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Translated by D. H. Delphenich

1. The only theorems that that | will assume to haenlproved are these two:

Two lines that are each parallel to a third one are also parallel to each.othe
Parallel line segments between parallel lines are equal to each other.

In the following, by setting an equal sign between tkpressions for two line
segments — e.gAB = CD - this will always imply that the two line segments et
merely have the same length, but also have the saedidir, such that when the one
line segmentCD is advanced parallel to itself unt@ coincides withA thenD also
coincides withB. With this notation, one may thus briefly expreke fatter two
theorems as:

. If AB=CD andCD = EF then one also hasB = EF.
Il. If AB=CD then one also hasC =BD.

From this, one may further deduce:
. 1f 1) AB=AB and 2)BC =B'C' then one also hasC=AC.'.

Then, from Il, it follows from 1) thaAA = BB, and from 2) thaBB = CC. From |,
this makesAA = CC, and from I[LAC=AC'.

V. If
1)AB =A'B/,
2)BC=BC,
3)CD=CD),
4)DE =D'E, etc,,

then one also ha&D = A'D’, AE = A'E/, etc. Then, from 1) and 2), it follows from Il
thatAC = A'C', from this and 3), one h#&® = A'D’, etc.

2. If AB, CD, EF are some line segments whose magnitudes and direat®ggven
and one sets, starting from an arbitrary p&nthese line segments parallel to each other
in direction, which then makd3Q = AB, QR = CD, RS= EF, and then forms the broken
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line segmentPQRSthen this operation shall be called tbempositionor geometric
addition of the given line segments; this is to be distinguisfredh the arithmetic
addition, as when one merely considers the magnitudeseofirtes, but not their
directions. One calls the line segment from theaihitoint P up to the and poir$ of the
broken line segmemQRSthe geometric sunof the line segmentaB, ... and expresses
this by means of:

AB+CD +EF=PS

If the end pointS agrees with the starting poiRtthen the geometric sum is null, and
one then writes:
AB+CD + EF = GH + IK.

Moreover, it is in itself clear that just as thermsiA, B, C, D, ... might lie in space,
one will always have:

AB+BA=0, AB+BC =AC,
AB+BC+CA=0, AB+BC+CD =AD, etc.

3. When one, in order to compoA®, ..., chooses a poiR' for the starting point
instead ofP, and thus makeR' Q' = AB, QR = CD, RS = EF, then one has, from PQ
=P'Q, QR=QR, RS=RS, and therefore, from IVPS= P'S; i.e., the geometric sum
remains the same regardless of which point one shartsddition with.

The geometric sum of several line segments is, haweweé merely independent of
the position of the starting point, but also of the oiidenvhich one composes them. In
order to addAB andCD the first time, one then begins wifiB, soPQ = AB, QR = CD,
and the next time, one begins wifib, soPQ = QR Due to 1), it follows thaPQ =
QR, and from 2PQ = QR Thus,Ris identical withR', such that in either case, the sum
is PR In just this way, when one is adding several liner@sgs one may permute any
two consecutive one with each other, and since for amgr stequence of consecutive
elements one can arrive at another sequence of elefmgsuccessive transpositions of
any two consecutive ones, so can the order in whiclconeects several line segments
one after the other when that are to be added geomitiieahbrbitrary, exactly like in
arithmetic addition.

4. If the magnitudes and directions of the line segm&®sCD, EF, GH, IK are
given, and starting frorR, one make®Q = AB, QR=CD, RS=EF, ST=GH, TU = IK
then:

AB+CD+EF=PSGH + IK=SU
and

AB+CD+..+IK=PU =PS +SU
from 2 to the end.

If one thus sets:

(a) AB + CD + EF=LM
and
(b) GH + IK =NO,

then:
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LM =PS NO = SU,
and
AB+CD +... +IK=PS + SU=LM + NO;
i.e., one can add formulag)(and f) to each other, as well as three or more such
formulas.
If the formula that is to be added &) (s identical with &) then one has:
AB+CD+EF+AB+ CD + EF=LM + LM,

or, since line segments can be added in any order (3), evieefets any terms with the

same symbol follow each other in succession, and uaselsm [JAB to mean a line

segment that has the same direction and magnitudlB asd is toAB whatm s to 1:
2[AB+ 2[CD + 2[EF = 2[1M,

and similarly when one adasformulas that are identical ta)( one gets:

(c) MOAB+m[ICD + mLEF =m[LM,

wherem can be any positive whole number.
Under the same assumption ababne can infer froma) that:

i DAB+£ ECD+£ EEF:i CLM.
m m m m
If one then sets:
1 1 1
— [AB+ = [CD + = [EF =XY.
m m m

then one also has, because one can multipty:by

AB + CD + EF=m XY,
as a result, due t@y

m XY = LM,
and therefore:
XY zi [LM.
m

One can therefore multiply or divide a formula like) by any positive whole
number, and thus, also by any positive rational fractang therefore, from known
results, also by any positive irrational number withdegtroying its validity).

") The same thing may also be easily demonstratectidthelp of the study of similar figures, just as,
conversely, this study can be derived from the theoedose. It follows, e.g., from the identi&yB + BC
= AC that one also has[AC = FG + GH =FH; i.e., if FG, GH are two sides of a triangle aA&, BC
are sides of another one that are parallel and piopalto the latter then the third sifiél of the former
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What we just now proved for the formula) (must ultimately also be true for
formulas of the general form:

*

(@) alAB+c[D+ ... =l LM,

whereg, ¢, ..., andl mean arbitrary positive numbers. Then, when oneased8 = A'B,
c[CD =C'D', etc., and [LM =L'M’, this formula will reduce to the previous or. (

5. Just asm + b = canda = c — bare identities, one can also consider the formulas:

1. AB + CD = EF,
2. AB=EF-CD

as identities, and caf\B the geometric differencéetweenEF andCD, whenEF is the
geometric sum oAB andCD. If one set addBC to both sides of (1) then this gives:

AB=EF+DC=EF-CD

from (2); to say that a line segmentsightractedfrom another line segment is the same
thing as to say that the former line, when taken in gposite direction, is geometrically
addedto the latter.

Therefore, when the general formudd &bove, along with the assumptions that were
made regarding it, has one or a number of terms of negsijws, one can arrive at
nothing but positive terms either by changing the minus sigra term into a plus,
although one must then switch the starting point ancetiapoint of the associated line
segment, or one can simply move a negative sigretottier side of the equal sign with a
change of sign.

Above all, it emerges from the foregoing that one tasat formulas like &)
completely as one treats ordinary equations, as lonegsconsist of only linear forms
of the line segments that enter into them, suchdhatcan, in fact, move terms from one
side of the equal sign to the other one with the oppaesgyn, multiply or divide all terms
by the same number, and add two or more such formulaado other or subtract one
from the other.

6. We have thus arrived at a type of calculation witle lsegments whose validity
needs no proof, as long as the line segments arefpate@nd the same line, or parallel
to the same line, and whose admissibility flows friv@ general theorems of the theory
of parallels when the line segments have differemtctions.

triangle is also parallel to the third sid€ of the latter one, and in the same ratio of propoalipn Or, if
FG, GH, HF aare parallel té\B, BC, CA, resp., and for that reason one $&s=p CAB+ q[BC +r [ICA
However, one also always haSAB +r [BC+r [ICA= 0, and therefore (no. ) AB +(q—r1) BC=
0. However, as long &s B, C do not lie in a line the geometric sum of two litiegt have the directions
AB andBC cannot be zero, and it must then follow that each ofdb#icientsp — randq — rare
individually zero, s =q =r andFG : GH: HF = AB: BC: CA; i.e., when the sides of a triangi&H are
parallel to those of another oABC, they are also proportional to them.
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