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The principle of relativity and gravitation
By Gunnar Nordstrgm

Translated by D. H. Delphenich

It emerged from the discussion betwdginstein and Abraham (%) that Einstein’s
hypothesis that the speed of lightlepends upon the gravitational potentfliéads to
considerable difficulties in regard to the principle efativity,. For that reason, one
might ask whether it is possible to repldastein’'s hypothesis with another one that
keepsc constant and then adjust the principle of relativityhef theory of gravitation in
such a way that gravitational and inertial mass willeheal ). | believe that | have
found such a hypothesis, and | would like to present ithatviollows.

Letx,y, z u be the four coordinates:
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in which | have denoted the rest density of matteybpd the gravitational potential by
®. @, as well ag; are four-dimensional quantitiefsis the gravitational constant. In the
gravitational field, we have a four-vector:
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from which, the acceleration of a mass-point in te&lfmust originate. However, if one
regards the four-vect@ as themovingforce that acts upon an unvarying unit mass then
one cannot maintain the constancy of the speed of liylatmely, in that case§ would

be equal to the four-dimensional acceleration vectar wiass-point, and it could not be

() See Ann. Phys. (Leipzi@®8 (1912), 355, 1056, 105%hid. 39 (1912), 444.

() A. Einstein, Ann. Phys. (Leipzig}5(1911), 898.

() However, | do not understand the equality of gravitaliaand inertial mass to mean that every
inertial phenomenon will be required by the inertiad @navitational mass. Likeon Laue (cf., infra), for
elastically-stressed bodies, one will get a quantity ofondhat does not imply a mass. | will come back
to that question in a future publication.

() M. Abraham, this Zeitschrift13 (1912), 1.
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perpendicular to the motion vectofor an arbitrary direction of motion, as the constan
of the speed of light would requir8 (

However, one can eliminate the difficulties when daeps the speed of light
constant, and in two different ways: Either one dagsegardg as themoving force(?),
but only the part of it that is perpendicular to the imotector, or one assumes that the
mass of a mass-point is not constant, but depends upamnabigational potential. The
parallelism of the two four-vectofs anda will be abolished by these two assumptions;
in the first case, by a supplementary force that em&rss, and in the second case, by
the variability of mass. As we will see, the twothwals will give the same law for the

motion of a mass-point, but they correspond to two differways of looking at the

concept of force.
Corresponding to the viewpoint of most researchetbarfield of relativity theory, |
would next like to employ the second method, and thereéward:

m&xz—maﬁ, etc.
)4

as the components of moving force that acts upon a masspat | regard the rest mass
m of the point as varying. Wy, ay, a; a, are the components of the motion vector and

is the proper time then the equations of motion fomthss-point will read:

GCD _ da dm
-m22 = (m,) = meea, S
6x dr ar
GCD da dm
"oy d( )=
y T T 3)
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We multiply these equations ly, ay, a,, ay, resp., and add them. Since:

oo 6CD 6CD 9 6CD do

_ax - 0, =
ox ay G 0z au dar’

() M. Abraham, loc. cit, eq. (5).
() Minkowski proceeded in a corresponding way in his treatment oéléretrodynamical force. Cf.,
Gott. Nachr. (1908), pp. 98, eqg. (98).
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al + ay2 taf+al =-
we will get:
_md_cD:_Czd_m or id_rn :izd_cb (4)
dr dr mdr ¢ dr

Integration gives:
1
Inm= — ® + const.
c
or

m=mye®’® . )

This equation shows that the massglepends upon the gravitational potential by a simple
law.
From (4), one can also write the equations of mg{8)rn the following form:

_9® _da, g, 0P
ox dr & o’
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As one sees, the massdrops out of the equations. The laws by which a mas¥-poi
moves in a gravitational field are then completely patelent of the mass of the point.

The considerations up to now have been based upondhm@ison thaim § is the

moving force. We would now like to assume, for the moimthat the moving force
does not act upom § itself, but on the motion vectar That part ofn § is a four-vector

with thex-component?):
a
mgx"'mc_;(gx ax + Sy ay +§z az + Sy au).

The second term is thecomponent of a supplementary force that entersnmgo From
(2), the expression can be converted into the followimes

{6@ axdcb}
-m{—+=>—1.

Since we now reganch as constant, the first equation of motion of a npasst will read:

() Cf.,H. Minkowski, loc. cit.



Nordstrgm — The principle of relativity and gravieti 4

{6CD a, dCD} da,
-m{i—+2X——%} =m .
ox ¢ dr dr

However, that is nothing but the first of the equatioinsation (6).

We will then get precisely the same laws for the amtof a mass-point in a
gravitational field by both of the alternative assummgjoexcept that the force and the
mass will be different in the two cases. The fattay of looking at things that we
considered corresponds to the original ondMatkowski, while the former one was the
one thatvon Laue andAbraham maintained ).

Up to now, we have considered an isolated mass-pdie would now like to
examine the motion of arbitrary bodies in a gravitatidieltl and present the energy
theorem for the process. We assume only that tiotwally is a real meaning to the mass
of each particle in the bodies, such that we can spktiie rest densityat a space-time
point. That is certainly the case when no tangerttiases are present in the bodf@s (
Naturally, the rest-densityis a function of the four coordinates:

y=y(Xy, z u.

We again regard the mass as variable and accept theptafiderce that is based
upon eg. (3). The components of the force that gravit@aierts upon thenit volumeof
matter {) are then:

0P 0P 0P 0P
ﬁX:_ —~ ﬁ:_ - ﬁZ:_ —~ ﬁU:_ - 7
Voaxt TGy & ary (7)

For the sake of generality, we assume that in addiioogravitation, yet another
“external” forcef’ with the components:

R, R, &, &

acts upon a unit volume of matter. We can then wréeetfuations of motion of matter
in the following general forndy:

() Cf., also, the discussion betweabraham and the author in this Zeitschrifd (1909), 681, 737.;
ibid. 11 (1910), 440, 527. | shall now assume the viewpointAbahham held in that.

(® Cf., M. Laue, Das RelativitasprinzipBraunschweig, 1911, pp. 154t seq. G. Nordstrgm, this
Zeitschrift12 (1911), 854.

() If the four-vector& were regarded as tmeovingforce then it would have to be referred to as the

moving force per unit rest volume.
(") G. Nordstrgm, this Zeitschrift11(1910), 441, eq. (%
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If we would like to introduce the usual three-dimensiorebcity v and the usual
mass-density then we would have to set:

Ay = = Y eeey ay = ) y=p 1_q2’

in which we have seff = v / c, for the sake of simplicity. We multiply the last

equations (8) by 4¢ and introduce the expression above on the righttsde. If we
further employ the notations of three-dimensioredtar analysis then the equation will
read:

oo

ySp mies, =¢ div po_ 29 P (9)

We would like to convert the first term on the leEq. (1) gives:
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We substitute this expression in eq. (9) and thutsin the following equation, which
expresses the energy theorem:
—ic R,

1 . (0d 1 9 1( 0\’ _ po o p
=—div| — 00 |[+—=—{(O0p)* +=| — | L +c?div +c?=— .
4rrf (at j 8rrf at{( ) cz( atj } [1-¢ ot [1-¢?
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The quantity-ic 8, gives the energy supplied per unit volume and unit timéhey
external forceR'. The first two of the terms on the right referghe gravitational field,
while the second two refer to the matter of the bdflye set:

S=—- — "o, (11)
4rrf ot
1 1(9dY

Ko —J@o)y?+=| — |}, 12

v 8ﬂf{( ) cz(atj} (12)
2

gm= P (13)
1-¢°
2

ym=—SP (14)
1-¢°

w* is theenergy densitpf the gravitational fieldS is theenergy currenin that field,
whiley™ and ™ are the energy density and convective energy suotmatter. We

have already found the previous expression (13) &fiifor these quantities)(
We remark that, from (12), the energy densityheffield is always positive.
The energy equation now ultimately reads:

—ic &, = div (6K+em)+%(¢/*<+¢/”5. (15)

We then see that the law of conservation of enerdyffilled.
The quantitiesS* and ¢/ depend upon a four-dimensional tensor that alsesgi
fictitious stresses for the gravitational fotge That tensor is precisely the same one that

Abraham obtained under different assumptiorfd. ( The ten components of the
gravitational tensor are:

() G. Nordstrgm, loc. cit, eq. (11) and (12)¥. Laue, loc. cit, § 24.
() M. Abraham, loc. cit, pp. 3.
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in whichW is the following four-dimensional scalar:

o CREIE R

One easily finds that one actually has:

(16a)

%/_/

0d _ 0X,  0X,  aX, = dX,
-y—= + + + ,
ox o0x 0y 0dz O0u

etc.,
6XK:ic:LJXy GyK:iCUy, GZK:iCUZ, [/IK:UU.

Since the gravitational tensor is symmetric, the inguwsnsity will be equal to the
energy-current, divided hf.

Equation (4), which expresses the variability of the nwsa mass-point, can be
easily generalized to extended masses. To that endnust treat the system of
equations (8) in the same way that we previously did withsyiséem of equations (3).
We multiply egs. (8) by, ay, az, ay, in succession, and add them. If no other agencies

besides the gravitational field imply a variability detmass then the external forge
will be perpendicular ta, and after some conversions, one will get:

) 9 9 9 y do
— +— +— +— =L 17
ox Vox ayyay azyaZ d uyau c® dr (17)
or
. 0p_ p 6CD}
Vo ot cz{ ot (18)

or rather:
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pdv do

—(p V="

(18a)

(dvis a volume element). These three mutually-idengcplations express the general
law of the variation of mass due to the gravitationadlfiel
Equation (1) can be integrated in a well-known way. @ets the known formula for
the retarded potential:
dxdydz
® (X0, Yo, 20, to) == f IZIJ. y —V;_,,. T const. (19)

in which

r= (x=%)2+(y- ¥)2+(z 3)?

The integration relates to three-dimensional spacd,the value foyis taken at timé —
ri/c.

One sees from (5) and (19) that there can be u® foint-like masses, since one
would then haveb = — « at such a point, and the mass would then be zHra.body
contracts then its mass will diminish, and for aishing volume, the mass would also
zero. As far as | can see, those consequencebeotheory do not lead to any
contradictions.

As one sees, the theory that was developed harenbah in common with the one
that Abraham gave in this Zeitschrift3 (1912), 1, but later discardel).( However, the
theory that was developed here is free of all thmmveniences that the theories of
Einstein andAbraham on the variability of the speed of light bring vithem.

Added in proof. | have learned from a written communication byrdé>rof. Dr.A.
Einstein that he has already addressed the possibility wWest employed above of
treating gravitational phenomena in a simpler vy, he came to the conclusion that the
consequences of such a theory could not corresfworehlity. He showed, by a simple
example, that according to this theory, a rotasggtem in a gravitational field would
take on a smaller acceleration that a non-rotaiime

I do not find that consequence to be disturbingsiown right, since the difference is
too small to give a contradiction with experimentslowever, the stated consequence
probably shows that my theory is not consistenhEinstein's equivalence hypothesis,
by which an unaccelerated reference system in aogeneous gravitational field would
be equivalent to an accelerated reference systenspace that is free of gravitation.

However, | do not see sufficient grounds for rajegcthe theory because of that fact,
because althougkinstein's hypothesis is exceptionally ingenious, it doese great
difficulties. For that reason, other attemptsreat gravitation would also be desirable,
and | would like to think that this communicatioashmade a contribution to them.

Helsingfors, 20 October 1912.

(Received 23 October 1912)

() M. Abraham, this Zeitschrift13 (1912), 793.



