/1E (js_wl C\c/)s_a)z?/zz =-(R").
22

Here, w1 means the angle that the outward-directed normal to the boundary curve that contacts
the middle surface makes with the normal to the curve p1 = const. that contacts the middle surface
and points in the direction of increasing p1 . @2 has an analogous meaning.

The connection between the quantities y.» and the displacements is mediated by equations [§
10, (4) and 8 3, (1) and (2)]:

- (P) & 1+28(a,«a) _
©) = ZK{%‘ (2K1+9 19 a )a@} Au=12

and

+ .
2\ op, op, Op, op, Op, GDJ 2\ op, op, op,op, Op, op,

1(0&, o0 Au Au
A _ﬂ""i - 51_ §2+C/1,,§3-
2{ dp, p, 1 2

It follows from (5) that:

) :1£8u X, Ny ow g(m X, oy ow azj

(6)

@rn) - 29 py_xit38@a)
a 1+9 1+9 a
and from that:

1 [ 1+29 @) .
ﬂ,u_

7 ==
0 = okl 139 a o T 1n 39()“‘}
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Weingarten denoted the expressions that define the right-hand sides of equations (1) and (2),
when taken negatively, by 7 (p1) [7« (p2), respectively]. He proved that those expressions
transform like the differentials dpi, dp2, which will also emerge from the development that was
carried out here. He further proved that the two expressions will vanish when one replaces y;. with
@4y OF Ciy .

One can give the expressions ya (p1) and 7 (p2) a form that is more convenient for many
applications.

Namely, if one observes that (}):

1l+ 11 _1oa, 11+a 11
a111 a122 _25}31’ a121 2] 5

- 0a, 103,
op, 20p,

12 12) _ 10a, 12 12| _10a,
el P
311{212}+a12{222}= %_1%, au{z 2}+a22{22} _1laoa,

p, 20p 1 2 2 op,

then that will give:

_ 1 a, 7 a12 V1o Ay o~ YV
(8) @ ja(p1) +aw ya(p2) = 2
11 1 12 2 \/—|:apl( apz \/E

N LTS aazz
2a {}/22 o, T o,

_ 1 ay, V. a12 Y12
(9) a2 ja(p1) +az y(p2) = 24
12 1 2 2 \/E{apz{ J apl

Ay 712\/_312 V22 j}

1 0 oa 0
5|72 By + %
2a| " op, "2,

12. Conditions for equilibrium. — I shall not go further into the theory of oscillations, but
only restrict myself to a closer examination of the conditions for equilibrium.
For the case of equilibrium, the first three equations of the previous article take the form:

7a(P1)=0, (p2)=0,

() Cf., Knoblauch, loc. cit., pp. 170, et seq.
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€r) - 1@ oo
a 2 a

We now imagine that the deformation that actually occurs is composed of a superposition of
two simple deformations. The first of those two deformations corresponds to the assumption that
Q =0, while the second one corresponds to the assumption that (P) = 0.

For the first deformations, one has the equations:

() =0, 7(p)=0, &) 229p),
a

1], 1+29(a7) 9
— - a,, + P)a
2K[7“‘ 1739 a w'tirag® ﬂ”}

_llow x vy oWz ouox vy ow
2| op, op, op,p, Op,p, Op,0p, Op,0p, P, M,

!
a, =

For the second deformation, one has the equations:

(p) =0, 7(py) =0, (C’a” =Q

y 1], 1+29%(a,y")
o, = [ ___7%]

K| 1139 a

These must be combined with the three equations that mediate the connection between the
quantities «;, and the components of the displacements u”, v", w".

We satisfy the first system of equations by the assumption that:
" _ , _ (P) 1-9
ra(p) =2 (P)ay, g, ==

u_vio_w_ (P)1-8
X vy oz 4K 1+39

That deformation consists of a uniform compression of the middle surface under which it

remains similar to its original form.
Since there is no obstacle to reducing the case in which (P) is non-zero to the case in which

(P) =0, I shall assume that (P) = 0 in what follows.

13. On the uniqueness of the solution. — The differential equations that are true for the case
of equilibrium now take the form:
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AME)=0, a(p)=0, %:—Q.

When the middle surface is not closed, the following boundary conditions must be appended:

i_ cosw1 coswzy } _ (P(R))
Va| V& a "

i Ccos a)l L Cosw, —_(p®

Fi| R )

The dilatations and the displacements are defined by the equations:

1+29 (a,)
WZZK[%_H:%S a aﬂ”}’

_1(o5, o5 [ru, _[in
o e

These must be combined with the continuity conditions:
The quantities yz. and &; are single-valued and continuous on the entire surface.

21

If the quantities yz, and & are not determined uniquely by the given conditions then there must
be a system of quantities yz. , &2 that satisfy the equations that the foregoing ones go to when one

sets Q equal to zero, and in the event that the surface is not closed, (R™) and (P}, as well.

The integral over the entire middle surface is:

1= [[ra(p)&+7(p) 108

(S)

a2 Voo 7/12

B E g

711 712

‘Ta e Liale e e
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_ 9q 1 g, 2
= (£)|:722( ap, { }é {2}§2J +7u L o, { }51 { ) }éj
_ _1og 195 2 ap, op,
2712( 20p, 20p, { }é {2}§2J} \/E +R.

When the middle surface is closed, one must set R = 0. If it is bounded by a boundary curve L
then R will be the integral along that curve:

2 o Fon- oo -

The integral is equal to zero, due to the initial conditions.
Based upon the equations that are valid for the displacements, one now gets:

e op, p;
= [[-(na)+(c.7)&] i

(8)

Now:
c,n=0
and
2
(7 @) = 2K 20{_1+2,9 (a,) .
1+8 a
As a result:

2
J=2K | 1428 (,a) ,a|
oL+ a a

Since the form a,, dp +2a,, dp, dp, +a,, dp? is definite, the expression under the integral sign

is non-zero and positive as long as not all three quantities a. vanish.

Now since J = 0, it follows that the quantities a1 are all equal to zero. The line element of the
middle surface then experiences no dilatation. It follows from this that by our differential equations
and the associated continuity and initial conditions, the deformation of the middle surface is
determined up to an inextensible bending.

If the middle surface is a closed surface with everywhere-positive curvature then, as Liebmann
has proved, an inextensible bending is impossible. The question of whether (to what extent,
respectively) such a bending of a closed surface is possible when its curvature is partially positive
and partially negative has not been answered yet.

If the middle surface is not closed then in order for the deformation to be determined
completely, further conditions must be added to the boundary conditions that were given above,
e.g., the condition that the boundary curve is fixed.
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However, the question of whether that condition is also sufficient to determine the deformation
must remain open for now.

14. Determining the components of the displacement. — When the quantities ya.are known,
and therefore the quantities a.,, as well, the determination of the components of the displacement
will require the integration of a linear, but not homogeneous, second-order partial differential
equation, which will require only quadratures, in addition.

In order to exhibit that partial differential equation, we employ the procedure that Weingarten
gave (4).

It is preferable determine the components of the displacement u, v, w, as evaluated in the
direction of the Cartesian coordinates, not the quantities & .

We introduce three new unknowns, namely:

O ,7:_{ o ou a_xa_u}
2/a |~ ap, op, “op,op,
) nlzzxa—u, nz—ZX .
op, op,
Here, we wrote:
ax au
apl apz

as an abbreviation for:
X oy v oz ow
op, dp, Op, dp, 0P, p,
etc.
n is a differential invariant. Namely, the numerator of the expression 7 is the linear invariant

of the bilinear differential form:
2 2 Ox_ou
ZZ dp, dp,.
A=1 p=1 api ap

m, n2 are the coefficients of a linear differential covariant, which will emerge immediately from
the equation:
mdpr+ mdp2=Xdu+Ydv+Zdw.

In order to see the mechanical meaning of the quantities 7, 71, 772, we imagine, for the moment,
that the origin of the Cartesian coordinates X, y, z is placed at a point of the middle surface, and the
positive z-axis coincides with the outward-pointing normal. We then have:

(M “Uber die Deformation einer biegsamen unausdehnbaren Fliche,” Crelle’s Journal, Bd. 100, pp. 296.
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m dp1+ m2 dp2 = dw .

Therefore, 771/ﬂ/a11 is the cosine of the angle that a line element that has the direction of

increasing p: after the deformation makes with the original direction of the surface normal. The
meaning of 72 is explained analogously.
In the case where the coordinate lines p1 = const., p> = const. are perpendicular to each other,

mlya,,n /./ a,, mean the components of the rotation around the line p1 = const. (p2 = const.,

resp.).
If one chooses the Cartesian coordinates X, y to be independent variables, for the moment, then

one will have:
_ ./ ou ow
n=s—=—-=1:
oy oX

where 7 means the component of the rotation around the normal of the middle surface (*).

The equations:
OX ou OXx au
=1 + A u=172
“ 2[2 o, v, o, apj =2

are now replaced by the equations:

ﬁﬂ:“ﬂv ﬁa_u:azzi

3) p, op, p, op,
ﬁa_u:%z‘H?\/z! Zﬁa—u=%—mﬁ-
op, op, p, op,

They must be combined with the equation [see 8 11, (7)]:

1 1+29
4 ==y, - Ha |,
( ) QAiu 2K |:}/i,u 1+39 ).,u:|

in which one has set (a, ) / a = H, to abbreviate.
It now follows from (3) that:

(5) Z i@_u_ O’ a—u - 92 + 877\/5_ ooy,
op; op, op,0p, p, Op, op, Op,

In order to convert the right-hand side of that equation, we remark that:

(Y Weingarten, loc. cit., used ¢ to denote the quantity that is denoted by 7 here and called it the “displacement
function.”



Maurer — On the deformation of curved elastic plates. 25

a Al - AL

As a result:
0%z 5%
60512 80{11 aﬂ\/gz\/g \/E_ \/E
oy op,  op op, 0p,

(6)

b oo 22 e 2

In order to convert the left-hand side of equation (5), we make use of the equations:

2 A A
0°X { ﬂ}8x+{ ﬂ}ﬁ_%x (A, u=1,2),
op, op, op, P,

and the equations that are obtained from them by cyclically permuting X, y, z. When we recall (3),
we will get:

0°X du 0°x  du

op? dp, “ op,op, op,

11 11 12 12
= {1}[0512 +77\/E]+{2}0522 —Cum, _{ 1 }all_{ 5 }[alz _77\/3]"'(:12 n -

We substitute that value in equation (5) and simultaneously employ (6). That will give:

alZ all
22 12 11 on
\/_ a\l{)l_ a\r/)z_ {2}%1"'2{2}%2_{2}“22:_\/Ea_pl_cnnz‘“:lzﬂl-

With the use of Weingarten’s notation, one can write:

_ 77 C11 7, —C, 1
ta (p2) = —= 91 Gl ~Colh
: / op, a

Now, as a result of (4):
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@ (p2) = | 74 (P) 1o Hay ()~ oo g o -2,
: 2 g WP T Rg| Mgy TRy
so since ya (p2) = 0 (art. 12) and aa (p2) = 0 (art. 11):
on 1 1+29(_ oH _ oH
7 c -c =— — ——a,— | .
() etz i */_apl 2|<1+3l9[a“@p2 a“aplj

When one switches p1 and p2 , so — n will enter in place of #, that will give:

- N 11429( oH _ oH
22 12 — C12 — —a,— | .
(R 8p2 2K 1439\ 2 op, 2 op,

We solve equations (7) and (8) for 71 and 7. . We obtain:

on on 1 1+29 0
Cn, =4 a C,——C
m \/_( 11 1zap1j 2K1+3:9(A1181 AlZasz

P
® ap2 on) 1 1+29 5
7 n +
cn, =Jal —c,—+c
T2 ( 2 3p, 12apzj 2K 1+39 [A“al A”apJ

Here, one sets:
(10) { aA; =8,C,—a,C,, ah,=a,C,-a,C,

a AZl a22 C12 a12 022 , a A22 = all 022 - a12 C12 !

to abbreviate. The quantities Az, have a simple meaning. Namely, one has the equations:

Kop, XK, X (A1=1,2)
op, op, op,

and four more equations that are obtained from them by cyclically permuting x, v, z.
Now, it follows from (2) and (3) that:

o, anz X U X au

op, op, op, op, “ p, op,

= [Ay oy + Ay (o, _77\/3)] —[A; (a, + 77\/3) +A, a,]
= [An o — A, o, — (A~ Ay g ] - a (A + A)

26
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One can write the expression in the first bracket on the right-hand side in the form:

1 a; &, ay 1 a; a&, a,
- E Gy Cp Cp | =~ m C, Gy Gy
A Gy Oy Yu Yo Va

We denote the determinant on the right (which is the simultaneously invariant of the three
quadratic forms a, dp’ +---, ¢, dp? +---, 3, dpf +---) by (a, ¢, 7), to abbreviate.
One further has A11 + A2 = (a, ¢) / a . We then get:

1 8772_6771 — 1 (aC]/) (ac)
Jal ép, o, T2k &Y a

If we introduce the values (9) for 71 and 72 then we will get the partial differential equations for

n:
18\/_(:677(:6_77 1a\/_cla_n_c_ @9,
Ja o, “op, " aop, J_ op, o, op a

11429 1 | 0 0 1 (acy)
2K1+33\/_{8p1{ (AM +A, ZH apz{ (Au +A, zﬂ}_i ¥

If 77is determined then equations (9) will yield 71 and 7., and the derivatives of the components
u, v, w can then be calculated. The determination of the components themselves then requires
nothing more than quadratures.

(11)

(to be continued)
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“Uber die Deformation gekriimmter elastischer Platten,” Archiv. d. Math. u. Phys. (3) 6 (1904), 260-283.

(continuation)

Part 111: A more precise examination of the special case in which
the middle surface is a surface of revolution.

15. Definition of the surface. Choice of coordinate system. — We apply the general theory
to the case in which the middle surface is a surface of revolution. In so doing, we restrict ourselves
to the case in which the curve whose rotation generates the surface is an oval whose symmetry
axis is perpendicular to the axis of rotation. We choose the axis of rotation to be the z-axis and
imagine that it is vertical. We choose the plane z = 0 to be the symmetry plane of the surface —i.e.,
the equatorial plane. We denote the distance from a point on the surface to the axis of rotation by
r. The quantities r and z are considered to be functions of a parameter p. We denote the derivatives
of r and z with respect to p by r’, z', etc., and denote the derivative of the line element on the
meridian curve by s". The quantities r and s’ are everywhere positive. The parameter p is chosen
in such a way that r’ is positive at the highest point of the meridian curve and negative at the
lowest one. The reciprocal value of the positively-taken radius of curvature of the meridian curve
isthenR= (z'r"—r'z")/s".

For the second parameter, we employ the angle that an arbitrary meridian defines with the
initial meridian that goes through the x-axis. We denote that second parameter by g (which deviates
from the notation that we have used up to now).

We now get the following representation for the coordinates of a point in the middle surface
and the direction cosines of the outward-pointing normal:

X =1rC0s(, y=rsinq,

1 ’ ’
@) X:—Z—'cosq, X=—Z—'sin q, Z:r—,.
s s s

!

One easily verifies that the determinant:

x ¥
o, Op,  Op
* oy |
op, Op, p,
X Y Z

is then positive, which would correspond to the convention that was made before (cf., the
beginning of art. 2).
We get the following values for the first and second order fundamental quantities:
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(2 2 -r'y rz

It is preferable to introduce the displacements in the directions of increasing r and q in place
of the displacement components u, v. We set:

u=pcosq-osing, V=psinq+ ocosq.

We then have [see § 11, (6) and § 14, (2)]:

K Op, 0w
Yo ~opop op  op
ou ox oo
Oyy = a——Zr—-l—rO',
qoq aq
a,—rs'n= MX_ 0o
- R B
, ouox ,0o , OW
a,+rs'n=Y ——=r'—-r'c+7'—,
oq op aq aq
_Zxa_u—_z_’a_p+r_’@
n o sop s op’
_Zxa_u—_z_' a_p_(; +r_,@
. aq s\ g s’ oq

Equations [§ 14, (9)] yield:
_ia_y 1 s'oH

@ hET oq E 2 op
__rop 110H
7 SRop ERp’

1+39

Here, the elastic modulus E = 2Kl >3 (art. 1, conclusion) was introduced in place of the
+

Kirchhoff constant on the right-hand sides.

The further investigation takes an essentially different form according to whether the middle
surface is or is not intersected by the axis of rotation. In the first case, the surface will be
everywhere convex-outward, and in the second case, we will be dealing with a tubular surface.
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16. Middle surface with everywhere-positive curvature. — We first consider the case in
which the middle surface is a simply-connected, everywhere convex-outward surface. In order to
split off the elastic deformation from the motion of the body, when considered to be rigid, we
assume (and this is obviously permissible) that the connecting line between the two poles of the
surface experiences no elastic deformation and that its bisecting point is fixed. Furthermore, the
surface element that goes through the upper pole might experience no rotation around the vertical.
Obviously, every point of the surface will be displaced only in its meridian plane, and all meridian
curves will be deformed in the same way.

It follows from this that the quantities 1, 712, 322, p, and w depend upon only the parameter p,
and the quantities o, 7, and 72 vanish [cf., the remark in 8 14, (2)]. The third of equations (3) in
the previous article shows that a12, and therefore 12 will vanish, as well, as a result.

In order to determine the quantities j1, 72, 72, we employ equations (8) and (9) of art. 11.
They give:

d(s'y s" r'
1 —| =2 | -=y,——y, =0,
(1) dp( r j r7/22 S,7/11
@ 2122 <o,

dpl s

to which we add the equation:

c, R Z'
3) % = r_2722_ﬁ7/11 =Q.

Since 2 cannot become discontinuous at the poles of the surface of rotation, equation (2) demands
that 12 = 0, which agrees with remark that was made above.
It follows from (1) that:

d /2

!

' r —
s—r ', =o.
dp 8,711

If we introduce the value of j11 that follows from (3) into that equation then that will give:

s?r'R rr's’
_ Yo

d/2
L ~—Q =0.
r z

S

!

dp z

We multiply that by z'/s"*. The coefficient of y22 / r will be:

z
rI(erl/_rIZﬂ) _ Zi(r(r"_'_zlzﬂ)_slz Z” _ Zﬂ ern ~ d ?
SrS SI3 S! SIZ p
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We then get i(Z,ﬁJ =-rr'Q, and as a result:
dpl s'r

!

(4) L R %rz + const.

In order to determine the integration constant, it should be pointed out that our system of surface
coordinates p, q violates the previous assumption that the determinant of the quadratic form that
represents the square of the line element should not vanish anywhere on the surface. As a result,
yet another condition must be added to the continuity conditions that the quantities 1, 72 must
satisfy:
@ e
12 2
a S r
then follows that the integration constant that we speak of is set equal to zero.

We then get:

The differential invariant H must also remain continuous at the poles. It

_ Qr¥%
722 2 7
Q 12 ' 2 &
=— =s"|2r—+r R,
n 2 z 7'
[ 12
H:—9{3rs—'+r2 — R}
2 yA

For z' =0, one also has r =0, so the quotient r/z" will remain continuous, and as a result, j11, 322
and H will be continuous on the entire middle surface.

When we introduce the constants E = 2K 1+35 and u = 9 (cf., art. 1, conclusion),
1+29 1+239
equations [§ 14, (4)] will give:
(5) o1 = l{ﬂm—mi} a2 = l{w —7 r—z} :
E rz |’ E|"7% Tt

The first two of equations (3) in art. 15 imply that r'p'+z'W' = a1, r p = ax. The
determination of w will be completed by the remark that that quantity must vanish on the grounds
of the symmetry in the equatorial plane.

One easily verifies that the values of p and w thus found will be single-valued and continuous
on the entire middle surface.

For the sake of brevity, | shall pass over the application of the fully-developed general formulas
to examples.
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17. Deformation of a tube. — We shall now assume that the middle surface has the form of a
bent circular tube. However, it does not define a complete closed ring, but is bounded by two
meridian planes. The angle through which the given oval must rotate in order to generate the
middle surface will be denoted by 27— 24.

We imagine that the open ends of the tube are closed by caps. These caps (as well as the tube
itself) are acted upon by the normal pressure (F,") from the outside and the normal pressure (F;")

from the inside. That pressure carries over to the boundaries of the tube: On each of those
boundaries, a force acts perpendicularly to the boundary plane whose total magnitude is the

product of the pressure difference (F;")+ (P,”) and the area of the oval whose rotation generals

the middle surface. How that force is distributed over the boundary depends upon the form of the
endcaps, and likewise depends upon the component of the pressure that acts upon the boundary
whose direction falls in the plane of the boundary. When the distance from the generating oval to
the axis of rotation is somewhat considerable with respect to its dimensions, one can assume that
the influence of the form of the endcaps is noticeable only in the close vicinity of the ends of the
tube, but that at some distance from the boundaries, the elastic stresses that originate in the tube
are independent of it. To that extent that this oversight is permissible, the remark that the stresses
(so the quantities j11, 712, 22) depend upon the parameter p, but not the parameter g, will also be
true here. We choose the middle meridian plane, relative to which the surface of the tube is
symmetric, to be the initial meridian (as the plane y = 0). We think of the point at which the surface
intersects the x-axis, which lies next to the axis of rotation, as fixed, and we further assume that
under elastic deformation, that element of the meridian curve that goes through that point does not
change in direction and the surface element that goes through it does not change its location, which
are assumptions that are obviously permissible.

On the grounds of symmetry, one finds that the displacement component p is an even function
of the parameter g, and the component o is an odd function of g. The component w must be
independent of g, since we have indeed neglected all forces that can bring about a dependency
upon that the parameter g. Of the components of the rotation 7, /s’, 12/ r, n [cf., the remark in §
14, (2)], the first one (viz., the component of the rotation around the parallel circle) must be
independent of g, while the other two (viz., the components of the rotation around the meridian
and the surface normal) are odd functions of q.

The first of equations [8 15, (4)] shows that 07/ &q is independent of g. As a result, 7 is the
product of g with a function of p. The third of equations [8 15, (3)] shows that the quantity a1
(Just like o and 7) is an odd function of g. Now, since, by assumption, the quantities 11, 12, 72,
and as a result, the quantities ca1, o1z, o2 [see § 14, (4)], as well, are independent of g, one must
have a12 =0, and as a result, 2 =0, as well.

Up to now, no closer determinations of the parameter p have been made. We now assume that
the parameter p is chosen such that the points of the middle surface that lie symmetrically to the
equatorial plane correspond to opposite values of the parameter p. Let p = 0 at the point on the
meridian curve that lies next to the axis of rotation. Let p = z/ 2 at the highest point of the meridian
curve and let p = =z at the point that is furthest from the axis of rotation. We index the
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aforementioned three points by the numbers 0, 1, 2, respectively. We denote the values that any
function f of p assumes that those points by fo, f1, f2, resp.

The points 0 and 2 are the endpoints of the symmetry axis of the oval, and the tangent to the
point 1 is parallel to the symmetry axis. r and z are periodic functions of p with period 27, and
indeed r is an even function, while z is odd.

The displacement components p and o are even functions of p, and w is an odd function of p.

From the convention that was made above, p=0forp =0, g =0.

18. Integrating the differential equations of the problem. — The integration of the
differential equations of elasticity theory proceeds in the present case just as it did in the case of
art. 16. We first get [equation (4) of the cited art.]:

Z’
—,Q = Q r’ + const.
s'r

In order for y». to remain continuous at the point 1, where z' =0, the expression on the right-hand
side must vanish at that point. One then has:

(1) yzz=—%§—:r(r2—r12).
From the equation [see § 16, (3)]:
% = r_R27/22 r:’Z 7 =Q,
one will get:
2 ﬂ1=—%s’2[2i—:r+j—ZR(r2—rf) .
If one writes y1 in the form: _
(2.a) m=—% {Zrz +—( (r*—r?) }

then one will see that 511 is continuous along the entire oval.
It follows from (1) and (2.a) that:

Tu, Ve - Q 2 1d ( j s'r—r?
3 H= e - 2| 2r—+ r +— .
®) s 2 [ s s'dplz UL 2 r

The function 77 must next be determined.
The expression on the right-hand side of the partial differential equation that this function
satisfies [8 14, (11)] vanishes, since A1 = 0, 512 = 0, and H is independent of g. The second term
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on the left vanishes because c1» = 0 and 7 is a linear function of g (cf., the previous art.). We then
get [see § 15, (2)]:

) 1L ofron J{R_Z_ljn 0.
rs'op\ Rs' op s'r

A further condition must be added: The left-hand side of equation [§ 14, (8)] vanishes forp= /2
and arbitrary values of q. Therefore, for p = z/ 2 and arbitrary values of ¢, one has:

on _ 1 1+219LH,_1£H,
o9 2K 1+39¢ Es

!

- H H
We denote the value that the derivative c;_ = —- assumes for p = 7/ 2 by Q h. The constant
S S

h is characteristic of the deformation of the tube.
We will satisfy the differential equation (4) and the auxiliary conditions when we set:

Q. r
5 = =hr—g.
(5) =g 1S,q

It now follows from [§ 14, (8)], when one recalls [§ 14, (8)], that:

1 r's" r's'
(6) 771=——{th PR H']
E z Z
One further has:
d r
? _ Srrﬂ_rrsn B (r12+zr2) r"—r’(r'r”-i-zlz”) B Z,R
dp SrZ S¢3 !
SO
d_77 = —Qhrl Z'Rq.
dp E

If we introduce that value into [8 14, (7)] then it will follow that:

Qhr 7

7 =— r—g.
(7) m= = S

The quantities a11, az2 are determined from equations [see art. 16, (5)]:

1 s 1 r?
(8) o = E ,U711_r_27/22 ' a2 = E /J722_57711 :
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Equations (3) of art. 15, which determine the components of the displacement, take the form:

(9) I"a—p+ Z’W = a1,
op
(10) I’a—0+r,0 =2,
op
(11) aﬁ:_%r’q1
op E
(12) a—a—a = Qhrqu’
op E
Z’op ',
(13) - ———+=W =n.
s'op s

The last equation in that system can be dropped since it is identical to (12).
Equation (9) shows that dp / dp is independent of q. We set p = po + p . Here, po means the

value that p assumes for p =0, and p is a function of p that vanishes for p = 0.
It follows from (11) that:
Qhr,

14 =_ X _1rq+r7,
(14) o = rate

where zmeans a function of g.
If we differentiate equation (10) with respect to g and eliminate p and o by using equations
(12) and (14) then that will give:

ois an odd function of ¢, and the same thing is true for z. Therefore, one has:
r=const.sing.

If we denote the integration constant by x> Q/E then we will have:
__Q 2
(15) o= E[hrqu K1y sing].

In order to determine the constant «, we set p = 0 and g = 0 in equation (10). For that system of
values, the parameter is p =0, so:
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2.2
oo S02h 0 Lo [priR 2o (@and @)
0

and as a result (8):

a o

',_222 -~ % H r : -2, —-R, (roz_r12)

0
A simple calculation gives:
2
(16) K= hr1+l+ Zrl(,u LR, .
0 0

It follows from (10), when one recalls (15), that:

(16) p:@+%[hrlr—zcrozcosq] .
r
In particular, for p = 0:
(18) 00 = %K’I’Oz(l—COSC]) .

If one multiplies equation (9) by z'/s'* and (13) by r'/s’ and adds them then it will follow
that:

! !

YA
= ST“M"'?UM

so sincew =0 forp =0:

Now, one has (6):

p rr p 2 /
j;ﬂldp:_ J{Qh }dp
O

0

Upon partial differentiation, the expression on the right-hand side will go to:

!

rr

1rr 17 2 47
H-H)-=||Qhr,—+—%(H-H,) |dp,
E ZI( l) E'l‘ Q lZ( dp ( l) p

in which one must consider that r' = 0 at the point 0.
We then get:
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!

drr
L — j Qhr—+ ; (H—H,) |dp.

0

1
E Z'

a11

Before we enter into a discussion of the formulas that we developed, it is first necessary for us
to calculate the constants h and «.

19. Determining the constants h and x. — For the determination of the constant h, it is

preferable to choose the first parameter to be the arc-length along the meridian curve, as measured
from the point 0.

h was the value that the quotient %(L—H assumed at the point 1, and one has [8 18, (3)]:
s

H _ dz 1dsr’-r} 1 d
~=r—es 2 S —( r2) |.
Q ds 2dz r 2ds

We set (r* — roz)/% = wand get:
z

4[ ar
dz 1Z+1 dZW

H
RS — _+_
Q ds 2r 2 ds

2
Atthepointl,wehave%:0,%:1,OI—|2r =0, and as a result:
S S
d’z) 1w 1(d1//j 1(d%y d’r
1 —h=r|— | -=23+—| - | +=| — +
@ l[dszJl 212 2r\ds ) 2 ds? ) 2(ds® 1%

We next express the derivatives of r and z in terms of the curvature R and its derivatives. One

Cdrdz d’zdr _ |(d¥Y (d%zY
"o ds dsds [E] (Ej ’
dR _d’rdz d°zdr
ds ds*ds ds®ds’
d°’R _d'rdz_d'zdr drd’z_d’zd’r
ds* ds*ds ds*ds ds®ds® ds® ds?

has:

Furthermore:
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d’rdr d’rdz _
__+__ =
ds® ds ds® ds
2 2
dirar drdz o,
ds® ds ds” ds
As a result:

d’r ) d?z d’z drR d‘z d’R 3
(ds] - R (ds] R (dsj (dsj (ds] _(Flml'

2

dz
Hence, d—z// = r’—r/, and as a result:
S

dzdz// d? zl// 3 ng
ds ds ds ds

2 2 2
%d l’[21+2£d_l/l d Z[//:Zrd_!_FZ(gj ,
ds ds ds?> ds ds® ds ds

3 2 2 3 4
gd f+3d sz 1/2/+3d :d—w+d f‘/f —Zrd—g 6d rdr
ds ds ds® ds ds® ds ds ds ds? ds

A consideration of (2) then gives the following equations for the values of the function y and

the derivatives at the point 1:
I 7 | 1
i (5)-4(5);
1 R Uds), R R’
&) #] (=G
ds*> ) 3R\ ds* ) R’ld )
If we substitute that value in (1) then we will get:
_1r(d°R 1r dRY 1 (dR) 1 1
Q SRl ) IR s ) R e ) IR
3RS ds” ), 2R ds R'\ds ), 2R

The constant « is then determined by that [see equation (16) of the previous article].
The differential invariant that appears in the expression for h as a factor of ry :

©)
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3R? ds®

\]:1
2

R*\ ds

1 (dez 11 d°R
depends upon the curvature and its derivatives of first and second order. Therefore, when two
curves have five-point contact, that invariant will have the same value for both curves at that
contact point.

In order to assess the dependency of the invariant J on the curvature of the curve precisely, we
calculate J for an arbitrary point of an ellipse.
We represent the coordinates of a point of the ellipse in the form a sin p, b cos p. That will
give:
a’—b*cos2p 3(a®-b?*)*sin’2p

J= -
ab s’ 8 ab s’

Here, one has s’ = \/az cos® p+b?sin® p. The absolute value of J attains a maximum at the

2 2 2 2
3D e s= 2o 4
ab? a’b
the endpoints of the b-axis. When the distance from the surface of the tube to the axis of rotation
is sufficiently large in comparison to the dimensions of the cross-section of the surface, the terms
on the right-hand side of (4) that are multiplied by r1 will be definitive in determining the order of
magnitude of h. When one is then trying to achieve a greatest-possible value of h one will then
choose the cross-section of the tube in such a way that it possesses curvatures of the same type at
the highest and lowest point that an ellipse possesses at the endpoints of its major or minor axis,
resp.

Under the assumption that J is sufficiently large, we will get the following approximate values
forhand x[see 8 18, (16)]:h=r1J, x=h+1=rJ+ 1.

endpoints of the axes, and indeed at the endpoints of the a-axis J =

20. On the continuity and boundary conditions. — The formulas that were developed in art.
18 show that the quantities 1, 322, p, o, and w’ are single-valued and continuous on the entire
middle surface. However, since the middle surface is doubly-connected, the single-valuedness and
continuity of the derivatives are still not sufficient to guarantee the single-valuedness of the

2z
function w. Rather, one must further demand that the integral _[w’dp will vanish when it is
0

extended over the meridian curve. If one recalls that w' is an even function of p and that the

derivative r’ vanishes for p = zthen one can also replace that condition with the following one [§
18, (19)]:

!

rr

T a 17 r'? '

1 wo= |z Hdp-= hr — +—%
1) = [ do-gllonn G

(H-H,)|dp =0.
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In general, the modulus of periodicity 2wz is non-zero, so the assumptions that we started from
in art. 9 will not be admissible in the general case. However, we will prove in what follows that
the cross-section of the tube can be chosen in many ways that make the modulus of periodicity
2w vanish. There is then an extended class of cases in which the theory that was developed here
finds it place. Those cases are precisely the ones that are important in practice. That is because,
obviously, it is preferable to give a tube of the type that is considered here, which might serve for
barometric or thermometric measurements, such a form that the stresses that occur are as
continuous as possible, where the word continuous is used in a practical sense, not a purely-abstract
one.

The irregularity in operation that many aneroid barometers exhibit is probably due to the fact
that the continuity conditions that were assumed here are not fulfilled.

In the following statements, we shall assume that the condition w2 = 0 is fulfilled.

The pressure that a surface element in the body that is perpendicular to a parallel circle

experiences from the side of decreasing q is equal to y,, /s. It acts in the direction of increasing

q[§ 10, (5)].
The pressure that a surface element that is perpendicular to a meridian experiences from the

side of decreasing p is ,,/r’>. When the distance from the tube to the axis of rotation is large
compared to its dimensions, one will have the following values, in the first approximation:

Vi1 — 4 d r’(r_rl)j
AV N | I AR /el R S VA I
52 Q{ls’ 1dp( 7'

2 —_q ~ (r-r) [§ 18, (1) and (2.8)].

The pressure that acts in the direction of the parallel circle then rises to an appreciably larger value
than the one that acts in the direction of the meridian.

The force [§ 18, (2.a)] that acts from the inside outward in the direction of increasing g upon
an element of the boundary that lies on the side of positive q is:

7 1d(r
%' 2¢ds = — 2Q8{I’1?+§d—p(?(r2—l’f)j} .

Thus, the total force that acts upon the boundary is:

27 27
- 2Q5Irz'dp = 2ng(q—r)z’dp.
0 0

The integral on the right-hand side represents the area that the meridian curve encloses. The factor
2Q¢ in front of the integral sign is equal to (art. 10) — [(R;")+ (P, )]. The force that acts upon the
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boundary and originates in the elasticity of the tube is then (as theory would demand) equal and
opposite to the forces that originates in the pressure difference (cf., art. 17).

One has the following values [art. 18, (15) and (18)] for the displacement of the end of the tube
that lies on the side of positive q (q = 7— f):

ao:—%ro[hrl(ﬁ—ﬁ)—/crosinﬂ], po=%ffr02 (1+cosp).

If ry is large and S is small compared to the difference ri1 — ro then we will get (see art. 19,

conclusion), op = — %J P, o= %J r.” in the first approximation. The displacement of the tube
in the tangential direction is appreciably larger than the displacement in the radial direction.

The two displacement components have opposite signs.

If the tube has the same type of curvature at its highest point as an ellipse has at the endpoints
of its major axis then J will be positive, so when Q is positive (so the external pressure is greater
than the internal pressure), the end of the tube will shrink back in the tangential direction. If the
tube has the same type of curvature at the highest point that an ellipse has at the endpoints of its

minor axis, so J is negative, then the end of the tube will move forward.

21. Analytic representation of the meridian curve. — It remains to be proved that the cross-

section of the tube can be chosen in such a way that the integral w> = jW'dp will vanish. To that
0

end, it is necessary to make certain assumptions about the analytical representation of the oval at
which the surface of the tube is intersected by a meridian plane.

It can be proved that w> will necessarily be non-zero when one chooses the oval to be an ellipse,
and as far as | can see, w» cannot vanish at all when the oval possesses two symmetry axes. That
can be proved in full rigor for the case in which ry is very large compared to the dimensions of the
cross-section. One will arrive at ovals with only one symmetry axis, which are useful for our
purposes, most simply in the following way: We assume an ellipse with one axis that falls along
the r-axis (it can be the major or minor axis of the ellipse) and assume that this ellipse contacts the
other axis of the oval that is parallel to the axis of rotation at five points. We now assign any point
of the ellipse to the point of the oval at which the outward-pointing normal has the same direction.
The coordinates of a point of the ellipse can be represented in the form ry — b cos p, a sin p. The
following differential equations are true for the coordinates of the corresponding point of the oval:

1) r=bsinp(l+vm), 2z =acosp(l+wvm),

and the initial conditions r = ry for p = z/ 2, z = 0 for p = 0. Here, m means an everywhere-
continuous periodic function of p with a period of 27, and v is a constant whose absolute value is
smaller than the maximum of the absolute value of 1/m. Furthermore, the function m is considered

to be given, while vis an auxiliary parameter.
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In order for the r-axis to be the symmetry axis of an oval, m must be an even function of p, so
it will be a single-valued function of cos p. Moreover, we would like to assume that m is an odd
function of cos p. That assumption is not essential for the following considerations, but it will lead
to a significant simplification in the proof.

In order for z to be a periodic function of p, it is necessary that Imcos pdp =0. Since mcos p
0
is an even function of cos p, that condition can also be replaced with:

7l2

J'mcospdp =0.
0

It follows from that equation that z = a for p = z/ 2, as required. We denote the differences between
the coordinates of a point on the ellipse and the corresponding point on the oval by vb u cos p and
vavsinp, resp. One then has:

r=r—bcosp(l+vu), z=asinpld-vv),

3) d(ucos p):—msin D, d(vsin p):—mcosp.
dp dp
. . . du du .
It follows from the penultimate equations that since — = — sinp:
dp dcosp
du
u+ -cosp=m,
dcosp
and from that:
zl2 zl2 7l2
du
= | ——d L
I dcosp dp = J.cosp P- j cos p b
Now, one has:
72 u d 7l2 zl2 ) d 72 d Py dp
——dp = m(p,)sin = | m(p,)sin
[ cosp® -!coszpj. (p,)sin p, dp, { (p)sin p, plf oD
72 72 7l2
sin’
= J'm(pl it dp, = _[—dp jmcos pdp.
cos p, cos p

p

The second integral vanishes due to (2), so as a result:

7l2 d
- dcosp

4) dp =0.
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It still remains for us to express the idea that the oval contacts the associated ellipse at five
points that correspond to the parameter values p = + 7/ 2.

We denote the differential of arc-length of the ellipse by dt and its curvature by P. One then
has:

t’:\/azcoszp+bzsin2p, P:?—?.

The following relations exist between the quantities t', P and the corresponding quantities s', R
on the oval:

(5) s'=(1+vm)t, R= P .
l1+vm

Since m is an odd function of cos p, the function m itself and its derivatives of even order will
vanish for p = z/ 2. We now assume that the first derivative m’ =0 is also true for p = z/ 2. Under
that assumption, one has that:

for p = z/ 2. That will then imply a five-point contact, as required. If follows from the assumption
that was introduced above that m / cos® p will remain finite and continuous for p = z/ 2. Equations
(3) show that u and v are odd functions of cos p, like m, and that the quotients u / cos® p and v /
cos® p remain continuous for p = 7/ 2.

We summarize the properties of the functions m, u, v that are obtained from the assumptions
that were introduced up to now:

1) m,u,varesingle - valued and continuous odd functions of cos p.

m .
2) ! Y__ are continuous for p=xl2.

cos® p ' cos® p ' cos® p

(A)

In addition, we would like to assume :
3) The maximum of the absolute value of r —r, is smaller than ;.

Equations (2) and (4) are added to that.

That assumption will suffice for the proof that w. can be made to vanish by suitable conditions
on the parameter v. Moreover, for practical applications, one will demand that the oval takes as
simple a form as possible. In order to achieve that, we introduce a second group of parameters. We
assume:
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The functions mand du / d cos p change sign at only one location in the

1
) interval O, 7 / 2.[At least one change of must occur due to (2) and (4).]
(B)
2) The functions u and v are everywhere - positive in the same intervals, and
indeed u =1for p=0.

Since u is equal to zero for cos p = 0 and positive for cos p > 0, du / d cos p will be positive for
small positive values of cos p and negative for cos p = 1. The same thing will be true of the function
m.

The simplest function m that satisfies the conditions that were posed is m = 20 cos® p —

24.c0s’ p. In that case, one will have:

u=5cos’p—4cos’p, v=4cos’p.

22. Proof that there exist forms for the cross-section that correspond to the assumptions
of the theory. — We now prove that once the function m has been combined with the constants a,
b, one can choose the quantities r1 and v in a number of ways that will make the integral [§ 20,

D] w2 = jw'dp vanish.
0

We introduce the values that were given in (3) of the previous article into equations (1) and (2)
of art. 18 and order them in powers of r1 . y, /s’ is a linear function of r1 . y,,/r* can be

developed in an advancing series of decreasing powers of r1 [since, by assumption (A.3 of the last
article), the absolute value of r — r1 is smaller than ri]. That series begins with a term that is

independent of r; . The series developments of H and o, /™ begin with terms that includes r:
[cf., § 18, (3) and (8)], the series development of w’ begins with a term that includes r’ [see, §
18, (19)]. We then get a series for w' that takes the form:

(1) W = Ar12+Br1+C+2+EZ+...,

1 rl

and that will imply an analogous series development for ws- :

(2) W2:(A)ri2+(B)l’l+(C)+@+@+...’

1 1

In that series, the coefficients of even powers of r; are odd functions of the parameter v, while the
coefficients of odd powers of r1 are even functions of v. In particular, (A) is an odd function of v.



Maurer — On the deformation of curved elastic plates. 45

To prove that, we remark: If we simultaneously replace r; with —ry, vwith — v, and p with 7
— p in equations (3) of the previous article then the quantities — m, — u, — v will enter in place of
the quantities m, u, v, resp., and correspondingly, — r, — z" will enter in place of r, Z', resp.; the
quantities z, r', s’ will remain unchanged. The quantities y,,/s” and y,,/r? also remain

unchanged under the given exchanges, while — w" will enter in place of w'.

We now imagine that the coefficients A, B, C, ... of the series that represents w' are developed
into series that advance in increasing powers of v. The coefficients of the doubly-infinite series
that now represents w' are single-valued functions of cos p, and indeed the coefficient of r v’

will be an even or odd function of cos p according to whether the sum of the exponents i + j is an
odd or even number, resp., because the w" will also change sign under a simultaneous sign change
of r1, v, and cos p.

The integral that extends from 0 to = will have the value zero for an odd function of cos p.
Therefore, in the series development of the quantity w- that we obtain by term-wise integration,
only those products r/ v for which the sum of the exponents i + j is an odd number will occur.

Q.E.D. It is now easy to complete the proof that was mentioned to begin with.

To that end, we assign an arbitrarily-chosen positive value zto the parameter vthat must satisfy
only the one condition that 1 / = must be less than the maximum of the absolute value of the
function m. We then choose the constant r1 to be large enough that the absolute value of the first
term in the series (2) is greater than the sum of the absolute values of all following terms. w, will
then have the same sign as (A). We fix the value of r1 and let v decrease from zto — z. The final
value of w2 will have the opposite sign to the initial value because (A) is an odd function of v. As
a result, since wz is a continuous function of v, it must vanish for at least one value of v that lies
between rand — 7. With that, we have proved: There are forms for the cross-section for which the
assumptions of our theory are fulfilled.

23. Approximate determination of the constant v. — In the foregoing, we made use of only
the assumptions (A) of art. 21. We shall now add assumptions (B) and assume, moreover, that the
dimensions of the cross-section of the tube are small compared to its distance from the axis of
rotation, so the semi-axes a, b are small compared to r1.

We will get an approximate value for the parameter v when we preserve only the first two
terms on the right-hand side of equation (2) in the previous article:

w2 = (A2 +(B)r,+(C)+--- =0.

We develop the quantities (A) and (B) in series that proceed in increasing powers of v and keep
only the first term in each series, so the term that is multiplied by vin the odd function (A) and the
absolute term in the even function (B).

We must now calculate the approximate values for the individual quantities that appear in
equation [8 20, (1)]. One has:
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rr

V4 V4 I} d
wo= [ % dp-L ] Qe T —Z(H-H,) |dp
5 S Es z dp

From [art. 18, (1) and (2.a)], one has:

Yiw — Z7 1.d [r' 2 .2 j
—_ == [—+——| —(I'" =L ,
8!2 Q|: S/ 25! dp Zy( 1)

@:_QS_’ r+r1
2 7 2r

(r—n).

We introduce the values that were given in [art. 21, (1), (3), and (5)] here and immediately suppress
all terms that do not come under consideration in the calculation of our approximate value. We

will get:
r—,(rz—rf) =— Etan p [2r,bcos p(1+vu)—b®cos® p+--]
z a

2
=— 2%[rlsin p—ibsin2p+vrusinp+--],

1d(r,, b2 du
—— | —(r - =—2—|rcosp—ibcos2 r,| mcosp— -
2dp|:zl( 1):| a|:1 P—3 p+v 1( p dcosp}L }

In the last term that was written out on the right-hand side, use was made of the identities:

du
m=u+ - Cosp,

dcosp
M—ucosp— sinp =mcos p — du .
dp dcosp dcosp

We further have:
1o Sl ume.
s (@A+vm)t

As a result:

11d|r, , b® . du
———| =(r‘'-r°)| == —|r,cosp—ibcos2p+vr| mcosp-— o]
2s [z'( ! } a{l P~z Prvh, P d cos p

Hence:
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!

2
z acos acos cos
r— =[ri—bcosp+...] P -y P_ap&S P
s

1

t’ t’ t'
o)
(1) % -_ 0 {rl(az—bz)cos p—b(a®-b?*)cos’ p—1ib®-vr b’ du +}
S at’ dcosp
Moreover:
) Iz - Qgt'+--- :Q,—b[(az—bz)cos2 p+bi+-].
r a t'a
That will give:
__Q 2 B2 9(a2 R 2 0 3pd_ 2 du
3) H= rL(a°—b“)cosp-2(a®—b")bcos” p—3b”-vrb e
at’ dcosp
b2
Hj_:%Q;.
Now:
i 2
iz Etan p[r,—bcos p] = rlgtan p—b—sin P,
7’ a a a
rr'
A= p 1 P
—+f—=1——————C0s p.
dp acos’p a
As a result:
a'’
@ g (H-H)
=— Q—bz{rf (az—bz)i—Srl(az—bz)b+§r1b2$—vrlb2%d—u+--} .
t'a cos p cos” p cos“ pdcosp

Furthermore, one has (art. 19):

Qhy,

r'’ a’ —b? sin’
; =Qr12—2 p(1+ Vm).
z a® cosp

As a result:

!

rr

rrZ d

(5)  Qhn—+—Z-(H-H,)
Z’  dp

aztl 2

_t'cin? r_
== Q@2 py) 2SR g 2 _pypssppz L0
! cos p ! 217 cos?p
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du
2 R 2
+Qrlv a Zb [ m —mcosp]+b—2—(?cos‘2p
a cos p a“t'cos’ p
Finally, [§ 18, (8) and eq. (1) of this article]:
1Oy _ H Yu _ Q (az_bz)cosz p
7/ =acosp =-“L...=— 4=y .
s P E s? HE™n t'

When we recall that the integral of an odd function of cos p from 0 to 7 will vanish and that
the integral from 0 to 7 of an even function will be equal to twice the integral from 0 to z/ 2 [cf.,
also 8 21, (2)], we will have:

du
2 2 2 3
Q a“—b° m +b_dcosp q

6 W2=—2>r’y
(©) ? E" !,‘ a’> cosp a’t'cos’p

zl2 2 2 2 2 2 2 3 ’

a“—b")cos 3(a“-b“)b® 3b° t'-b

2%[1 ﬂ( z p+ ( 27) T A2 41 2 dp
5 a at 2a“t'cos” p

We set:

o9

Wy = £ ninvL+M]+---,

to abbreviate, where L and M are independent ry and v. By assumption [art. 21, (B)], the two
functions m and du / d cos p are negative at the lower limit of the integration, positive at the upper
one, and change sign only once in the integration interval. Furthermore [art. 21, (2) and (4)]:

7l2 71'J/_2 dU

jmcospdp =0 and dp =0.
5 dcos p

0

Since the function 1 / cos? p increases monotonically in the integration interval, the integral

7l2
cosz p~m cos pdp will be positive. If a > b then the function 1, = 1 will
0

Jaz cos’ p+b?sin® p

7l2
_ _ _ 1 du
increase monotonically, so the integral I o2 5 4

cos” p dcosp

0
follows that L is positive for a > b. That will also still be true for a = b.

dp will be likewise positive. It then
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If a < b then the sign of L cannot be determined from the outset. However, it is easy to see that
L will become negative for very small values of the quotient a / b. Namely, if we denote the value
of p for which du / d cos p = 0 by p1 then the first integral on the right-hand side of the equation:

ﬁj‘zl-dudle-dudﬁlzl du

+ : d
. t'cos’ p dcosp - t'cos’ p dcos p P > t'cos” p dcosp P

will be negative and its absolute value will grow beyond all limits when one fixes the value of b
and lets a converge to zero. The second integral on the right will take on a finite positive value. As
a result, the integral on the left will have a negative value for a sufficiently-small value of a, and
the same thing will be true of L.

It follows from the identity:

t'—b (a’-b*)sin’p

9 ftan p-(t'—b)] =
dp

cos® p t’
_ (@®-b*)cos’ p+b* b a’-b’
t'cos’ p cos® p t’
2 2
B (b_b_,)
t cos’ p t
that
7l2 2 7l2 2 zl2
[ L P I ) P b)jCOS pdp -
5 COS” p t 5 t t'
We then get:

cos’ p 3b®1-1cos
M= (a’ b)j{ p+2—,p}dp.
a t
M has the same sign as a® —b’.
The quantities L and M then have the same sign in the case where a > b, as well as in the case

where a < b, and at the same time, the quotient a / b is small.

i . 1M . . N : .

Now, the equation w, = 0 gives v=— L in the first approximation, so v will be negative.
h

Hence, the oval in which the meridian plane cuts the tube will be flattened on the side of the axis

of rotation and sharpened on the opposite side.

Munich, September 1902



