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On Lie’s contact transformations
Prof. A. MAYER in Leipzig
Translated by D. H. Delphenich

In the paper “Zur analytischen Theorie der Beriihrungswamstionen®),” Lie has
developed this new and important theory by regarding thblgmm of determining all
contact transformations as a special case of ta#f Pfoblem and then applying the
Clebsch reduction of the Pfaff problem to a system wiuianeous system of partial
differential equation to it. Now, Clebsch has, hogregiven the stated reduction of the
problem:

Xidxg + X dxg + ... +Xon0%n =0

directly, only under the restricting assumption that dieéerminant that one constructs
from the elements:
_ 0X, 90X,

o, OX

ik
namely:
Z T a1 a2 ... &non,

iS non-zero, and this assumption does not necessaely to be fulfilled in the case of
contact transformations. Moreover, it is my opinibiatteither the manner by which
Clebsch obtained a general reduction or the applicationto the problem of contact
transformations are simple enough for one to acceph e a completely satisfactory
basis for a theory that is of fundamental signifieafar partial differential equations, as
well as in itself, and in particular, when one cospiewith the Cauchy method the
solution of the problem of integrating a given partiafedéntial equation of first order
takes on a simplicity and generality that has beertitunattained).

Starting with these considerations, | have sought towel¢ne basic formulas for the
theory of the contact transformations directly andependently of the Pfaff problem,
and | hope that the derivation that is communicatedhatviollows is, in fact, simpler
and more rigorous than the original basis that wasgyel ie.

In order to not split off into neighboring consideratidai®r on in the course of the
investigation, | shall start by stating the following thexa on functional determinants:

Let Xo, X1, ..., Xy ben + 1 functions oin + h + 1 variables«, X1, ..., Xah, @nd in
general, let:

) Abhandl. d. Gesellsch. d. Wissensch. zu Christia®ia3 1pp. 237.
% Cf., Lie, “Ueber eine Verbesserung der Jacobi-Magkes Integrations-Methode,” Abh. d. G. d.
W. zu Christiania, 1873, pp. 282.
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0%,
Therefore, if all of the determinants of the form:
Oki ... ky) = > xajaf---af

vanish, in whichky, ky, ..., ky mean anyn of the numbers 1, 2, ..nth, then, assuming
that not all of then + 1 functions are free of, all of the determinants of the form:

(Kika... k1) =D tagay---apm,

vanish, in whichky, ko, ..., kn+1 @aren +1 arbitrary numbers from the sequence 0, 1, ...,
n+h, and the functionXo, Xy, ..., X, are thus not independent of each other.
The proof is very simple. Namely, if one |étslenote the determinant:

A= Yraabals o,

in which the a°,,, a%,, ..., a2 are arbitrary new elements, then, by assumption, the
theorem takes the form:
A _ A A _
dayi dan, Oy,
while the quantities;, a’, ..., a° are not simultaneously zero. From the identities:
O: ,0 af\ +a1K af\ +...+aikn+1 a'ko\ ,
0a,,  Oay, 0,71
in whichi =0, 1, ...,n, this immediately implies that:
0A
0= 5 = (kl, kz, ceey kn+1),
0.,

which is just what was to be proved.
The general problem of contact transformations is odedewith the following
problem:

Determine Z X, ..., Xn, P1, ..., Phasfunctions of the 2n+1 independent variables z x;,
evey Xn, P1, ---, Pn iN SUch a way that one has:

dz - iil?dxi =r (dz—kkzj p.dx,),

i=1
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where pis any function of each variable.
This requirement decomposes immediately into the 2 equations:

a_z i=n ax

1 P—L=p,

) 0z < ' oz P
0Z &8 oX

2) — 2 BR—="pm
axk i=1 Xk

3) Z_$o0x
op, ‘= P«

However, if, for brevity, one lets the symbol:

d denote the operationa—+ pki

dx, 0%, 0z

then, from1), equations 2) can be replaced by the fallgwhes:

1
=}

dz . dX,

Pt =0.

x <

) v oo
= - R_':O
apk i=1 pk

when coupled with equation 1).
Now, if one understandgo mean an arbitrary function ok, ..., X,, p1, ..., pn then
one has the identities:
d df d df _

dx, dx, dx dx,

0 df d of apk af
op, dx, dx aph op, 62

0 of 9 of _
op, op,  Op, 0p,
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and by applying them to equations 4), with the use of equatipihik) yields the
following conditions for the function¥ andP:

=}

dP dX, dP dxij_o

i\ dx, dx.dx dx,
) &(dP dX; dP dxij: ap,
2\ O, dx, o dx dx, op,

Il
=}

dP dX, dP dxij
dp, dp, dp, dp,

T
[y

However, these conditions show that thdi@ear equations:

SHEE oX.
u = Z(_ka +_|ij’

b) =\ dX, op,
e dx, “ op, ’

must imply the following 8 equations:

<o ax, X,
U——t-v | = oy,

0 =i 0X,, I op,
k:n[u ﬁ—v %j = —pzh
o dx, dx, '

This immediately brings to light the fact that theterminant:

Rey 4 O OX R OR

5) AR

can only vanish simultaneously with and thus, since it is in the nature of our proble
that p cannot vanish identically, it must necessarily ba-nero. Moreover, one deduces,
since, conversely, equations b) must be fulfilledier the substitutions c), that one can
replace equations a) by the following ones:

” it R E o

[X/]’ P/]] :p!

where F, ®] generally means the expression:



Mayer — On Lie’s contact transformations 5

(F, o] = hZ dF 0® oF do
, h=1 dxh aph aph dxh .

As a result of conditions (6), however, the exporssf, andBy that are defined by
4) satisfy the identities:

S dxﬂj
- = [Z, XA],
i A op, B ax,
SN daj
_— —_— :[Z, P,]]—,OP,].
2 Aap, " Bax,

Due to the property of the determin&hthat was proved above, tha 2quations 4)
may be replaced by the following 2quations:

[Z,X3]=0, [Z Xi]=pP;,
and we then obtain the theorem:

I. Inorder to have:
i= k=n
dz- > PdX,=r (dz- Y p,dx,)
k=1

n
i=1

it is necessary and sufficient that:

7) {[21 X, 1=[X, X,]=[X, I 4R P] =0
[X,,Bl=p [Z B]=pP,
where:
0z & oX
r=—-—->pP—.
0z ,Zzl: ' 0z
One easily sees:
[I. The functions Z Xy, ..., Xn, P1, ..., P, that solve the problem considered are

independent of each other.
The functional determinant:

p=y+ 920X 0X,0R OR
0z 0x, Ox, op, Op,

may, in fact, be written:
, 924X, X, 0R  OR

A=Y+ : .
0z dx  dx, dp, 0p,
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However, if one set the elements:

9Zdz dzaz, oz,
ozdx dx dp, p,

equal to their values in equations 1) and 4), then onéngshtamediately:
A=pR,

which, from the foregoing, proves the assertion above.
On the other hand, one always has:

1 0Z dz n
k:l[/*a_pk Bkdxkj ZR[Z X1,

<X, dX, i=n
(A‘apk B*dxkj ;P[ZX]

As long as one has found the- 1 functionsz, Xy, ..., Xn , which fulfill then(n + 1)/2
equations:

8) [Z, Xi] =0, Xi, Xi] =
and for which, moreover, not all of the determirsamitthe forms:

LdX, dX, X, OX,
Cdx, o dx aph op,

or:

L 9z dX, dX, ox,  oX,
o dx, o dx Op 9P

are null, one can always deducef the 2 equations 4) from the remainimg
Now, all of the determinants cannot be zero, ag s every determinant of the form:

o wiBZOX O Xy X, o dZdX dX X OX,
dz dx  dx, Op,, P, dz dx  dx, Op,, P,

is non-zero, and the equations:

A.=0, A =0, B, =0, ., B =0,

when coupled with equation 1) uniquely determirmest+ 1 remaining unknowns of the
problemP;, ..., P,, andp. The determinants of the form 9), however, migbt all be
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zero. As a result of equation 1), at least one offuinetionszZ, X, ..., Xo must then
include the variable. From the theorem presented, the vanishing of all ehgtants of
the form 9 identically emphasizes the independenceediitctionsZ, Xy, ..., X,.

The following theorem is thus achieved:

[ll. Inorder to solve the problem:

k=n

dZ—iiPidXi =p(dz- ) p,dx),

n
i=1 k=1

it is necessary and sufficient that one find n + 1 mutually independent functions Z, Xy, ...,
Xn of the variables z, x1, ..., Xn, P1, ..., Pn, Which are not all free of z, and pair-wise
satisfy the equations:

[Z, X,]] = 0, [Xi, X,]] =0.

The remaining n + 1 unknowns Py, ..., Py, and p are determined from this uniquely by
equation 1) and n of the equations 4).

By the way, one can also drop the conditiaith are not all free of z” There are
then non + 1 mutually independent functiods Xy, ..., X, that satisfy the equations 8),
and are free of. In fact, one conside® X, ..., X, to be merely functions o4, ..., X,
Pi1, --., Pn, @nd assumes thAi, ..., X, pair-wise satisfy the conditions:

[Xi, Xa] =0,
and are independent of each other, themtbguations:
[Z,X] =0, ..., [Z Xi] =0,

define a system af linear partial differential equations for the functid that include
only 2n independent variables, and in which no equation is merelalgabraic
consequence of the remaining ones. This system cagfdrepossess no more thmat
independent solutions, and they Xge..., X,.

If one consider¥; to be an arbitrary given functions nfx, ..., Xa, p1, ..., Pn, andz
to be a function ok, ..., X, , andps, ..., pnto be the partial differential quotients of
with respect toq, ..., X,then the equation:

X1 = const. =h

becomes a partial differential equation of first oroetween the unknown functi@and
then independent variables, ..., X.

From the Cauchy method, for the complete integratfahis equation, it suffices to
know all solutions of the linear partial differentiajuation with 2 + 1 independent
variablesz, xi, ..., Xn, P1, «-«; Pn:

10) P(l, Z] =0.
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However, if one has found, like the given functin n mutually independent functions
Xz, ..., Xn, Z that satisfy thea(n + 1)/2 equations 8), one can, from the last theorem, fi
n other function$, ..., P,by merely solving linear equations, by which the equation:

i=n k=n
dz- Y RdX,=p(dz- ) p.dx)
i=1 k=1
becomes an identity. However, since, from theoreomé has, in turn:
[Xa, Z] = [Xq, Xi] = [X1, P] =0,
one sees, with consideration of Il, that:

F :X]_, Xz, ...,Xn, Z, Pz, ...,Pn,

are the 8 independent solutions of equation 10). One thus hashdwem, which
defines the foundation for the important generalizatiost Lie gave for the recent
integration method of the partial differential of ficgder?):

In order to be able to complete integrate the given partial differential equation of first
order:
Ho(z X1, ..., Xn, P1, .-, Pn) =ho,

one needs only to find any n functions Hs, ..., H, of the variables z, x, ..., X, P1, ..., Pn
that are independent of each other, aswell as Ho, that pair-wise satisfy the conditions:

[Hi, Hk] =0.
The most important class of contact transformatisriee one for which the variable

z does not enter into the functiois, ..., Xn, P, ..., Py at all. From the foregoing, it
follows immediately that in this cagemust have the form:

Z=Az+T1,

whereA is a constant and P is merely of a functiomof..., X, p1, ..., pn. In fact, if the
functionsX andP do not contairz then:

P =[Xa P
is free ofz, and since equation 1) reduces to:

z_,
0z

Y  Cf., the 2% of the aforementioned treatises of Lie.
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under the assumption that was made, it follows that:
Z=pz+H.

However, by this substitution, equations 2) and 3) become:

and thus show, since the variaklenters into them only in the first term, that one must
havep = const.

With that, the goal of this communication — viz., towtow one can base the theory
of contact transformation directly — is achieved, alhdhat remains for me to do is to
refer the further construction of this theory to the treatise itself.

Leipzig, 8 April 1874.




