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On the continuous groups of rigid motionsin hyper spaces
By G. RICCI

Translated by D. H. Delphenich

In a note that was published last year in the AttRidktituto Veneto, | extended the
concepts oprincipal directions and invariantshat | had already established for three-
dimensional spaces to an arbitrary manifold. It is moportant to observe, and it is easy
to see, that the expressiopsq that relate to the principletuple and are coupled to each
other by the relations (7) in the cited note give thenmlete system of algebraic
invariants that are common to fundamental quadratic fanch to the quadrilinear one
that has the Riemann symbols for its coefficientsl #ius provide everything that is
necessary for the expression of the second-order eteraad invariant properties of the
space considered.

While any pnk represents the curvature of a geodetic surface whostgopos
determined inv, by the directions of the lines][and ], the geometric significance of
the invariantspj , at least three of which are distinct, appears tanbee esoteric.
Although | shall not address that geometric interpreteto now in the present writing, |
propose to extend to an arbitrarysome of the fundamental results that were coupled to
V3 in my paper “Sui gruppi continui di movimenti, etcwhich was published in v. XIlI
of the third series of thglemorie della Societa italiana delle Scienze.

As one sees, the equations of the problem of the grolupgid motions in an
arbitraryV, will take on a noteworthy simplicity for thod4, that admit a principanh-
tuple that is endowed with the property that all of ghg will be identically zero for it
when they have at least three distinct indices. Séwond-order differential invariants
will reduce to the single curvatungxnk for such a manifold (which one calisgular).
One is warned that, as would result from the note thihtbe cited many times, the
regular manifolds will be the hypersurfaces, and morergéneall of theV, for which
the Riemann symbols can be put into the form of second-ong®rs of a symmetric
determinant of ordenm.

1. Let:
$=> a,dx dx
r=1

be the quadratic differential form that defines the metraV, and let:
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be an infinitesimal transformation that corresponds tagid motion in that manifold.
Killing’s fundamental equations that refer to the fundatmeform ¢ are written as
follows in the notations of the absolute differentalculus:

(a) s+ &= 0.

Assume that one has a fundamentéliple [1], [2], ..., h] whose congruences have
the covariant coordinate systemhg; , and thaty,x denote its rotation coefficients; i.e.,
one poses:

1) Airrs = z Vi A Ar's

h,k=1
furthermore, set:

(2) &= zlﬁ A -
i=1
If one differentiates:

1T = zg(r)Ai/r ,
i=1

which is equivalent to (2), and takes (1) amg (nto account then one will easily
recognize thatd) is equivalent to:

0 <
(a) WA R ¥
aSj i=1
in which thed; represent indeterminates that are coupled by the relations

gi+3 =0.

In the general case, it has the significance thatafiaions have in the caserm¥ 3.

2. — One infers fromd) by derivation that:

d0n 0 dng < n 35, 90,
— = Y D Ve = V) Vi)t ——
ds. 0s 0503 |Z:1: 1 hk /) QJZIZ‘,l ghk — Y'gkn) Vgl s, 0s

+z(yghk - ygkh) Vigh +z(yghkdgk_ yig(y gl) ;
g-1 g=1
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comparing this with known formulas for the inversion bé tintrinsic derivation will
give:

048, 09, : : :
—r-——k= ZVu,hkm + z (yghk _ygkh)a_n + z (Vin Ok = Vi On) »
651 aS< 1=1 gl=1 gl=1

or the equivalent ones:

65 n n
05) a_;:zyik,him'*_zo/lik % ~Vw Or) -
=1 I=1
If one sets:
o= Ve £S5 + + +
Mihkl = ? Z‘I(Vgn Vaink T Vai Y T Var Viigk T Vg Viong)
g:

then one will have:

n

. - () )@ (wy (v
Mk = z a‘rs,tuvli Ij Ih lk I| ,

r,s,t,u,v=1
and therefore the identity relations:

sty t Asviu+ &suvt= 0

that BIANCHI recognized can also be written in awariant form as follows:

Wsituv + Wsvtu + Ysuvt = 0.

If one takes that into account and applies thegs® of derivation and elimination to
() that was applied before tr) then one will finally arrive at:

»n i{yij,hklnl T Wn i A ~ Wi e} I QA ~ ¥ 4?}:0-

Equations €), (0, and () constitute the simultaneous algebraic-differdraistem
that the unknown functions of the problem mustséat+ viz., the translations and
rotations.

3. — It is useful to separate the equatiopsirito three group#, B, C according to
whether two, three, or all of the indices, h, k are distinct, respectively, and to assume
that the reference-tuple is a principah-tuple.

If o1, 22, ..., on denote the principal invariants ¥ then when the equations of the
groupA are combined with each other in a suitable wayleathose ofB are combined
analogously, then that will give:
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(Ao) ;U,E— 0,
(Bo) (O = /n) (iyhklnl +5hkj: 0.

If one supposes that the principal invariants are afindtsthen Bp) will give the
following expression for thé :

©)) Ok = zykh|’7| ,
1=

with which, (@), (£), and §) will assume the forms:

a F ’
(@) GSJ- 2 U
, 0,
(B) a_;zz{%k,m + 2 (Ve Yan = VancV gd} 111,
=1 g=1
n aJ/I hk
) T e =0
; S

respectively.
If (§”) is compared to the equation that one obtains iffgerentiating (3) and
eliminating the derivatives of thgby means ofg”) then one will arrive at:

n ay
(@ m—oe=0
; ' 05

If one observes that whe)(are satisfied identically,)() will also be satisfied
identically then one can conclude that:

Any V4, whose principal invariants are all distinct will edt a transitive group of
rigid motions if the rotations that relate to theneipal n-tuple are constants, and only in
that case. If that condition is verified thepwill admit ann-parameter group for which
the initial values of the translations will prowe Ibe arbitrary

If one assumes that the reference n-tuple is thecipal n-tuple of ¥, while the
translations are determined by integrating the eysfa’ ) then the rotations that one
obtains from(3) will be functions of the translations.

One then infers from(") that:
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If the principal congruences are normal then the components of the transiédiom
a well-defined principal direction will vary along only that direction.

Finally, it will follow from (Ap) that:

1. If a V,, admits a group G of rigid motions then the principal invariants oM
be invariant under the group.

2. If the group is transitive then its principal invariants will be camss.
4. — If one assumes that the referendeple is a principah-tuple then the equations

of the groupC will be satisfied identically if the manifold, is regular, and only in that
case. The equations of the grodpandB will then assume the forms:

n oy, .
(A) n—2 =0,
1, ; | as
(B1) (Mj,ij = k) [Z Via Th +5jk j =0,
I=1

resp., and will substitute for the group ¢ompletely.

They are satisfied identically for the manifolds watbnstant curvature, and only for
them, and one will then get the well-known theoremmudbhe group of rigid motions that
pertains to them.

(A1) says that:

If a regular manifold VW admits a group of rigid motions G then the second-order
differential invariants of ¥Ywill all be invariant under G.

If the group is transitive then those invariants will be constants.

It is easy to geometrically characterize the case/hich B;) determine thej« as
functions of thess whose expressions are given by (3). In that casg, (£8’), and &)
will also be valid and one will obtain them as in thegading paragraph, and therefore
the conclusions that were reached above will also d&l v\n the case that is now
considered.




