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The principle of virtual velocities, which one attributes to Jean Bernoulli, remained sterile in
its consequences until Lagrange made it the basis for his Mécanique analytique, which is a
remarkable work that changed the face of the science of equilibrium and motion. Lagrange was
not merely content to infer the consequences of the principle of Jean Bernoulli, but extended and
generalized that principle, and appealed to it in order to solve the most difficult problems of the
equilibrium and motion of systems. One might believe that the matter had been exhausted and
that there was nothing to add to the theories that Lagrange had just posed.

Meanwhile, since the publication of Mécanique analytique (*), some geometers glimpsed that
the principle of virtual velocities could be extended even more than Lagrange himself had
supposed. Along with Jean Bernoulli, that great geometer had thought that in order to get
equilibrium in the system, he could make the total moment (i.e., the sum of the moments of all
forces) equal to zero for all displacements that the system could receive. Now, some geometers
have remarked that Lagrange was demanding too much, and that in order to get equilibrium, it
would suffice that the total moment should not take on a positive value for any possible
displacement, in such a way that if the value of the moment were negative or zero for all of those
displacements then equilibrium would be assured. The principle of virtual velocities acquires
much greater generality when presented in that manner, and becomes susceptible to a greater
number of applications, and truly encompasses all of the questions that one can propose in regard
to the equilibrium of forces.

It is quite surprising to see that in the new edition of Mécanique analytique, which was an
edition that was published during the era in which one already knew the full extent of the principle
of virtual velocities, Lagrange not only made no use of the observation that in force equilibrium,
the total moment could acquire a negative value, but in a sense he discarded it when it presented
itself in the proof that he gave to the principle of virtual velocities (™). Meanwhile, without having
noticed that fact, that great geometer incompletely enumerated the possible displacements in most
of the questions in the first part of Mécanique analytique, and it is easy to recognize that the
displacements that he neglected to consider were not impeded by any condition, in such a way that

) 1788.
(") Mécanique analytique, 1811 edition, pages 25 and 26.
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if all of the equations that he established for equilibrium were satisfied then equilibrium would
nonetheless not exist.

In this paper, we propose to present the analysis that relates to the use of the principle of virtual
velocities when it is considered in full generality and to complete the solution of several questions
that were treated in the first part of Mécanique analytique.

1. —Let P, O, R, ... denote the forces that are applied to a system, and let P dp + Q dg + R dr
+ ... denote the total moment of those forces under an arbitrary displacement. In order to have
equilibrium in the system, it is necessary and sufficient that the differential P dp + Q dg + R dr +
... must become positive for any possible displacement.

It is obvious that there can be no question of finding the equilibrium conditions for a system
that is not defined completely. The definition of the system must encompass the complete
enumeration of all the displacements that it can experience, and in order to distinguish those
displacements from the ones that the system can never experience, due to the obstacles that oppose
them, one must have some conditions that only the possible displacements will satisfy and the
impossible displacements will never verify.

The conditions that one deals with are most often expressed by linear functions of the quantities
that fix the displacements of the system, which are functions that cannot change sign when one
considers only the possible displacements, in such a way that if one lets dL, dM, ... denote those
functions then the quantities dL, dM, ... will be zero for any of the possible displacements, and
that will not be true for the others. However, some of them can change sign when one passes from
possible displacements to ones that are not.

Having said that, it is clear that in place of the infinitely small variations that are contained in
a linear form in dp, dgq, dr, ..., one can introduce some other variations d¢&, dn, d¢, ..., which are
the same in number and coupled to the former ones by first-degree equations. Each differential
dp, dq, dr, ... will become a linear function of d¢, dn, dd, ..., and therefore the total moment P dp
+ Qdg+ R dr+ ... will take the following form 4 d§+ B dn+ Cd{+ ... Now, since all of the
differentials dL, dM, ... are coupled by first-degree equations with the ones that are found in dp,
dq, dr, ..., one can find dL, dM, ... among the quantities d&, dn, d¢, ..., which will give an
expression of the form:

AdL+udM+ ... +Adé+Bdn+Cdé+ ...
for the total moment.

Having replaced the total moment Pdp + Qdgq + Rdr+ ... with AdL+ udM+ ...+ Ad&+ B
dn+ ..., we see that it is necessary for AdL + udM+ ...+ Adé+ B dn+ ... to be zero or negative
for the possible displacements and to not become positive for any of those displacements.

In order to do that, we pass from all imaginable displacements to only the possible
displacements. The quantities dL, dM, ... cannot change signs, but they can become zero.
However, the differentials d¢, dn, d¢, ... will also remain arbitrary if one considers all imaginable
displacements, and one can arrange those differentials in such a manner as to give the sign that
one desires to the function AdL + udM + ... + Ad&+ B dn + ...: Hence, the total moment must
keep the same sign for all possible motions, at least one does not have 4 dé+ B dn+ Cdd+ ... =
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0 for any d¢, dn, ... that will give 4 =0, B=0, ..., separately. Those conditions often include all
of the equilibrium conditions for the system, so they will always include some of them. However,
since obviously everything comes down to the equality Pdp + Qdg+Rdr+ ...= AdL+ udM +
..., which must be true for all imaginable displacements, one can consider only that equality.

Having found that:
Pdp+Qdg+Rdr+...=AdL+pudM+ ...

for all imaginable displacements, one again considers only the possible displacements. Since dL,
dM, ... do not change signs, but can become zero, it is clear that the quantity A dL + ydM + ...
will be negative or zero when one gives signs to the factors 4, 4, ... that are opposite to those of
the differentials dL, dM, ..., respectively, and moreover it is clear that A dL + u dM + ... will
remain negative only under that hypothesis. One can then consider the second and last condition
of equilibrium to be that the signs of A, 1, ... must be opposite to those of dL, dM, ..., respectively.
Therefore, equilibrium will exist in the system only if one has:

Pdp+Qdg+Rdr+...=AdL+pudM+ ...

for all imaginable displacements, and that A, 4, ... take the opposite signs to the differentials dL,
dM, ..., resp., that refer to the possible displacements. Upon transporting all of the terms to the
same side, the equilibrium conditions of an arbitrary system will be expressed by:

1. The equation:
0=Pdp+Qdg+Rdr+ ...+ AdL+udM+ ...,

which must be true for all imaginable displacements.

2. The condition that the quantities 4, 4, ... have the same signs as the differentials dL, dM,
... for the possible displacements. It is obvious that if one or more of the quantities dL, dM, ...
can be zero for all possible displacements then the signs of the factors that refer to those quantities
will be arbitrary.

II. — In order to apply the preceding considerations to some special examples, refer the system
to rectangular coordinates and let X, Y, Z denote the forces that are applied to a point of the system
that are parallel to the axes. If one lets dx, dy, dz represent the projections of a displacement onto
the coordinates axes then the trinomial X dx + Y dy + Z dz will express the moment that one takes
when considering only one point of the system, and the sum:

Y (Xdx+Ydy +Zdz),

when extended over all points, will represent the value of the total moment.



Ostragradsky — General considerations on the moments of forces. 4

Having said that, let dL, dM, ... denote linear functions of dx, dy, dz, ..., which, by the nature
of the system, can change sign only when passing from possible displacement to the ones that are
not. In order to have equilibrium, we will have the equation:

0= (Xdx+Ydy+Zdz)+AdL+pudM+ ...,

which must be true for any imaginable values of dx, dy, dz, ..., and in which 4, g, ... have the
same signs as the functions dL, dM, ..., respectively, when referred to the possible displacements.

II1. — As a first example, consider the equilibrium of a point m that is located on a surface. Let
L = 0 denote the equation of the surface. The coordinates of m must satisfy it when it is on that
surface, and one lets dL denote the variation of L that is due to an arbitrary displacement of m. In
order to have equilibrium for that point, one will have:

0=Xdx+Ydy+Zdz+AdL.

In order to determine the sign of dL, and consequently, that of A, observe that the surface L =
0 divides the space into two parts that are easy to distinguish, because in the one the quantity L
will be greater than zero, and in the other it will be less than zero. Suppose that the point m can
displace only in the space where L is greater than zero and on the surface itself. It will then follow
that for the possible displacements, the function L will keep its value or even increase, in such a
way that dL (always for possible displacements) will be zero or positive, and can become negative
only for the impossible displacements; hence, the quantity A must be positive.

Upon letting x, y, z denote the coordinates of the point m and considering L to be a function of

X, v, z, one will have:

dL = édxwt%dyﬁt%dz ,
dx dz

dy

and as a result, the equation of equilibrium will give:

x+ 295,
dx

Y+ id—L =0,
dy

z+ 29—,
dz

or rather:
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Lo X _ Y _Z XY+ 7
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One gives the — sign to the latter fraction because each of the first three is negative, since 4 is
positive. If the point is constrained to stay on the surface then the first three functions (and
consequently, the fourth, as well) can have an arbitrary sign. Indeed, that is what the difference
between the equilibrium conditions for a point that is located over the surface and the ones for a
point that is constrained to remain on it consists of.

IV. — As a second application, we shall present the equilibrium in the system that is known by
the name of the funicular polygon. Let n denote the number of angles, which we distinguish from
each other by the numerals 1, 2, 3, ..., n, and for the angle that pertains to the numeral i, let x;, y;,
z; denote the coordinates, let X;, Y;, Z; denote the forces parallel to the axes, and let 7; denote the
length of the part of the cord that is found between the consecutive angles i and i + 1.

Having said that, the total moment can be expressed by the sum:

n+l
D (X, dx,+Ydy,+Z dz,),

i=1

and at the same time, due to the inextensibility of the cord, it is necessary that the differential dr;
can acquire a positive value only for the displacements that the system can never exhibit, and that
must be true for any numeral i. Therefore, if we let A; denote a negative quantity then the condition
that relates to the angle i will give a term A; dr; in the general equation for equilibrium. Since any
other angle will provide similar terms, one can express all of that by saying that the condition

equations are introduced into the general formula for equilibrium by way of z&i dr, , or rather,
i=1
n+1

by way of z A dr, , provided that one makes 4, = 0.

i=1

From the preceding, the equation of equilibrium of the system that we consider will become:

n+l
(A) 0= (X, dx,+Y dy,+Z dz, + A dr,),

i=1

and the quantity A; must be negative for any numeral i, moreover.
Equation (A) must be true for any differential dxi, dyi, dzi, dxa2, dy2, dz>, ..., so one must
separately equate the coefficients of all the differentials to zero, which will give:
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0=x 449 g i
dx, dx,

0= Yi—'—ﬁ“iﬁ+ﬂv,«,l dr,_, ’
dy, dy,

0=zi+2, %y 5, 2
dz. dz

i i

for any i, provided that one nevertheless makes Ao = 0.

7 dr. dr. dr. dr. dr. )
o= i _ o= i =L =_——~L1 - hence, the preceding

dx, dx, ’ dy, dy_, dz dz, ,

Now, it is easy to see that

equations will become:

0=X+4, %y B
dxi*l

0=vi+s, 25 D
)i dy,
0=z+2 % _; 4
dz,_,

or rather, upon using the notation of finite differences:

0=x,+A| 2P|,
dx, |

0=y, +a| 2|
dyi—l

0=z +a| 49|,
&,

n+l

X, =2, %
i=1 ' dxs
n+l d”'

(B) Yl = _ﬂ‘s : s

Z dy,
n+l

z--2 %
i=1 ‘ dZS

Upon supposing that s = n, one will find that:
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Upon setting:

n+l n+l n+l

Sx=a. Sv=p. Sz-c. JEiE+C-=r.
i=1 i=1 i=1

. . dr dr dr )
to abbreviate, and observing that — p s, - p *, ——= represent the cosines of the angles Ay, 1, v
x? yS s

that the side r; of the polygon makes with the coordinate axes, equations (B) will reduce to:

4 B
2@ — s — s — C% =:__1QS
COSA, ~ Ccosp,  cosV,

One can give the minus sign to the resultant R, , because the quantity A,, and as a result, the
B

S N N

fractions , £
COSA, CcoSp, cosV,

are negative. The sign of As, and consequently, that of R, will

be arbitrary if the polygon is composed of straight rods, in such a way that the equations of
equilibrium of a similar polygon will be:

/t — li — C% =:j:]es-

COsSA, ~ Cosp,  cosV,

Therefore, the principle of virtual velocities can indeed distinguish the case of straight rods
from that of flexible cords.

If the points of application of the forces are not fixed, but can slide along the cord then the
preceding conditions will no longer be sufficient to maintain equilibrium. Indeed, one can then
perturb the system in such a manner that some of the lengths 71, 7, ... can increase, while it is only
their sum 7 + 2 + ... + r, that cannot increase for any possible displacement, in such a way that
one will have only one condition:

ritrnt. . +m<0

that the possible displacements must satisfy. Thus, it is easy to conclude that this new problem
can be regarded as a special case of the preceding one, in regard to its solution, and that one, in
fact, deduces that:

M=la=A=...=An1.

V. — We shall further speak of the equilibrium of a flexible string, each element of which is
subject to given forces. Like the preceding one, that question is included in that of the funicular
polygon, and it can be deduced from the latter by supposing that each side of the polygon becomes
infinitely small and the number n becomes infinitely large. We first remark that the question
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depends upon a consideration of the two types of differentials, the first of which (like all of the
ones that we have considered up to now) relates to the infinitely small displacements that one can
imagine in the system, and the second of which refers to the passage from a point on the string to
the infinitely close point. We denote the latter by the letter d, and we denote the differentials of
the first type by the letter J, as in analytical mechanics.

Having said that, let X dm, Y dm, Z dm be the forces parallel to the axes that are applied to the
element dm of the string, which is an element that pertains to the coordinates x, y, z. Upon

considering only that element, the moment will be (X & + Y &y + Z &) dm, and the sum S (X dx

+ Y oy + Z &) dm, when extended over all elements of the string, will express the total moment.
Due to the inextensibility of the string, the element ds of its length can only diminish or remain
the same under any virtual displacement. Now, since ds*> = dx* + dy* + dz*, the variation dds that

is due to an arbitrary displacement will be expressed by drdox+dy j5y *tdzdoz . Therefore,
s
the latter quantity can be only zero or negative for the possible displacements. Consequently, upon

taking a negative quantity A, the element ds will contribute the term A ( drddx+dydoy+dzdoz j

ds

to the equations of equilibrium. Any other element of the string will contribute such a term, so
one will have the following equation for equilibrium:

0= S{(X5x+Y5y+Z§z)dm+l(dxa’5x+dyd5y HW&H’

ds

which must be true for all imaginable displacements. Upon pursuing the calculations as in
Mécanique analytique (), One will arrive at the result of that great work, except that our analysis
will give us one more condition, namely, that the function A must necessarily be negative, since
otherwise there would not be equilibrium, even when all of the other conditions are satisfied.

We have tacitly supposed that the string is entirely free. However, if there are special
conditions that must be fulfilled relative to its extremities then one must modify the equation of
equilibrium:

0= S{(X5x+Y5y+Z5z)dm+){dxa’5x+dyd5y +d2d5zﬂ

ds

to conform to those conditions.

For example, if the extremities are fixed then upon denoting the coordinates of the former point
on the cord by x, y, z”and the latter point by x”, y", 2", one will have ox"=0, 9y’=0, 6z’= 0, "=
0, %" =0, 62" = 0, for all virtual displacements, which will add the function:

a/5x/+b/§)}/+6/52/+a!1 5xﬂ+bﬂ 5)}!!+cll &N

() Pages 137, 138, 139, and 140.
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to the general equation of equilibrium, in which the quantities a’, b’ ¢/, a", b", ¢" are indeterminate
in value and sign, and we will have:

dxdSx +dydSy +dzdé‘zﬂ
ds

+a/5x/+b/§)}/+6/52/+a!1 5xﬂ+bﬂ 5)}!!+cll &N

0=S{(X5x+Y5y+Z§z)dm+l(

for all imaginable displacements.
In that equation, all of the differential that are denoted by 9, including the ones that refer to the

limits, are absolutely arbitrary. By means of an integration by parts, the preceding formula will

reduce to:

S{(de—d-ﬁﬁjé‘)wr [Ydm—dv’t%jaw(zm—d-1%)52}

ds s s
+ (a"+A"dij&cu(b"+/1"dl)5y"+(c"+,1"dij5z"
ds ds ds
+ (a'+i’d—xj5x'+(b'+l'dlj5y'+(c'+l'dz j5z'.
ds ds ds

The quantities denoted with one prime refer to the beginning of the cord, and the ones that are
denoted with two primes refer to its end. Upon equating the coefficients of all dto zero separately,
one will then find these three equations, which refer to all points of the string:

0=Xdm-d l@,

ds

0=Ydm-d ld—y,

ds

0=Zdm-d l%,

ds

and one will then have:

0=a-2% 0=b-2 Y 0=cr-1r %
ds ds ds
0=a"+ 27" 0=p+ 27 0=c"+ %
ds ds ds

for the conditions at the extremities, which must always be satisfied by means of the indeterminates

a/ b/c/aﬂ b" CII
If one of the extremities (for example, the first one) is constrained to remain on a surface L =
0, where L is a function of x, y’, z’, and the other extremity remains free then the equation of

equilibrium will be:
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0= S{(X5x+Y5y+Z§z)dm+){dxa’5x+dyd5y+d2d52ﬂ +udL,

ds

in which u is a quantity whose value and sign are indeterminate. However, if the point (x’, y’, z’)
is only located over the surface L = 0 then the sign of the quantity x will be fixed (see paragraph
I10).

VI. — As a last application, we shall say a few words about the equilibrium of incompressible
fluids. If we let X dm, Y dm, Z dm denote the components parallel to the axes of the force that are
applied to a molecule dm of the liquid, and as above, we let dx, oy, oz denote the projections of an
arbitrary displacement of the element dm onto the coordinate axes then the molecule dm will
contribute the term (X ox + Y oy + Z 6z) dm to the total moment. When the sum:

SXé+Yé+Z&) dm

is extended over all liquid masses, it will express the value of the total moment for an arbitrary
displacement. One can divide all of the displacements that one can imagine in an incompressible
liquid into three classes:

1. The displacements that accompany the reduction of volume.
2. The displacements in which the volume does not change.
3. The displacements that accompany the increase in volume.

The displacements of the first type are impossible by the nature of the system, so it is pointless to
deal with them. As for the other two types: For there to be equilibrium, it is necessary that the
total moment that relates to those displacements must be zero or negative.

Upon denoting the volume of the molecule dm by dx dy dz, the variation o (dx dy dz) of that
volume that is due to an arbitrary displacement can be expressed, as one knows, by
(dé'x doy doz

+ +
ds ds ds

displacements. Hence, from the general theory, upon taking a positive quantity p that is a function
of x, y, z, one will have:

jdx dy dz. The preceding variation must be zero or positive for the possible

0=S| p(XSx+YSy+Z5z)+p dox  doy , doz dx dy dz
dx dy dz

for all imaginable displacements, in which p is the density of the liquid.
It will then result that:
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dp dp dp
LP-px, L=pyv, L=pz
dx P dy P dz P

for any liquid mass, and one will have p = 0 for the entire extent of the surface. Our analysis is
the same as in Mécanique analytique (), except that there, it was not clear that the quantity p
would necessarily have to be positive for all points of the liquid, and that if that condition is not
fulfilled then the liquid will displace in such a manner as to no longer form a continuous mass.

Lagrange did not consider the displacements that accompany the increase in volume, and he
did not obstruct them with any condition, which is why if everything that he assumed were fulfilled
then the fluid could still break into pieces. To give an example, one needs only to consider a liquid
whose molecules are each subjected to a repulsive force that emanates from a fixed center and
whose surface experiences no pressure. Assume that the repulsive force is proportional to the
distance. We will have X=x, Y=y, Z=z, and:

dp=pxdx+ydy+zdz),
and if we suppose that the density is constant then we will find that:
p=3p @ +y +)+e,

or rather, upon setting x> +)? + 2> =72 :

p=Lipr+c.
One has 0= §p * + c for the free surface. Therefore, that surface is spherical; it has the focus of
the repulsive force for its center. Upon denoting its radius by R, we will have ¢ = —1 p R% and
consequently:
p=3p (" -FR).

Therefore, from the preceding analysis, one can believe that equilibrium can persist with a
spherical surface. Meanwhile, since nothing prevents the molecules of the liquid from dissipating
into space, the repulsive force will necessarily dissipate. Now, from the analysis that we have
established, equilibrium will be impossible, because the quantity p = 1 p (2 — R?) is negative.

However, if the force is attractive and the sphere is hollow then equilibrium can exist. Indeed,
one will find that:

dp=—-prdr
in that case, so:
p=C-3pr

for the surface that is most distant from the center. One finds that:

(") Page 194, et seq.
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and upon subtracting:
pP= %p (R2 - ’,.2),

so the pressure is positive. If one denotes the radius of the surface that is closest to the center by
ro then one will have:

%p (R2 - roz)

for the pressure at each point of that surface.

Thus, a spherical shell whose molecules are all subjected to an attractive force that emanates
from the center of the shell will remain in equilibrium, while if the force is attractive then that shell
will disperse into space. That result should not be surprising at all, because the systems whose
equilibrium we have considered are the such that if the forces that mutually cancel out are reversed
— i.e., they receive directions that are opposite to the ones that they first had — then equilibrium
will no longer persist, and that if one system of forces is equivalent to another then the latter will
not be true of the former. (We mean a “system that is equivalent to another system” to mean one
whose forces would all equilibrate the forces of another system if they were reversed.)

VILI. (") — We shall conclude this memoir with some considerations that relate to the motion of
systems.

If the forces P, O, R, ... (art. I) are not in equilibrium then the total moment P dp + Q og + R
or + ... will necessarily become positive for some possible displacements, and therefore the
equation:

Pop+Qog+Ror+ ...+ AL+ puoM+ ...

will not be true. However, if one lets P/, Q’, R, ... denote the dynamical forces on the system and
lets P’ op’+ Q" dq’+ R’ or’+ ... denote the moment of those forces then one will have:

0=P'op'+tQ'0qg’+R" '+ ... +PPp+Q 6 +RO”+ ..+ AL+ uoéM+ ...

for all imaginable displacements, because the dynamical forces equilibrate the forces of motion.

With Ampere, we shall say “dynamical force” to mean the reaction of the matter that opposes
any change in motion; i.e., the change in velocity, like the change in direction. If an arbitrary
system is at rest or in uniform rectilinear motion then the dynamical forces will obviously be zero;
if the motion is varied then they will not be. However, they are always capable of cancelling out
the forces of motion, or rather (if one prefers), they can always cancel out the latter.

Let m, m’, m”, ... denote the masses that comprise the system, and let x, y, z denote the
rectangular coordinates of the mass m, let x’, y’, z”denote those of the mass m’, and so on; all of
those coordinates are referred to the same axis. If we let # denote the time that has elapsed since

(") § VII and the following ones were added during printing.
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some fixed epoch, moreover, and let d characterize the differences that relate to # then the moment

of the dynamical force that relates to the mass m will be expressed by
d’xSx+d*ySy+d’zoz d’x5x+d’ySy+d’z6z

- dar’ p3 dar’

all masses m, m’, m”, ... will represent the total moment of the dynamical forces, in such a way

that:

m , and the sum m , when extended over

d’xSx+d’ySy+d’z8z
dr’ "

P'op'+Q’0qg"+R" or'+...= —Z

hence, the formula:
0=P'p’'+Q’6q"+R' o'+ ...+Pop+Q&+R+ ...+ AL+ udM+ ...

will become:

2 2 2

4 w“d;tf”d O Pt QSRS+ AL u M ..

That equation is the Lagrange equation, except that in Mécanique analytique, neither the values
not the signs of the quantities A4, g, ... were known, which amounts to saying that Lagrange
considered only the systems whose possible displacements satisfied some equations. Now, it can
happen that the displacements that we speak of do not satisfy any equation in a state of motion or
equilibrium. The signs of the quantities A, 4, ... will then be known in advance, because they must
be the same as those of the functions OL, oM, ..., respectively, when they are referred to the
possible displacements.

Upon separately equating the coefficients of ox, dy, oz, dx’, ... to zero, the formula:

2 2 2
4 w“d;tf”d O Pt QSRS+ AL UM ..
will give as many equations for the determination of the unknowns x, y, z, x’, ..., 4, 4, ... as there
are coordinates x, y, z, x’, ..., and if one adds the equations 6L =0, 6M = 0, ..., whose number is
equal to that of the quantities 4, g, ... , to those equations then one will have as many equations
as unknowns, and the determination of those unknowns will become a problem in integral calculus.
We let dL, dM, ... denote what oL, oM, ..., respectively, will become when one sets ox = dx, dy =
dy, oz =dz, ox'=dx’, ...

VIII. — However, there an essential remark that must be made here: It is that since most
possible or virtual displacements will not make the functions oL, oM, ... equal to zero, it might be
that when one starts from a certain epoch, the effective displacements dx, dy, ... will no longer
satisfy some of the equations dL =0, dM = 0, ..., because since dx, dy, ... are included among the
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values that ox, Jy, ..., respectively, can take on without ceasing to belong to the possible
displacements, one imagines that the differences dx, dy, ... can even become equal to those of the
variations ox, Jy, ... that do not give 6L =0, 6M = 0, ... Furthermore, the number of equations
that serve to determine the motion seems to be less than the number of unknowns. One must keep
that fact in mind whenever one treats the motion of a system whose possible displacements cannot
be expressed by equations, and it is very important to add the proper considerations to analytical
mechanics that will establish all of the equations that are necessary to determine the motion of
such a system.
In order to achieve that objective, one poses all of the equations:

2 2 2
4 w“d;tf”d O Pt QOGRS+ + AL UM ..
dL=0,dM =0, ... as if one were assured that the functions dL, dM, ..., would each be equal to
zero in the course of their motion, and one seeks to solve those equations by the rules of integral
calculus. When inferring the values of A, g, ..., one must pay attention to the signs of those
quantities. If their signs are the same as those of the functions dL, oM, ... , respectively, for all
values of # when they refer to the possible displacements then one will be assured that the effective
displacements will satisfy the equations dL = 0, dM = 0, ... during the course of motion and that
the solution that one gave to the question is exact and complete. However, things will be different
when one starts from an instant # = 7 and one or more factors A, 4, ... take on a sign that is opposite
to the one that it would need in order to have equilibrium of the forces of motion and the dynamical
forces. Those forces will no longer cancel, so one must conclude that from ¢ = 7 on, the motion
that produces the dynamical forces, and which one presupposes, cannot exist, because the
dynamical forces must always cancel the forces of motion that arise from them. Now, since one
has presupposed only the equations dL = 0, dM = 0, ..., it will follow that some of them will not
exist, and that they will obviously be the equations that correspond to those of the factors 4, 4, ...
whose signs have changed. One then suppresses those equations and at the same time deletes them
from the formula:

2 2 2
Zd xox+dyoy+d Z5Zm =Pp+Q0q+Ror+ ...+ A0L+uoM+ ...,

dt*

and consequently, from all of the ones that are derived from it. All of the terms contain those same
factors; i.e., the factors whose signs have changed. In that way, one will find as many equations
as unknowns for determining the motion when one starts from ¢ = 7, because from the preceding,
each equation dL =0, dM = 0, ... that disappears will, in a sense, take one of the unknowns of the
question with it.

One can point out that one will have:

Zd2x5x+d2y5y+dzz5z
dr’

m=Pop+Qdq+Ror+...+A0L+uoM+ ...,
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AdL=0,  pudM=0, ...

for all values of ¢, in such a way that the number of equations will always be the same as that of
the unknowns. However, the equations will change at various epochs, since one must suppose, for
example, that dL = 0 for a certain time interval, and that 4 = 0 for another interval. It is clear,
moreover, that A will become zero when dL ceases to be so.
In order to clarify the preceding with an example, suppose that the integration of the equations
Zd2x5x+d2y5y+dzz5z
dar’
..., and the discussion of the values of A, g, ... will show that ever since the beginning of the
motion up to ¢ = 7, those factors have had the signs that are required for the equilibrium of the
forces of motion and the dynamical ones, but at the instant # = 7, the factor A will become zero,
and then the same factor will change sign. The motion from ¢ = 0 to # = 7 will be defined by the
equations:
Zd2x5x+d2y5y+dzz5z
dar’

m=Pdp+Qoq+Ror+...+A0L+uoM+ ...,dL=0,dM=0,

m=Pop+Qdq+Ror+...+A0L+uoM+ ...,

dL =0, dM =0, ...

and after ¢ = 7, it will be defined by:

2 2 2

4 w“d;tf”d O Pt QSRS+ AL UM ..

One just saw that the equations of motion can change at various epochs; however, that will not
happen with all of the equations: Some of them will remain unaltered during the entire course of
motion; for example, the one that is known by the name of the vis viva principle. One obtains it
by replacing the characteristic 6 with d in the general formulas of dynamics. Making that change
of characteristic, while paying attention to the conditions A dL =0, udM =0, ..., which persist for
all of the epochs of the motion, will lead to the equation:

2 2 2
dzdx tdy” +dz —2(PH+OSG+RS+..),

dt*

which will be true for any ¢. The same thing will be true for all of the equations that are, like the
preceding ones, independent of the possible displacements of the system. Hence, whenever the
principle of areas and the center of gravity principle are true, the equations that express them will
persist during the entire duration of the motion.

IX. — In order to give some idea of the application of the preceding theory, consider the motion
of a heavy point that is placed on a vertical circle. Upon taking the x and y coordinate axes to be
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in the plane of the circle, with the first one horizontal and the second one vertical upwards, and the
origin to be the center of the circle, the equation of motion will be:

d’xS5x+d*ySy _
dr’

—g W+ Axx+yoH) =0, A@xd&+yd)=0.

A can never become negative, because the function x* + 1? can only remain the same or increase
for the possible displacements. First suppose that x ox +y oy = 0. Upon setting ox = dx, dy = dy,
we will have:

dx* +dy*

d
dt*

+2gdy=0,
so upon integrating that and assuming that the motion begins at rest:

dx* +dy*
Ty =2g (vo—y),

in which yy is the ordinate of the initial position of the point. Upon setting dx = dx, éy = dy, and
denoting the radius of the circle by 7, one will have:

xd’x+yd’y
T T toy=A~~
dr’ 87
Now:
dixdx+ydy)=xd*’x+yd?y+d*+dy?=0,
sO:

dx’ +dy*
/1r2=gy—7y =g (3y—2m).

It is clear that for that value of A, the motion will not take place on the circle at just one instant
when )y is not positive. Consequently, suppose that yo > 0. It is easy to see that y will decrease

2 2
with time, because if one sets y = r cos 6, x = r sin fthen one will find form the equation —dx d+2dy
t
2
. . . .« e 2
=2g (yo —y) that CZQ = 2—g(cos 6 — cos 6), in which & is the initial value of 6, so %= =£
. r

\J €088, —cosf . One must first have 6 < 6, and then 6 increases to the start of the motion, and

then 6 cannot begin to diminish before d@/ dt becomes zero; hence, € will not diminish before it

becomes equal to 27— 6 . One must then set %= N 28 \/ cos6, —cos@ , and then = & until
r

0=2rm— 6. It will then certainly decrease, since % =—rsin 0 %, and become zero, and even
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negative. However, once it reduces to Zyo , the quantity A will be equal to zero, and will then
become negative much later. Hence, the point will move in the circle up to the point thaty = 2y,

and then it will leave the circle, in such a way that when one starts from y = 2y, its motion will

2 2
be given by the equation d X5xdt2d oy + g 0y =0, which will decompose into two equations:
2 2
G —y
dt dt

. / 2 : :
One can regard the velocity g3y ¢ and the coordinates yo, / 7° =y, as belonging to the

initial state of motion, which will be the case starting from y = 2y,. We shall not enter into the

other details that relate to the special example that we chose, since we chose it for its great
simplicity.

X. —In all of the preceding, we have tacitly supposed that the coefficients of ox, 9y, oz, ox, ...
in the functions oL, oM, ... do not include time ¢ explicitly. However, if that variable is contained
in them then the preceding considerations will not suffice to establish all of the equations of
motion, because the effective displacements will not be included among the possible displacements
that satisfy the equations 6L =0, oM =0, ... We will not have dL =0, dM =0, ... then, and as a
result, we will not have A dL =0, udM =0, ... at all epochs.

Upon assuming that time # enters explicitly into the coefficients of L, oM, ..., those functions
will themselves be mobile, in a sense, and one can regard the quantities dx, dy, dz, dx’, ... as each
being composed of two parts: One of them is due to the displacements of the functions oL, oM, ...,
and the other one pertains to the motions of the m, m’, ... with respect to those functions.
Consequently, suppose that dx = Ax + Dx, dy = Ay + Dy, dz = Az + Dz, dx’= Ax’"+ Dx’, ..., where
Ax, Ay, Az, Ax’, ... pertain to the displacements of the functions oL, oM, ..., and Dx, Dy, Dz, Dx’,
... pertain to the motions of the points m, m’, ... with respect to those functions. One will first
have DL=0, DM =0, .... DL, DM, ... are what oL, oM, ..., respectively, will become when one
sets ox = Dx, oy =Dy, ...; i.e., if one has, for example, OL=4 ox+B oy + C oz + A’ dx’+ ... Upon
setting Dx, Dy, Dz, Dx’, ... equal to their values dx — Ax, dy — Ay, dz — Az, dx” — Ax’, ..., resp., we
will have dL = AL, dM =AM, ... Now, the quantities AL, AM, ... must be given. Upon representing
them by 7'dt, T'dt, ..., respectively, one will have dL = T'dt,dM = T'dt, ... Those are the equations
that the formulas dL =0, dM =0, ..., which relate to the hypothesis that 6L, oM, ... are independent
of time, will become in the case being examined. One makes the same use of dL = T dt, dM = T dt,
... that one makes of dL =0, dM = 0, ... It can also happen that when one starts from a certain
epoch that one determines as before, the equations dL = T dt, dM = T’ dt, ... will not be satisfied,
but that A (dL — T'df) =0, u (dM — T’ dt) = 0, ... will be satisfied during the entire duration of the
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motion, and upon combining them with the general formulas of dynamics, one will always have
as many equations as are necessary to determine the motion completely.

We propose to publish a treatise on the science of equilibrium and motion in which we will
present in detail everything that we pointed out into this paper. In our treatise, one will see that
the extension that Lagrange gave to Jean Bernoulli’s principle, which is an extension that seems
obscure or inexact to some of the most celebrated geometers of our time, is nonetheless legitimate
and results from the principles of the thing itself. One will also see that all of the questions that
one can pose about the equilibrium or motion of systems can be resolved quite easily by the
principle of virtual velocities, but above all, we will develop the conditions for stability of
equilibrium, which I believe is a subject that has not been treated in full generality and to the full
extent that one might desire.




