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FOREWORD

The content of the present little book is based upon a lecture that | gave as an extension of
the general lecture on mechanics in Spring-Summer 1918. My goal was to show how the various
principles of dynamics develop from each other and are connected together. In particular, it
seemed to me that a simple, but rigorous, explanation of how the various forms of the principle
of least action come about would be desirable today since that principle has proved to be a
powerful heuristic force in Einstein’s theory of gravitation. | have entered into the Hamilton-
Jacobi theory because it has likewise approached the sphere of interest of physicists by the work
of Schwarzschild, Sommerfeld, and Epstein.

| wish to express my heartfelt thanks to Adolf Kneser for his interest and advice.

Breslau, April 1919

C. Schaefer.
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8 1.

The principle of virtual displacements for holonomic and
scleronomic equations of constraint.

As is known, the equations of equilibrium for a system of n completely-free mass-points (so
one with 3n degrees of freedom) read:

X =0,
) Y =0, (v=1,2,....n),
Z =0,

in which X, Y., Z, mean the rectangular components of the total force that acts upon the v"
mass-particle. Those three equations admit a simple combination when we multiply each of
equations (1) by an arbitrary function, which we would like to denote by 6xv, oyv, dzv,
respectively, and then add the entire system:

N
(2) Z(xvawiv Sy, +2,62,) =0.

v=l

Due to the arbitrariness in the choice of the 3n functions 6xv, dyv, dzv, that equation is
completely equivalent to the system (1); it says nothing more or less than the latter. That is
because we can choose, e.g., 6 X1 # 0, and choose all of the remaining &x., as well as all of 5y,
and 6z, to be equal to zero. Equation (2) will then produce the result:

X16x1=0,

or since we have o x1 # 0, by assumption, it will follow that X1 = 0. We will once more obtain all
equations in the system (1) in succession in that way.

If one interprets the quantities 5xv, dyv, oz as the components of a displacement that one
imagines to be infinitely small, and which all mass-points suffer, then the expression X, & x, +
Y, oy, +Z, 0z, will represent the work & Ay that the forces X, Y, Z do under the displacement

that one imagines. The left-hand side of (2), which can be written as Z oA = oA, will then

represent the total work & A that is done by all forces when each of the n mass-points suffers a
displacement 6's, . We can then formulate the equilibrium condition as follows:

For a completely-free system of mass-points, the work done by an infinitely-small
displacement of the system will be equal to zero in equilibrium.

Equation (2) represents the simplest case of the so-called principle of virtual displacements.
Namely, the imagined displacements that are assigned to the system, which one cares to denote
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by the symbol 6 from the calculus of variations, in contrast to the actual displacements, which
we will characterize by the symbol “d,” will be called by the medieval term virtual (i.e.,
possible) displacements, in order to emphasize the fact that they differ from the actual
displacements. That definition, which is sufficient for the present purposes, must be subjected to
suitable restrictions in what follows. Here, it is important to point out that in the case of complete
freedom of motion for the mass-system, which we have indeed assumed here, any conceivable
displacement is referred to as virtual. In particular, the actual displacements are also “possible,”
i.e., virtual ones.

In the case of a completely unconstrained system that was just considered, the principle of
virtual displacements that is included in equation (2) says nothing more than the system of
equations (1) and has no advantage over the latter. Things will be different when we shift our
attention to the fact that the freedom of motion might be restricted by certain equations of
constraint (there might be m of them with m < 3n) that exist between the coordinates xi, y1, Z1, X2,
Y2, 22, ..., Xn, Yn, Zn. FOr instance, we might prescribe that each mass-point might displace only on
a certain surface, and we would then ask what equilibrium in the system, thus-restricted, would
be.

There would then exist equations of the form:

3) O (X1, Y1, Z1, -y X1, Yu Zvy ..y Xn, Yy Zn) = 0 (x=1,2,...,m).

What form will the equilibrium conditions take now?

The fact that this problem is essentially more difficult than the previous one is illuminated
when one makes the following clear: Instead of restricting the degrees of freedom of the mass-
points by the constraint equations (3), one can also combine the old forces X, Y, Z, with
suitably-chosen new ones Z., Hy, Zy, with the stipulation that the additional forces should be
arranged such that they will prevent the mass-points from leaving the prescribed surface. Their
ultimate effect should then be to replace the constraint equations (3). One will indeed know the
effect of those additional forces then, but not their magnitudes. In order to have a suitable name
for those additional forces, we would like to call them the forces of constraint.

For the sake of simplicity, we shall first consider a mass-point (mass m,, coordinates X, Y,
zv) and a constraint equation:

Ok (Xv, Vv, Zv) =0.

We can always go on to the general case of several mass-points and constraints later by
summation then. The simple case that we have taken up here makes it possible for us to give it a
geometric interpretation in ordinary three-dimensional space. The constraint equation @« = 0
represents a surface in it upon which the point must remain. If we replace the constraint equation
o« = 0 with the constraint forces =y, Hy, Zv then our mass-point will once more be completely
free, except that it will no longer be acted upon by the forces X., Y, Zy, but by the forces X, + =,
Yv+ Hy, Zv+ Zv. We can then apply the equilibrium condition (1) for a free system and have:

(4) XV+EV=0, Yv+Hv=O, Zv+Zv=0,
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or when we go over to the domain of the principle of virtual displacements, i.e., we subject our
mass-point to a displacement 5_5V , then we will find from (2) that:

(5) Xv+E)) 6x, + (Yv+H) 8y, +(Zv+2,) 52,=0,
or also:
(6) Xvé‘_xv'{'Yvé‘_yv+ZV6‘_ZV:_(EV57V+HV6‘_yV+ZV6‘_ZV),

i.e., the work done by the explicit forces Z,, Hy, Zv under the imagined motion will be equal and
opposite to the work done by the forces of constraint =, Hy, Zv in equilibrium. That equation is
really of no use, since the =, H,, Z, are generally unknown. Therefore, in order to go any further
so that we can make a definite statement about equilibrium in this case of restricted degrees of
freedom, we must add something new. That new thing takes the form of adding a further
statement about the nature of the forces of constraint that can be quite plausible in certain
concrete cases, but not proved in general, and it can therefore be introduced only as a hypothesis
in the general case. We then address the following situation: If we observe that the forces of
constraint =, H,, Z, are only supposed to prevent the mass-point from leaving the surface then
that suggests that we might assume that the forces of constraint are directed normal to the surface
o« =0, i.e., that =, Hy, Z, should be proportional to the direction cosines of the surface:

09, 0p,. 09,
ox, oy, o,

0P, 2+ 0P, 2+ o0, |
OX, oy, oz,

If A« means the proportionality factor then from the assumption above, the forces of constraint
can be written:

0 0
200y o

, Zy = —=,
oy, 0z,

X, +4, 9% _o,
oX,

7) Y+ %% o,
o,

Z,+A, %, 0,
0z,

or also when we use (6) to go over to the principle of virtual displacements:
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®) Xy 5%+ Vv 3y, +2v 52, = 4 | e 55 1 9P 5y, 00 57|
x o, &,

The &x,, 8y, , 6z, in that are completely independent of each other, since we have indeed
suppressed the equation of constraint. In order to distinguish those completely-free
displacements 5_)(V, ... from more specialized ones that are likewise introduced, we have
provided them with an overbar. The four unknowns X, y», z,, A« can be determined from the

equilibrium condition (7) or (8), in conjunction with the equation of the surface ¢« = 0. We then
see how the introduction of our hypothesis proves to be practicable.

Up to now, as we have emphasized, the quantities &x,, S8y, , 6z, could be chosen to be

completely arbitrary and independent of each other. For that reason, the right-hand side of (8)
cannot be made to vanish, in general. However, if that right-hand side of (8) can be made to
vanish then we would gain a great advantage due to the fact that we would get the same
expression for the equilibrium condition in the case of restricted degrees of freedom that we
would get in the case of a completely-free system. That is because (8) and (2) would be equal to
each other in that case.

Now, how can one succeed in making the right-hand side of (8) equal to zero? Obviously, to

that end, the &x,, Sy,, 6z, cannot be completely arbitrary, but the components of the

displacement must be suitably restricted, and indeed as follows:
Before the displacement, the coordinates x., y., zv of the mass-point will obey the condition
¢« = 0 that was imposed upon them. By contrast, up to now, the coordinates x, + ci_x yv+ 5_yv

zv + &z, did not need to do that after the displacement since | can indeed choose the
displacement to be, say, perpendicular to the surface so it points away from the surface. That is
because the displacement R ... was chosen to be completely free. I shall now restrict my
choice of displacement in such a way that | demand that the mass-point should also still lie on
the surface after the displacement, i.e., If I now impose the condition upon the displacement 5_x
, ... that it must be compatible with the equilibrium conditions then we will have:

(9) (DK(Xv’yv’Zv):O’
o (X, +9X,,Y, +0Y,,2,+5z,)=0,

if the displacements, thus-specialized, are denoted by ox., Sy, dzv (with no overbar). Thus,
when we develop the second equation in a Taylor series and truncate it after the linear terms, we
will get:

O (X, Y, 20) + O, OX, +a¢’“ oy, +%5zv =0.
oX, oy 0z

|4 v

Finally, upon subtracting the first equation (9) from the one that was just obtained, we will get:
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(10) 99s 5y +92 5y + 9% 5, =g
Z

aXV a'yV a |4

We can now say that: We choose our displacements components 6 Xy, oYy, dZvin such a way that
they will obey equation (10). Naturally, the right-hand side of equation (8) would vanish then, as
we will get the principle of virtual displacements in the old form:

(11) Xv§Xv+Yv5yv+Zv§Zv:0,

but it will no longer be true for arbitrary displacements &x,, 8y, , 6z, , but only for ones §xu,

oYy 0y that obey the varied constraint equation ¢« =0, i.e., equation (10).
From now on, we shall restrict the term “virtual displacement” in the following way:

We now understand the virtual displacements to be only those imagined displacements that
are compatible with the equilibrium conditions. In what follows, we shall always denote them by
the symbol 6.

The equilibrium conditions for our mass-point are included in (11), which is valid
simultaneously with (10). Naturally, we can now no longer conclude that X, =Y, =Z, =0 from
(112), i.e., the principle of virtual displacements, as we could in the case of complete degrees of
freedom, since it would indeed also be false, according to equation (7), but rather since the three
displacement components are no longer independent of each other, we must proceed as follows:
We multiply (10) by an arbitrary factor A« and add it to (11). It would then follow that:

v 14 v

(12) (xv +4, a¢Kj5XV +(Yv v a%}&yv +(zv +, a4"K]5zv =0.
OX oy 0z

From equation (10), we can regard one of the three displacements in that as being determined by
the other two, say, o xv is determined in terms of dy.and 6z, . Therefore, whereas 6y, and 6z,
can be chosen arbitrarily, o x, will be determined by them from (10). We now choose A«, which is
still undetermined, but it can still be chosen freely, in such a way that the coefficient of ox in
equation (12) will vanish. All that will then remain are the terms with mutually-independent
displacements 8y and &z, and their coefficients must vanish in their own right due to just that
independence of oy, and oz.. We will then get the following three equations, which are
completely symmetric, although the argument that leads to the first one is different from the one
that leads to the last two:

X +4. %% ¢,
OX

14

Y 2% _g,

14
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2 43 % _g.
0z

14

They are once more equations (7), which suffice to determine the equilibrium state in
conjunction with constraint equation ¢« = 0, as was mentioned above.

What was carried out for one mass-point and one constraint equation can be easily
generalized to n mass-points and m constraint equations. A geometric representation is also
possible then that is completely analogous to the one above, except that we must now go to 3n-
dimensional space, i.e., we must regard the coordinates (X1, Y1, Z1, ..., Xv, Yw Zv, ..., Xn, Yn, Zn) that
determine the configuration of the system as the coordinates of one point in 3n-dimensional
space. Every constraint equation of the form ¢« (X1, ..., zn) = 0 will then represent a hypersurface
in that space, and when m such constraint equations are present, that will mean that the point (x1,
Y1, Z1, ..., Xn, Yn, Zn) that represents the configuration of the system must be found on the common
intersection of those m hypersurfaces. Moreover, we can then proceed precisely as we did in the
foregoing, and indeed we can even use the same words as before.

Thus, if A« (x=1, 2, ..., m) denote the so-called Lagrange multipliers then we will get:

(13) D (X, 6%, +Y,8y,+Z,62,) =0

v=l

as the equilibrium condition for those displacements X, Yy, oz that satisfy the following
equations:

%5)(1 +%5yl Jr%&1 NI +%5Xn +%5yn +%52n =0,
0%, oy, 0z, oX, oy, 0z,
aXl aZn
%5)(1 N +aﬁ§zn =0,
8X1 azn

i.e., more briefly: for all virtual displacements (in the sense that was just established). If
equations (14) were successively extended with the factors A4, ..., Am and added to (13) then that
would produce the equation:

n

> (XV5XV+Yv5yV+ZV5Zv)+iﬂ,K[

v=1 =1

00, OX, + P, oy, + o0, oz, || =0,
oX, oy, oz

v v

from which, the same argument that we applied to equation (11) would produce the following
system:
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m a¢
X +> A —L£=0,
. 21 o

(15) v, 4> ma&:o, (v=1,2,...1)
k=1 yv

m a¢
Z +) A —%=0.
14 ; Kazv

Together with the m constraint equations ¢« =0 (k= 1, 2, ..., m), they will suffice to determine
the (3n + m) unknowns (X1, Y1, Z1, ..., Xn, Yn, Zn, A1, ..., Am). EQuilibrium is then established by the
formula for the principle of virtual displacements.

The constraint equations @« (X1, ..., zn) = O that were considered here do not include time
explicitly, and for that reason, Boltzmann called them scleronomic equations, in order to
distinguish them from equations of the form ¢« (X1, ..., zn, t) = 0, which Boltzmann called
rheonomic, due to the explicit appearance of time in them. Both types of equation have in
common that they represent relations between the finite quantities X, ..., zn, and possibly time t.
However, more general forms that represent relations between the differentials dx, ..., dz,, and
possibly the time differential dt are conceivable:

(16) > (a, dx, +b,dy, +c,dz) =0
v=l

and

(17) > (a, dx, +b., dy, +c. dz) =0.
v=1

In case those equations are not integrable, i.e., the coefficients a, b, ¢ (a’, b’, ¢, resp.) do not
fulfill the integrability conditions, the latter equations cannot be brought into the form that was
considered up to now. One distinguishes the two forms of the constraint equations from each
other by the names holonomic and non-holonomic, which go back to H. Hertz. (The terminology
goes back to the Greek roots 6lo¢ = whole and véuog = law.) Equation (16) will then be referred
to as non-holonomic-scleronomic, while equation (17) is non-holonomic-rheonomic.

Up to now, we have exhibited the principle of virtual displacements only for holonomic-
scleronomic constraint equations, and in the following section, we will investigate how it is
formulated for non-holonomic and rheonomic ones. That will come down to establishing what
we understand virtual displacements to mean in that case.
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The principle of virtual displacements for rheonomic and
non-holonomic equations of constraint.

We next ask what the physical meaning of a holonomic and rheonomic equation of
constraint:

(18) o (X1, Y1, Z1, ..., Xn, Yn, Zn, 1) =0

might be. Obviously, for every constant value of t, it represents a hypersurface in 3n-dimensional
space. If we let t vary then we will get a surface moving in that space. A simple example of that
is the following one: Let a mass-point be constrained to move on the surface of a sphere whose
center moves with constant velocity ¢ parallel to the x-axis. We will examine that example in
more detail later. Is the principle of virtual displacements also valid here in the form (13)?

In order to answer that question, we once more start from the fact that the equations of
constraint can be replaced with forces of constraint =,, Hy, Z,. We again make the hypothesis
that the force of constraint is perpendicular to the surface, i.e., that =,, H,, Z, are proportional to
the direction cosines of the surface. For one mass-point and one equation of constraint, we will
then get the old relations:

2= 4. %% h,= 5 9% 7,25 90
OX, oy oz

v 14 v

The equilibrium condition:

(19) Xot 2. 2820, vo+ 2 =g, 7,4+ 9% =g
OX, 0 0z

v 14 14

will then follow in this case, just as before, or when we focus upon a completely-arbitrary

displacement 5_5v with the independent components 6x,, dY,, 0z, :

(20) X ox +Y, 5y +2,52 =— 4| Loy + 25y 057 |
OX, oy, 0z,

14

Just as before, we will now return to the old form (13) of the principle of virtual
displacements when we restrict the allowable displacements in such a way that they will satisfy
the equation:
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(21) 0, §xv+6(p’“ 5yv+a¢’“ oz, =0,
OX oy 0z

14 14 v

in which we now drop the overbar again.
Those constraint equations arise formally in such a way that one varies the constraint
equation ¢,_(x,,Y;,z,t) =0 while holding time constant. We then establish that we understand

rheonomic constraints to mean virtual displacements that obey (21), i.e., the varied constraint
equation¢_(x;, y;,z,,t) =0 when time is not varied. The old equation:

(22) Xv§Xv+Yv5yv+Zv§Zv:0,

in conjunction with (21), will again produce the equilibrium conditions.

That result generalizes directly from one mass-point and one constraint to a system of n
mass-points and m constraints in the way that was given in the first section, which does not need
to be specified in more detail here. For us, it is enough that we can formulate the result once
more as:

For holonomic constraints, whether scleronomic or rheonomic, the principle of virtual
displacements is valid in the form (13) for all virtual displacements that are defined by equations
(14) in each case.

On first glance, it might seem remarkable that time does not need to be varied along with
everything else, because time will naturally be varied by an actual displacement, which would
indeed result in time. If we denote the components of such a thing (in the simple case of one
mass-point and one constraint) by, say, dx., dy,, dz, then that must naturally correspond to the
equation:

23) 9P gy + 9% gy + 0Py 9P gp =g
OX, oy, oz, ot

since the surface ¢« (Xv, Yv, v, t) = 0 will indeed advance accordingly in the time interval dt. That
implies that here the actual displacements do not belong with the virtual ones, although that was
the case for scleronomic constraints. The confusion will be resolved, moreover, when we

consider the fact that in the case of rheonomic constraints, the partial derivatives ‘Z&, Zy&’
X, v

generally include time as a parameter, so it is by no means true that the system must obey the
same constraints in the scleronomic and rheonomic cases.

The aforementioned example will make the situation clearer, in which one asks what
equilibrium would be for a point that is supposed to remain on a sphere of radius R about the
point (xo, Yo, Zo) When gravity acts upon it at the same time. Let the sphere be initially at rest, so
the constraint is scleronomic. It the z-axis points vertically upwards then the explicit forces will
be:
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(24) X=Y=0, Z=-mg,

and the constraint will further read:

(25) @ (XY, 2) = (x—X0)’ + (y —Yo)* + (z—20)* - R* =0.
The virtual displacements are then subject to the following constraint here:

(26) (X—X0) OX+(y—Yo) 0y +(z—2) 62=0.

Along with a factor A, in conjunction with the principle of virtual displacements that was
formulated in (13), that will yield the equilibrium conditions:

0+A(X—=X,)=0,
(27) 0+4(y—Y,) =0,
-mg+4(z—-z,)=0.

The equilibrium position (X,y,Zz) is calculated from that as follows: The first two equations in
(27) imply that:

(28.a) {

Il
X
S

Il
<
S)

Thus, from the constraint equation (25), one further has:

(28.b) 7-17,=%R,

i.e., the point is at either highest or lowest point in the sphere at rest, which is explained
immediately. (Naturally, the equilibrium is labile in the first case, which is established by a
special examination in each case.) With those values of X, y, Z, one finally finds the value of 1

from the third equation in (27):

_ . mg
28.c A=+ —=
(28.c) -

in which the upper or lower sign will be true according to whether the mass-point is at the
highest or lowest point, resp.

The center of the sphere might now move along the positive x-axis with a velocity of c. The
constraint will then be rheonomic, and indeed one will have:

(29) (XY, 2,t)=(X—Xo—Ct)’ +(y—Yo)* + (2~ 20}’ - R* =0.
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From our convention, the virtual displacements are subject to the following constraint here:
(30) (X—Xo—ct)ox+(y—Yo) oy +(z—120) 6z=0,

and although time is not also varied, we see that this says something totally different from the
constraint (26) in the scleronomic case. Together with the principle of virtual displacements that
was formulated in (13), along with a factor A, we will get the following equilibrium equations
here:

0+A(x—x,—ct) =0,
31) 0+A(y—Yo) =0,

-mg+A(y—-y,) =0,

which correspondingly differ from (27).

The equilibrium position (X,y,Z) and the factor A follow in the same way as before:

(32) 7-1,=%R,
m

i.e.,, the point can once more be at the highest or lowest point of the moving sphere in
equilibrium.

We shall now move on to the non-holonomic (scleronomic or rheonomic) constraints. It is
easy to see now that the principle of virtual displacements will again be valid in the form (13)
when we define the virtual displacements as follows: They must obey the constraints:

(33)  for scleronomic constraints: > (a,, 5%, +b,, Sy, +c,, 5z,) =0,
(34) " rheonomic " > (al, o, +h, Sy, +c., 62,) =0.

Those equations will be obtained from equations (16) and (17), which typically represent
non-holonomic constraints, when one switches the symbol “d” with “&” and sets dt equal to zero,
i.e., time is not varied. Namely, that will follow directly from the fact that in our previous
explanation of the equations of constraint, we did not actually use them in their “holonomic”
form ¢« (X, ..., Zn, t) = 0, but only in their varied form, in which they represented differential
relations between the differentials (variations, resp.). The fact that they fulfilled the integrability
conditions was not used at all.
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At the same time, let it be remarked here that such non-holonomic constraints always appear
when one deals with the rolling of spheres and similar bodies on a certain surface, e.g., a plane.
If the surface on which the sphere should roll moves in space then we would simultaneously
have a non-holonomic-rheonomic constraint.

As the final result, we can then establish that:

The principle of virtual displacements is true for every type of constraint — holonomic, non-
holonomic, rheonomic, scleronomic — in the form (13), in which virtual displacements are
understood in the most general case to mean that they satisfy equations of the form (34).

That is because the non-holonomic, rheonomic equations of constraint (17) reduce to
scleronomic ones in the special case in which time does not appear explicitly and to holonomic
ones when the integrability conditions are fulfilled.
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D’Alembert’s principle.

As is known from Newton’s second axiom, the equations of motion for a system of n
completely-free mass-points (so 3n degrees of freedom) read:

X,—m X =0,
(35) Y,-m, y =0, (v=1,2,...,n)
Z,-m, 7, =0.

If we denote the left-hand sides briefly by X', Y', Z' then we can write those equations as:

X' =0,
(36) Y/ =0, (v=1,2,....n)
Z' =0.

They then take the same form as equations (1) for equilibrium in a free system of n mass-
points, as we considered it in § 1.

The fruitful interpretation of the equations of motion, for which we have d’Alembert to
thank, is based upon this formal agreement between equations (36) and (1), and is what goes by
the name of d’Alembert’s principle.

Obviously, one can formulate (36) as:

Every mass-point that exhibits an accelerated motion under the influence of the explicit
forces Xy, Y, Zy will be brought into equilibrium under the common influence of the forces X, —
mvx-v = X;’YV_ mv yv = YVI7ZV_ mvzv = Zl;’

or:

If one adds the so-called d’Alembertian inertial forces — m, X, — m y , — m Z to the
impressed forces X, Y., Zv then those forces taken together, i.e., the forces Xy — m X , Yv —
m, VY, ,Zv—m Z , will keep the mass-point in equilibrium.

D’Alembert’s principle then reduces the problems of dynamics to problems of equilibrium.
Now, in his Mecanique analytique, Lagrange took the further step by saying that
d’Alembert’s principle, as the simplest expression that we can consider, viz., (35) [(36), resp.],
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should be coupled with the principle of virtual displacements. In fact, if we multiply the 3n
equations (36) by the arbitrary functions 6 x., oy, 0zvand add them then it will follow that:

D> (XL6x,+Y, 8y, +Z.62,) =0,

v=l

or, from (35):
(37) D UX, —m, %)%, +(Y, —m, ¥,)8Y, +(Z,—m, 2,)562,] =0.
v=1

In analytical mechanics, that particular equation is called d’Alembert’s principle. We will
adopt that terminology here and always understand that principle to mean equation (37).

Equation (37) is precisely equivalent to equations (35) for a completely-free mass-system,
because the quantities o X, oYy, o2y, which we naturally once more consider to be infinitely-
small displacements ¢ s, are mutually independent. However, if certain constraints are present,

say, m (< 3n) of them, that we will assume to be non-holonomic and rheonomic here, for the sake
of generality:

(38) z (al'(v dxv+br’(v dyv+C1’(V dzv)+a; dt =0 (K: 1,2, ...,m),

v=l

then it will follow in analogy to the foregoing section that equation (37) will retain its validity
when we understand dXv, Yy, dZvto mean virtual displacements, i.e., displacements that obey
the following conditions:

(39) > (a, 5%, +b., 5y, +c/, 52,) =0 (k=1,2, ..., m).

v=l

With the help of m Lagrange multipliers, upon combining equations (37) for d’Alembert’s
principle and the m equations (38), one will get the equation:

(40) DII(X,-m X, +> A.a.)ox, +(Y,-m §, +> A.b )5y, +(Z,-m, z,+> A.cL)62]1=0,
v=1 k=1 k=1 K=l

which will then give the following system of Lagrange equations of motion of the first kind, in
just the same way as what followed from equation (12) in § 1:

m
X,-m X +> A.a, =0,
K=1

(41) Y, —m, yv+z/1,<b,gv=o,

k=1

m
Z,-m, Z,+> A.¢., =0.
=1




§ 3. — D’Alembert’s principle. 15

Those 3n equations, together with the m equations (38), will suffice to determine the (3n + m)
unknowns X1, Y1, Z1, ..., Xn, Yn, Zn, A1, A2, ..., Am.

As we have repeatedly emphasized, virtual displacements are determined in the same way
here as they were in the principle of virtual displacements. In particular, time is not varied for
rheonomic constraints, as we will see, e.g., when we go from (38) to (39).

Naturally, equations (41) also subsume the case of scleronomic and holonomic constraints. If
the constraints are initially scleronomic then the coefficients & ,, b, , ¢/ will not include time

KV ! Kv 1

explicitly, which we would like to suggest by dropping the prime, as with our previous notation.
If the equations are holonomic, in addition, then the coefficients axv, by, cav Will be equal to the

partial derivatives 0P, , 00, , 2(0’“ , resp., of a certain function ¢« .
ZV

X, 0,




§ 4.

The energy principle for scleronomic and rheonomic
equations of constraint.

This is the place for us to establish the circumstances under which the energy principle will
be included in the equations of motion of mechanics (41). It will be shown that this is the case
only when the equations of constraint are scleronomic, i.e., they do not include time explicitly,
whereas holonomity or non-holonomity is irrelevant to that.

We take the most-general case of non-holonomic-rheonomic constraints, whose equations of
motion were exhibited in (41). Thus, perhaps m equations of constraint of the form (38) might
exist:

2. (&, dx, +bl, dy, +c|, dz,)+a dt =0 (x=1,2,...,m),

v=l

from which, dividing by dt will produce the following relations for the velocity components X,

Y, Z,:

KV 14 KV v

> (@, % +b. y +c., Z)+a =0 (x=1,2,...,m).
v=l

If we successively extend the equations of motion by the velocity components x,, y
add them, and arrange them then we will get:

z,,

v 14

(43) Z(xv X +Y, ¥y, +2Z, zv)—va(xv X, +V, Y, +Z, zv)+ZzK (@, x +b/ y +c. z) =0,
v=1

v=1 k=1

The individual summands in that equation have simple meanings. The first sum represents
the work done by the impressed forces X., Y, Z, per unit time; we would like to denote it by
dA'/dt. The differential symbol is given a prime in order to suggest that d’A is does not
necessarily need to be an exact differential of a pure function of the coordinates, which will be
true only in special cases that are generally very important. The second summand can be written:

(44) Sm R %9, 4L 2) =3 m ey = S5 L =
v=l v=l

v=l

L, means the Kinetic energy of the v" mass-particle, and Z L, = L means that of the total
system. Finally, based upon equations (42), the third sum can be written:
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(45) DA (@, %, +bly, +cL,2)=— > A.a..
k=1 K=1
Along with (44) and (45), equation (43) will become the following one:

dL _ dA &
46 AN -
(46) pralialie ;K "

while the energy principle is known to demand that the time derivative of the kinetic energy
dL/dt should be equal to the work done per unit time dA'/dt.

We then see that the energy principle is not true in the case of rheonomic constraints, which
are indeed characterized by the appearance of the coefficients a’, and in fact it is irrelevant

whether the rheonomic constraints are holonomic or non-holonomic. That is because if we

assume that the constraint (42) can be converted into a holonomic one (due to the integrability

conditions being valid) then we will indeed have:

a,’(‘, — awr(, b"(v - 6¢K’ C’V(V — 6¢K’ a['{ - agD)c
OX, oy, oz ot

14

and equation (46) would go to:

46.a = _
(46.2) dt dt 4 ° ot

which proves the assertion above.
By contrast, if the constraints are scleronomic, i.e., the coefficients a vanish (in the

holonomic case, dgx / 6t = 0, resp.), then the energy principle will, in fact, follow:

(47) *«_aa

The energy principle will then be true for only scleronomic (holonomic or non-holonomic)
constraint equations.

In special cases, the forces can be represented as the negatives of partial derivatives of a
single function @ of the coordinates X, y1, 1, ..., Xn, Yn, Zn :

(48) XV:_aE, YV:_aE’ ZV:_aE (V:1,2,...,n),
OX oy, 0z

14 14

and the expression:
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aA DX, X, +Y, Y, +Z,2,)
dt =
will go to:

dt

dA _ &[(od, oD . oD, do
(49) D B e A et A
dt "3\ OX, oy, 0z,

which will make the energy principle (47) assume the simple form:

d
(50) E(L+®):O,

or L+®d=h,

in which h means a constant. One calls @ the potential energy, while h = L + ® means the total
energy.

In the latter case, i.e., when a potential energy @ exists, we would like to refer to equation
(50) as the energy integral, which we would like to characterize as the narrower form of the law
of energy, to distinguish it from its broader form (47).

The result that was obtained that the energy principle is not valid for rheonomic constraints is
important in the investigation of the least action principle (§ 12), among other things.
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True, transitional, and varied motion.

The fundamental difference between holonomic and non-holonomic constraints can be
highlighted in a different way, which we would now like to explain.

We first consider the true motion of one mass-point. (Everything that is essential here will
become clear when we restrict ourselves to this simplest system. Moreover, the statements that
will be made here can be adapted verbatim to a system of n mass-points when we go to 3n-
dimensional space.) We can think of it as being represented in, say, the form:

X, =X, (1),
(51) yv = yv (t)’
z,=12,(t).
Xv
P’ var. path
true path
O Xy
P (Xv7 yv’ Zv)
Xv
t
t
Figure 1.

We associate each point x., Yy, zy with of the true path at time t with another neighboring
point (Xv + o Xy, Yv+ 8Yy, Zv+ 02y) at the same time t by means of the virtual displacements 5.,
O0Yw 0Zv. The set of all those latter points will likewise define a continuous path, at least when
Xy, OYw O zvare continuous functions of time, which we assume. We shall call that path the
varied path. Naturally, we can associate the true path with a varied path in very different ways,
such as when we let the point Xy, yy, zv at time t on the true path correspond to the point (x, +
AXy, Yv + Ayy, Zv + Azy) at time t + At on the varied path. However, the displacements Ax,, Ay,
Az, would not be virtual displacements then, in general, which is why they are also not denoted
by the symbol o. Nonetheless, we shall only deal with virtual displacements, so for our
considerations, the varied path will emerge from the true path in the first way that was given.
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We can perhaps depict that graphically by considering only the x,t-plane (Fig. 1). Naturally,
we would then get only the projection of the true and varied paths onto the x-axis.
As is shown in the figure, a point P on the true path is associated with a point P’ that

corresponds to the same value of time t. We call PP’ the transitional path. The components of

PP’ are 5xv, Sy, 67v.

Now let a holonomic constraint exist that we would initially like to assume is scleronomic,
for simplicity:

(52) @ (Xw, Yy, Zv) =C1,

in which the constant c; can naturally also have the value 0, but it does not need to. For the sake
of clarity, we prefer that the value of the constant should remain undetermined.

We shall now address the issue of what sort of constraints the true, the transitional, and the
varied paths should be subject to.

For the true path, according to the problem that was posed, equation (52) must be fulfilled for
every position of the material point along it, e.g., for the point (X, y, z,), as well as for its
neighboring point (xv + d Xy, y» + d yy, zy+ d z,) (which it will assume at time t + dt, although
that will not be an issue here). Thus, along with (52), one will also have the equation:

o (Xvtdxy,yv+dyy,, zv+dz) =0

for the neighboring point, or:

O Xv, Yv, Zv, + —dx, +——dy, +——dz, =c1,
( y ) 6XV X i?yv Y 6ZV Y '

or after subtracting equation (52):

op op op _
53 ——dx +—dy +——dz, =dp=0.
( ) 6XV Xl/ a , yV 6Zv 14 ¢

The components of the true displacement d x., d y,, d z, then obey the relation (53), which says
just that the value c1 of ¢ does not change along the true motion.

How does that work for the transitional motion?

During it, which is indeed produced by virtual displacements & x,, Yy, 6 zv as a result of
d’Alembert’s principle, the latter displacements must obey the equation:

(54) a—¢§xv+a—¢§yv+6—¢&v =5¢p=0,
OX oy oz

v v 14

as was shown before, i.e., the change in the value c1 of ¢ will also be zero during the transitional
motion, that is, the transitional motion will also obey the constraint equation (52).
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A statement about the behavior of the varied path will now follow directly from that.

@ has the value c; at the point P on the true path. ¢ will not change during the transitional
motion that leads to the point P’ (6 ¢ = 0). Therefore, the point P’on the varied path will also be
assigned the same value ¢ = cy, i.e., the varied path will also obey the constraint (52) under our
assumptions.

We have then arrived at the following result:

For holonomic constraints, the true, the transitional, and the varied path will obey the
equations of constraint.

As we had already anticipated in the formulation above, that will also be true when the
holonomic constraint equations are rheonomic since t is treated as a constant parameter during
the transitional motion.

In the above, we concluded the behavior of the varied path from that of the true and the
transitional paths. Had we demanded from the outset that the varied path should also satisfy the
holonomic constraints, along with the true path, then we could have concluded in the same way
that the transitional path would have to do so, as well, i.e., that the displacements 6 X, Sy, 6 Zv
that are thus constituted would have to be virtual ones.

That behavior will change when we now move on to non-holonomic equations.

Therefore, let a non-holonomic (but scleronomic) constraint be given now:

(55) d’(D = axv OXv + Dicv dYV"' Crevdzy=0 ,

in which the ax, ... are functions of Xy, Y, zv that do not fulfill the integrability conditions. We
have denoted the left-hand side of the constraint by d’e, in which the prime suggests that it
should not be treated as an exact differential of a function ¢.

We will now first present the conditions for the transitional path to obey the constraint (55),
i.e., for the displacements to be virtual. Previously, that followed for holonomic constraints from
the fact that the varied path also obeyed the equations of constraint. Secondly, we will formulate
the condition for the varied path to obey equation (55) and see whether those two determinations
are also compatible with each other now (%).

We shall first present the equations that have to be valid along the transitional path!

The virtual displacements & Xy, dyy, 6 zv that characterize that motion have to obey the
constraint that is given by (55) when we switch d with 6, i.e., the equation:

(56) oo =axv OXv+ Dxv OYv+ Crv 62v=0,

whose left-hand side we logically denote by 6'¢. Now, that equation will be as valid when we
complete the transition to the varied path from the point (x, y, z,) on the true path as it is when

(Y) On this, cf., O. Holder, “Uber die Prinzipien von Hamilton und Maupertuis,” Sitz.-Ber. d. Ges. d. Wiss. zu
Gottingen (1896), pp. 122, et seq.
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we go to the neighboring point (xv + d X, yv + d yy, zv + d z,) on the true path, i.e., along with
(56) [i.e., along with 6" ¢ (Xv, Yw, zv) = 0], it must also be true that:

5'¢(Xv+ d Xy, yv+ d Vv, Zyv + d ZV) =0,
or after developing that in a Taylor series and subtracting equation (56):
(57) d (o' ¢) Ed(axv5Xv+ bKVéYv'l' CKV&ZV):O.

Let us make note here of the special case that will emerge from (57) for a holonomic constraint
equation:

(57.9) d(og) =d a—¢5XV+6—¢5yv+a—¢§zv =0.
OX oy oz

14 14 \4

(57) is the condition that is implied by the demand that the transitional path should obey the
prescribed equation.

We shall now formulate the other demand that the varied path should also do that. However,
that obviously means that whereas the equation &’ ¢ (Xv, ¥, zv) = 0 is fulfilled for the true motion,

the same equation should be valid for the varied coordinates (Xv+ Xy, yv+ Oy, Zv+ 52v), SO:
d'e (Xv+ OXy,yv+ SYw, 2v+ 62,) =0,

or upon developing that it in a Taylor series and subtracting equation (55):

(58) 0(d' @) =0 (arv OXv+ by OYyv+Cxv 02) =0,

which will again specialize to:

op op op
58.a S(de) =06 —4dx +——dy +—=—dz, | =0
(58.a) (d o) (ax Yy Vo+= ]

14 \4 14

for a holonomic constraint. We now ask whether the two conditions that were thus obtained
(which we already know to be identical in the case of holonomity, which will also be shown
again soon) are compatible with each other for non-holonomic equations.

By performing the differentiations that are suggested in (57), it will follow that:

(59) %d&Jp-- OX, + atidxv+--- oy, + %dxvjt--- o0z, +(a,,dox, +--) =0,
OX, OX OoX,

14

and likewise from (58):



8 5. — True, transitional, and varied motion. 23

(60) [%éxv +J dx, +[%5xv +j dy, +(%C—£Vv5xv +] dz, +(a,dox, +---) =0.

Subtraction will give the following relation that must exist between the two equations (57) and
(58) in the case of compatibility:

oa ob b oc
v _ & 1 (dy Ox —dx Oy )+ v _ X | (dz oy —dy oz
(8yv aXV](yV ,—dx, dy,) [82 Y ]( , 0y, —dy, 6z,)

14 14

(61)

o Lo _ B | (4x 52, —dz, 5%) =0,
OoX, OX

On the other hand, the following proportion can be inferred from (55) and (56):
(62) axv: bav:Cov = (dZv SYv—dyy 62)) : (dXv OZv—dzv X)) @ (dXv Oyv—dyv OXy)
or when we appeal to a proportionality factor A :

a,, = A-(dx, 8y, —dy, 6x,),
(63) b, =A-(dx, 0z, —dz, ox, ),
c., =A-(dy, ox,—dx, oy,),

with which (61) can be written:

(64) By —ébi c., + %—% a. + Ly By b, =0.
oy, OX oz, oy, oX, OX,

14

For a holonomic constraint equation, that relation will specialize to:

2 2
(64.2) { Op ¢ J8_¢7+()8_¢+()8_(p:0
ox o, oyox oz, * Tox, oy,
and we will see that:

This is always fulfilled identically, i.e., in the case of holonomic constraints, the demands
that, on the one hand, the varied path and on the other, the transitional path should satisfy the
constraints on the motion will be identical to each other, as we know already since the one
demand inevitably implies the other.

However, (64) cannot be fulfilled, in general, since the coefficients ax, bxy, Cxv do not vanish
simultaneously, and likewise, the expressions in the parentheses cannot be simultaneously zero
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due to non-holonomity. That is because the vanishing of those quantities would mean that the
integrability conditions are fulfilled, which is contrary to the assumption of non-holonomity.
That then implies this result:

For non-holonomic equations of constraint, the true and the transitional motions indeed
fulfill the equations of constraint, but not the varied path, in general.

Since, on the one hand, mechanical principles (e.g., d’Alembert’s principle) demand that the
transitional motion will be composed of virtual displacements, so the transitional motion must

always fulfill the equations of constraint, if one would like to determine the displacements E

5_yv, 5_zv from that principle in such a way that the varied path fulfills the constraints on the

motion then one would arrive at false equations of motion, in general. Both determinations will
be equivalent only in the case of holonomic constraints. That distinction is not always stressed
clearly enough, e.g., Hertz (%) had violated it in a known example in his theory of mechanics.

The state of affairs might be explained once more with that Hertzian example. A ball rolls
without slipping on a horizontal plane under the action of arbitrary forces. As we have already
mentioned before, the equations of constraint in this problem that express rolling without
slipping are non-holonomic. Two neighboring points (X, yv, ) and (Xv + d Xy, yv + d yy, Zy + dzy)
along the true path naturally emerge from each other by a pure rolling motion.

The principles of mechanics further demand that the transitional motions that start from the
point (X Yy, zv), as well as the point (xv + d xv, yv+ d Yy, Zv+ d z,), should lead to the respective
final positions (Xv + 6 Xy, v+ 0y, Zv+ d2zy) and (Xv + S Xv + d (Xv + J X4), ...), i.e., that the
displacements should be virtual. If that were the case then the points (X» + & Xy, v+ S Yy, Zv +
0z,) and Xy + OXv+dxy+ d O Xy, yv + Syv+ dyy, +d Sy, ...) On the varied path would no

longer emerge from each other by a pure rolling motion, but a slide would necessarily have to
enter in.

Holder (%) has carried out the calculations in this example thoroughly and explained the
actual situation.

() Cf., infra, pp. 36.
(®» Haolder, loc. cit.
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More general variations (variation of time).

In the foregoing sections, we have already occasionally remarked that we can go from the
true path to a neighboring varied one by way of more general types of displacements & Xy, oy,
o6z than the virtual ones, i.e., ones that are performed at constant time. We would now like to
consider that more general type in more detail. We would now like to associate a space-time
point (Xv, Y, Zy, t), as we would like to say briefly, on the true path with the space-time point (X,
+ AXy, Yv + Ayy, Zv + AZy, t + At). The set of all of the latter points defines the varied path under
our new rule for variation and for that we would like to expressly reserve the notation A. We
would again like to clarify the association of the two paths in this graphically by examining the
relationship in the x.t-plane, i.e., we shall consider the projection of the paths onto the x-axis.

Xv

2
sx, A% 1|3
7

1

t At
Figure 2.

In Fig. 2, the point 1 means the point on the true path with the coordinates x., y., zy at time t.
Up to now, we went from a point 1 to a point 2 (with the same value of t, i.e., by means of the
operation ) that has the coordinates (xv + Xy, yv+ dYyy, Zv + dzyv). The line segment (1, 2) is
accordingly equal to 6 x,» . However, we would now like to associate the point 1 with the point 4
that has time t + At and coordinates X + AXy, yv+ Ayy, Zv + AZy.

In addition, the point 3 on the true path is indicated in the figure, which is attained by the
material point at time t + At. If we denote its velocity components by X, , y,, Z, then the point 3

v

will have the coordinates xv + X, At, yv+ y, At, zv+ z, At. We will then get the following table
for our four points:
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Point Coordinates Time
1 Xv, Yo Zv t
2 Xv+ OXn Yv+ OYu Zv+ 52y t
3 Xv+ X AU, yv+ ¥ AL, Z,+ 2, At. t+At
4 Xv+ AXy, Yo+ Ayy, Zv+ AZy t+ At

The difference between the ordinates of 2 and 1 is accordingly & x,, and between 4 and 1, it
will be Axy .

We would like to exhibit the relationships between Ax., ¢ X, and At. To that end, we observe
that the point 4 emerges from 3 under the o6 process, and likewise 2 from 1. We can then express
the x-coordinate of 4 as follows: (x» + X, At) + & (X» + X, At). In general, we will then find the

following values for the coordinates of 4:
Xv+ OXy+ XVAt, yv+5yv+ yvAt, vt OZv+ ZVAt,

when we neglect terms of higher order.
On the other hand, from the table above, its coordinates will be the following ones:

Xy + AXv, yv+Ayv, v+ AZy.
A comparison will then give the following relations between Axy, Xy, and At :

AX, =X, + X, At,
(65) Ay, =0y, +Y, At,
Az, =027,+1,At.

We would further like to apply the operations A and ¢'to a function ¢ (x, v, z, t) and likewise
exhibit the relations between Ag and d¢. From the definitions of the symbols, we have:

(66.2) Ap= 2P Ax+ 0P ay 1 9P 77 1 OO at
ox oy ez ot
(66.b) x=25x+92 59+ 5,
OX oy 0z

If we add the time derivative to that:

(66.c) do _ :8—(px+a—¢y+a—¢z’+a—(p,

a T Ty a
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extend that equation by At, and subtract from (66.a) then we will have:

Ap— gbAt— (Ax xAt)+ay(Ay yAt)+ (Az—zAt)

and from (65), the right-hand side of that is equal to:

8(05)( 6¢5y+8¢)
OX

so from (66.b), it will be equal to 6¢ . We will then get:
(67) Ap=6p+ @AL,

analogous to equation (65).

27
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General coordinates. True and non-holonomic coordinates.

The use of Cartesian coordinates is generally unsuitable, and for that reason one introduces
so-called “general coordinates,” i.e., quantities (k that are in one-to-one correspondence with the
X Yv Zv. If holonomic equations of constraint, say m of them, exist between the 3n Cartesian
coordinates X, Yy, Zv then (3n —m) = N quantities gk can always be chosen such that no further
equations of constraint will exist between them. If the equations of constraint were scleronomic
then the relations that couple the x., y, zv to the g« would not include time t explicitly, and one
would also call the gk “scleronomic” coordinates, in a terminology that is easy to understand. By
contrast, if the constraints that were originally present were rheonomic then time would also
enter explicitly into the relations between the Cartesian coordinates and the gk, which would then
be called “rheonomic,” as well. In both cases, we have, in any event, equations of the following

type:

(68.3) Ok = Ok (X1, Y1, Z1, ..., Xn, Yn, Zn)
or k=1,2,...,N)
(68.b) Ok = Ok (X1, Y1, Z1, .., Xn, Yn, Zn, 1) .

In what follows, for the sake of simplicity, we will always restrict ourselves to scleronomic
coordinates. Due to the form of the relation (68), the gk are also called holonomic or true
coordinates. However, in some situations, it is preferable to introduce certain linear differential
expressions in the true coordinates that we would like to abbreviate by d'z, :

N
(68) d'z, = Y o, dg, (r=1,2,....,N),

k=1
in which the axr are functions of the gx.
If those coefficients cxr satisfy the integrability conditions:

(69) 9o 09y _g r=1,2,...,N)
aq,  0q,

then the d'z, will be exact differentials, and the quantities 7+ can be obtained as functions of the

gk from (68) by integration. In that case, the z will be merely new general coordinates of the
same character as the gk . Naturally, the prime on the differential symbol in (68) can then be
omitted in that case. By contrast, if the integrability conditions (69) are not fulfilled then there
will exist no such quantities as “7”; rather, the d'z, will just be defined by (68). If one divides
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(68) by dt then the quantities dgk / dt = §, will appear on the right-hand side, namely, the
generalized velocities. We would not like to denote the quantities d’z, /dt on the left-hand side
by 7., in order to not create the impression that we are dealing with time derivatives of the

*

quantities “zz”. We shall denote the aforementioned quotients by 7, , to distinguish them. They
obey the equations:

(70) 7 =

N
a, G, (r=1,...,N),
k=

1

so they are linear combinations of the generalized velocity components and can even be
employed as such generalized velocities. However, they differ from the ¢, by the fact that the

latter are derivatives of quantities gk, while the former are not. Naturally, for that reason, one
cannot employ the “7” as generalized coordinates either. Only the gk and the ¢, will appear

together in the Lagrange equations of motion that will be discussed later. The difference

between the ¢, and the 7, that was explained here makes it plausible from the outset that the

quantities z, cannot be used as velocity components in the Lagrange equations since the

associated quantities 7+ do not even exist. However, as we will explain later, the Lagrange
equations can be extended in such a way that they will also remain useful in that case. One calls
the quantities d'z, (although it is not entirely appropriate) differentials of non-holonomic

coordinates or quasi-coordinates (). An example of those quasi-coordinates is the following
one: As is known, one can determine the position of a rigid body that is fixed at a point by the so-
called Euler angles ¢, v, 4, which are obviously true coordinates. ¢ is called the angle of
precession, y is the angle of proper rotation, and ¢ is the pendulum angle. The quantities ¢, v,

9 are correspondingly called velocity components. On the other hand, one can decompose the
angular velocity of the rigid body around the instantaneous rotational axis into three components

T, ;( , along three axes that are fixed in the body. They are naturally functions of the ¢, 17, 9.
Indeed, the mechanics of rigid bodies tells us that the following relations will exist:

7 =sinysind-¢+cosy - 3+0-y,
(71) y=cosysind-g—siny-9+0-y,
p= cosd-¢p+0 -9+1-y.

() The recognition of this fact, as well as the term “non-holonomic coordinates,” goes back to Boltzmann
[Wien. Sitz.-Ber. 111 (1902), pp. 1603].
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In this case, the axr have the following values:

o, =sinysing,  a, = cosy, a, =0,
(72) o, =cosysing,  a,, =-siny, a,, =0,

oy = CoSY, ay,= 0, a5i=1

and they do not fulfill the integrability conditions (69). For example, one has:

ooy, B oa,,

o . . 0 )
= —(siny sin$) ——(cos =sin wcos $#0,
29 op 819( 7 )6(/)( ) v 7

If we multiply equations (71) by dt then the quantities ;zdt, ;*(dt, ;)dt will be inexact
differentials that we would like to denote by d'7z, d' y, d' p:

d'z=sinysing-dep+cosy -d3+0-dy,

(73) d" y=cosysingd-de—siny -d3+0-dy,
d'p= cos$-dp+0  -dg+1-dy.
The quantities d'z, ... have precisely the property that we have just demanded of the

differentials of quasi-coordinates. We shall return to this example in more detail later.

In what follows, we shall concern ourselves with an important property of the differentials of
non-holonomic coordinates upon which precisely the aforementioned inapplicability of the
ordinary Lagrange equations is based, in the final analysis.

Ok

- — G (V)

/ S Ok Ok (1)

Ok (1)

Figure 3.a

Let gk be a true coordinate and let ¢, be the associated velocity. We now treat the

da,

relationship between the expressions 5( ot

J and %(5qk) . We draw the curve gk (t) in the g« t-
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plane. At the same time, we denote a neighboring curve by g, (t). If we associate both curves
with each other in such a way that we let each point gk corresponds to the point g, that belongs

to the same value of t, as is suggested in Fig. 3.a, then by the definition of the 6 symbol, we will
obviously have g, — gk = gk . Hence:

d dg, dq 0
74 —(50,) = —% Tk =g —q, .
(74) Olt( ay) i A, — Gy

oh

s/

-

% 54, d,

G

Figure 3.b

If we now draw the curves g, (t) and g, (t) in the g, t -plane then from the definition of the &
symbol, we will once more have:

. d G
(75) oq, = 5(&j =0 —0

as we read off directly from Fig. 3.b, and a comparison of (74) and (75) will yield the
fundamental relation:

d 5. = of L
(76) aéqk)—éﬂdtj,

i.e., the operations 6 and d / dt will commute for holonomic coordinates. One sees that this is
essentially based upon the fact that t, the independent variable, remains unvaried. The
commutability will not be true for the symbols A and d / dt, as one sees immediately.

Let non-holonomic coordinates be defined by the equations:

N
(77) Sm= Y, &, o0, (r=1,..,N),

k=1
and the associated velocities by:

(78) 7Tr = akr qk 1

N
k=1
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respectively.
If we now take the time derivative of (77) and apply the operation 5to (78) then we will find
that:

d5qk de,
=50, ,
kz dt

*i(li

k

—(577 ) =

Since one has d 5g, =

5%“, from (76), subtraction will yield:

*d L
(79) 57[r_a(57[r) = Z{é‘akr O — % §qk} .
k

As calculation will show, the right-hand side of that will be non-zero for non-holonomic
coordinates, i.e., the two operations in question do not commute. In order to make that obvious,
we write:

. oo, .
ar = _q ’
‘ ; oq,

and when that is substituted in (79), that will produce:

0
57[ __(5”) - Z5akr Oy — ZZ azkr 60, d;,
2

or when we permute the summation indices k and A in the double sum (which is obviously
permissible):

- d _ N B oa,,
éﬂ-r dt(éﬂr) ;qk(ﬁakr ;; aq 5qk] )

A
Likewise, we have:

o
504( - kr 5q 1
r ; oq,

so when that is substituted, we will ultimately have:

d 57r Ja, O« .
{ = _—M} A, 00
oq,  aq,

(80) 57,
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oa,, B oa,,
(o PR

hand side of the integrability equation (69), and since that is not fulfilled for non-holonomic
d o,

The expression in brackets { } that appears on the right is nothing but the left-

coordinates, we will in fact have o r,

and d / dt that is required in the derivation of the Lagrange equations, as we will explain more
precisely later.
We can modify equation (80) somewhat. Namely, if we solve equation (78) for ¢, and (77)

for &gk then we can replace ¢, and ogx with 7;r and oz, resp., on the right-hand side of (80). Let
the solution of the aforementioned equations be the following:

qﬂ :Zﬂpﬂ 57Tp’
P
P :Zﬂﬁ 7;6,

(81)

in which p and o are two summation indices. (80) will then become:

(82) 5(x,) = <an>+zz ZZ{%Z“—%%}%& 7,67,

or when one permutes pand o':

*

(82.2) 5(z) = %&HZZ{ZZ By B, {a“kf _%H z,-07,

aq, g,

One can make a slight alteration to (82.a).

The square bracket depends upon the indices k, r, 4, p, o, of which those two symbols k and
A in the double summation that is to be performed are summation indices, while the indices r, p,
o are running variables. For that reason, we would like to combine them into the notation (— y,0)
and then get:

(83) 5(r) = %(57rr)+zz Vo T, O,
c p

The summarizing of the square bracket into — y,s is justified by the fact that j,- depends
upon only the mutual couplings between the 6 7+ and the 6 gk .
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Hamilton’s principle of stationary action and its equivalence
with d’Alembert’s principle.

The left-hand side of equation (37) includes d” Alembert’s principle in the form:
21X, =m, %) 8x, +(Y,=m, §,)8Y, +(Z,-m,2,)52,] .
=1

That expression will vanish when 6x., Yy, dzy are virtual displacements. Naturally, it will be
non-zero when that is not the case, in general. In what follows, we would like to leave it
undecided whether the ox., Jdy,, ozv are or are not virtual displacements. For our initial
considerations, it will not matter whether the expression above vanishes, but only when in
combination. We convert it into the following form:

(84) z (X, 6%, +Y, 8y, +Z,52,) —Z m, (X, 6%, + ¥, 8y, +Z, 52,) .

As is known, the first summand:
(85) D (X, 6%, +Y,8y,+Z,02,) = &'A
represents the work done by the forces X, Y., Zv under the arbitrary displacement 5x,, ... The

second sum can be converted term-by-term in the following way:

m, X, ox, = i (m, X, ox,)—m, X, dox,
dt dt

d
=—(m X oX)—m X OX
dt( VXV V) 14 14 14
_d . .9
- a(mvxvé‘xv)_é‘(%mv Xv) '
We will then have:

mV (XV §XV + yv 5yV + ZV 62!/) = %[mv (XV 5XV + yV §yl/ + ZV 5ZV)]_5%(X.5 + y.f + 25) *

The last term is the variation of the kinetic energy L. of the v"" mass-point then. Therefore,
upon summing over all mass-points of the system, one will ultimately have:



8§ 8. — Hamilton’s principle of stationary action. 35

(86) mV (5(1/ 5XV + YV 5y1/ + ZV 62]/) = - 5L+% |:va ()'(V 5XV + yv 5yv + ZV 5ZV):| *

Subtracting equation (86) from (85) will then produce the following identity:

(87) DX, —=m, K,) X, +-+] = §L+§’A—% [va(xv SX, +Y, Y, +2, 52)} :
v=1 v

Here, the d’Alembert expression on the left-hand side is transformed with no concern for
whether the ox., ... are or are not virtual displacements. Since a differential quotient with respect
to time is found on the right-hand side, that suggests performing an integration over t between
two fixed limits to and t1. That immediately yields:

t g Y L'
IZ[(XV—”‘V X)X, +---]dt = j(5|_+5'A)dt{va(xv SX, +Y, Y, +2, 52)} :
ty v=l v

ty %

The term outside of the integral sign can now be made to vanish by a suitable assumption on the
quantities Xy, ... at the times to and t;. Namely, if we assume from now on that the ok, oy, ozv
are equal to zero at the two times to and t1 (the physical meaning of this will be discussed later)
then the expression in question will vanish at the two limits, and will get simply:

(88) tjz [(X —m, %)% +--]dt = T(§L+5'A)dt .

t v=l to

Now, if displacements that were assumed to be arbitrary up to now are virtual then the left-
hand side will vanish on the grounds of d’Alembert’s principle, so the right-hand side will, as
well, and the statement that:

(89) tf(aL +5'AYdt =0

f

will be completely equivalent in its content to d’Alembert’s principle and the equations of

motion. Equations (89) is called Hamilton's principle of stationary action.

0D (X,..., X,)
OX

14

In the special case where the forces can be derived from a potential (X, = —

...), one has 6'A = — 6 ®, and when one switches the order of variation ¢ and integration over t,
one can write:
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(90) 5}(L—cp)dt:5tledt:o.

f f

According to Helmholtz, H = L — @ is called the kinetic potential.
In the form (90), Hamilton’s principle of stationary action will admit a simple formulation:

tl
namely, except for an irrelevant constant factor, I H dt is the temporal mean of the kinetic

f

potential. We can then summarize the equations of motion in the simple statement:

The temporal mean of the kinetic potential is stationary for the actual motion, i.e., a
maximum, a minimum, or a saddle point value.

Therefore, the actual motion (we shall again restrict our notation to the projection onto the xt-
plane) will be compared to those neighboring (i.e., varied) paths that have the same initial and
final points at times to and t1 as the actual one, since the o, ... should indeed vanish at those
two times. The transition from the actual to a varied path must always take place by way of a
virtual displacement. If non-holonomic constraints are present then from the foregoing the varied
motions that one compares to the actual motion will represent impossible motions since they will
then contradict the equations of motion.

X

Slel— actual path

to t1
Figure 4.

If we were to demand (but this is not based upon facts) that the varied paths should also obey
the non-holonomic constraints then that would exclude the use of Hamilton’s principle since it
would then produce false equations of motion for them. H. Hertz (*) was of that opinion,
although he incorrectly believed that Hamilton’s principle should be restricted to holonomic
constraints, simply because demanded that the varied path should be compatible with the
constraints, whereas the principles of mechanics indicate that this should be necessary for the

(Y H. Hertz, Prinzipien der Mechanik, pp. 22, et seq.



8§ 8. — Hamilton’s principle of stationary action. 37

transitional path. In reality, as our derivation shows, Hamilton’s principle is true for arbitrary
constraints, precisely as d’Alembert was.

If one would like to employ Hamilton’s principle in order to arrive at the equations of
motion then one must merely follow the sequence of equations (89) to (84) in reverse order. In
the next section, we will treat the derivation of the Lagrange equations from the principle of
stationary action in that way.



80.

Lagrange’s equations for holonomic
and non-holonomic coordinates.

If we introduce general holonomic coordinates g« and ¢, into L and the expression &'A,

instead of Cartesian coordinates (which is how they were expressed up to now), then, as is
known, L will become a homogeneous quadratic form in the ¢, whose coefficients are functions

of the gk. One can then say in full generality that L depends upon the gk and g, then:

L= L(q.q),
and variation will then yield:
N aL N, oL
(91) oL=>» — — .
Z‘ 2, kZ g,

The X, Yy, 2y enter into the expression 6'A, which are linear combinations of the & g that
might take the forms:

SXv= " o 80,
K
Syv= Zk:ﬂ(f?qk
Szv= Zk: 7! 8q, .
Xy Oxv+Yvoyv+ Zy dzvwill then go to:

XvSXv+ Yy Oyv+Zv 52y = X, D o 8G, +Y, D B 80 +Z, D 7y G,
k k k

so ultimately &'A = Z (X, ox, +---) will go to:

v=l

n N N n N
SA= X oY, B2, 7) 50 = S, {zmam 54z, m} -3 Q.59,.
k=1 v=l k=1

v=l k=1

The Q« in that is an abbreviation for > (X, & +Y, B! +Z, 7).

v=l
Its physical meaning is deduced from the fact that when it is multiplied by &g, it will have
the dimension of work. Accordingly, Qx is a parallel to X, which also indeed produces a work
when multiplied by & x., and for that reason, Qx will be referred to as the generalized force
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component that is produced by the variation 6 gk of a coordinate gk, while the remaining gk are
held constant. One can therefore always write:

N
(92) S'A =Y Q.dq,,
k=1
, : . : : oD
so in the special case where a potential @ exists, one will naturally have Qx = — Pl S0 O'A =

k
5D = _Z 825%
© 00,
If we substitute (91) and (92) in the principle of stationary action [equation (89)] then we will
get:

5 oL F oL “
93 dt —0 dt —( dt 0qg, =0
(93) f Ek]aqk qk+£ Ekj@qk qk+tjo Zk]Qk o8

The second term in that can be converted by partial integration, in which we must make use of
the commutability of and d / dt, which is true for only holonomic coordinates. That term will
become, in turn (we drop the summation sign in the intermediate calculations, for simplicity):

4
oL dog oL d(aL
dt 2 400 4 = [ L s s5q. dt .
f o4, dt [aqk qkl J.dt(aqj G ot

Since the 6xy, oYy, 0zvvanish for to and ty, the same will be true for the & gk, so the term outside
of the integral sign will vanish, and equation (93) will then become:

(94) jdtZ{i—%[GLj Qk}aqk =o0.
f

= | 00, aq,

Since the times to and t1 are completely arbitrary, but equation (94) is valid in full generality, the
integral can vanish only when the integrand is annulled, and due to the complete independence of
the N quantities o gk, it will decompose into N independent equations:

oL d (oL
95 ———| == k=1,2,...,N).
(95) 50, dt[aqkj Q« ( )

Those are the known Lagrange equations of the second kind, whose validity, as one sees,
depends essentially upon the commutability of 6 and d / dt, i.e., upon the use of holonomic
coordinates.
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We would now like to carry out the same calculation (%), but under the assumption that we
now express the gk and ¢, as non-holonomic coordinate differentials ¢ 7+ and the associated

velocities 7;r , resp. In that way, L(q,,d,) might go to L’(qk,7;r). If one replaces the o gk in the
given way in the expression Z Q, 0q, then &’'Acan obviously be put into the form:
k

N
(96) S'A=> 11, or,

r=1

then, in which the I1, is the generalized force component that generates the displacement & 7,
while all other & 7 are equal to zero.
In Hamilton’s principle, we will then have:

t Y
Idt&L'+Idti 11, 67, =0,
t t, =1

oL’ oL’

or, since we have SL' = > —45q, Z—é'ﬂ
00 r o,
' 4 ' * I’}
(97) jo|tzi 5, + jdtzi 5ﬂ,+jdti I, 67, =0.
t r aﬂ'r t r=l

We convert all terms in such a way that they will contain the factor 6 7 . We start with the first
one. From equation (81), one has (while changing only the summation sign):

N
(98) Sok=Y By or,.
r=1

As a result, the first term can be written:
IdtZ{ a } T, .

Now, if the “z” were holonomic coordinates, so from (98), the S« would be the partial
derivatives oqx / 0z, then one would have:

oL’ oL" o oL’
Z a_ﬂrk = Z ! = :
k Ol k aqk a7Z.r a7z.r

(Y For this, cf., C. Schaefer, Phys. Zeit. 19 (1918), pp. 406.
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We cannot use this notation here (or only in a figurative sense), so we must then make it known
that this is an improper notation by enclosing it in parentheses. Thus, we will have:

o as an abbreviation for: > a B -
or, < O

With that, we can write the first term as:

oL J 5o
ﬂ-r

99 d oL o 0 d ,
t —_— t
(99) {Z g = {;&

In the second term, since the commutation of 6 and d / dt is no longer allowed, we must
employ the general equation (83):

8L d 57r oL

7z57z

f87r p o

4

jdtzi S

t r aﬂ'r
Since the ¢ 7 will vanish at the limits of the integral, and because it is true for the &, the first

oL’
672'

integration. We commute the summation signs for r and o in the second term on the right, in
order to get o 7, instead of & 7, as in the other expressions. That will then yield:

term on the right in that will produce the value — J‘dtZ% or, by ordinary partial

Jayyy Ly, 5 on

r e o Onm,

(100) jdtza—u 5z, =- JdtZ%

If one substitutes (99) and (100) in the starting equation (97) then it will follow that:

PN T al_' . _
125 )& = zsn 0

t r=1 p O 7[0

from which it will follow by the usual argument that was also used above (viz., the ¢ 7 are
mutually independent, just like the & qx) that (%):

(Y This equation was first proved by L. Boltzmann [Wien. Sitz.-Ber. 111 (1902), pp. 1603; also Ges. Abh. I,
pp. 682]. Later, G. Hamel [Math. Ann. 59 (1904), pp. 416, et seq.] devoted an extended investigation to that
question.
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(101) dja —(a—"j+zz yon g =T, r=1,2,...,N).
at or, o) %5 or,

Since the 0 are proportional to the left-hand sides of the integrability conditions (69), the
equation above will reduce immediately to the ordinary Lagrange one when the coordinates are
holonomic, as it must. Equation (101) is the form of it that is valid for non-holonomic
coordinates. In what follows, we will refer to it by the name of the “extended Lagrange
equation.”




§ 10.

Applying the extended Lagrange equations to the
Euler equations of a rigid body.

We would like to take the Euler equations of a rigid body as an example of the application of
the generalized Lagrange equations.
If we express the kinetic energy of a rigid body that is fixed at a point in terms of the

* *

components z, y, p of the angular velocities around three axes that are fixed in the body then,
as is known, that will give:

(102) L' = L AZ*+1B y*+1C p?,

in which A, B, C are the principal moments of inertia for the fixed point. The quantity of work
o' A can then be expressed in terms of the infinitesimal rotation angles 6 7, d y, 6 p as:

(103) SA=TIS7+XSy+Pdp,

in which IT, X, P are the moments of the external forces about the principal axes of inertia.

In equation (71), we already gave the relations between the velocities 7, y, p, and those of
the Euler angles ¢, 7, 9:

z=sinysing-g+cosy - 3+0-y,

(104) y=cosysind-g—siny -9+0-y7,

p= c0s3-¢+0 -9+1-y.

With our previous notation, the coefficients axr will then have the values:

o, =sinysing, a, = cosy, a, =0,
(105) o, =cosysing, a,, =—siny, «a,, =0,

oy = cosd, a,= 0, o =1

If one solves equations (104) then one will get:
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. Siny * cosy * *
= T+ -x+0-p,
sin g sin g Arep
(106) 9=cosy z—siny - y+0-p,
l/}:_cos,?smz//.ﬂ_cosl?cosy/'zﬂ'p’
sin g sin g

with the coefficients S« :
cosy

siny
= = ’ = O!
ﬂll Sin9 ﬂZl Sin19 ﬂ31
(107) P, = cosy, P ==Siny, P =0,
cosgsiny cosgcosy
= = =1.
ﬂlS Sin9 ﬂ23 SinS ﬂ33

The quantities axr obviously do not fulfill the integrability conditions (69), so dz, dy, dp are
the differentials of non-holonomic coordinates, i.e., in our previous notation, they would be
denoted by d1, d7, d7.

If one would then like to employ the expression (102) for the kinetic energy, as well as (103)
for the elementary work &’A, in order to derive the equations of motion for the rigid body from
Lagrange’s then one must apply the extended Lagrange equations (101), not the simple ones
(95).

The latter would imply the following:

-5

since L' does not depend do not depend upon the coordinates at all, and furthermore:

6L:A7*[ 8L:B}*( 8L:C;

* 1 % ’ % ’

or oy op

so one would arrive at the following equations:

dr _
dt

(108) 894 _x,
dt

cdr_p
dt
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while Euler’s read:

A‘L—?(C—B) 2 p=TI,

(109) B (j(j—er(A—C),;;;:X,

C O:}l—f+(|3—A)2}}:13.

We must then employ only the extended equations, which will then add the term:

to the left-hand sides of equation (108).
One will next find the following values for the %,s by somewhat-tedious, but elementary,
calculations:

Y1=0 7,1=0 7= 0] [7,= 0 7;=0 p5,=1| [153=0 py3=-1 p5,=0
(109'8‘) Y2=0 Ven=0 Vo ==1117122= 0 73 =0 74 =0|, [123=1 7us= 0 yzp=0]
Y2:=0 7 =1 7= 0| [73="1 7 =0 15=0| [/153=0 py3= 0 3,;,=0

One sees that all quantities y,s with two or three equal indices are equal to zero, while all of
the ones with three different indices will be equal to — 1 or + 1. Let us now calculate the nine-
term sums:

for each value of r. Here, that will simplify to two terms since from the matrices in (109.a), only

two of any nine values of each y will be non-zero. For r = 1, i.e,, for 7, = 7, that will give the
following expression:

= oL’ * oL’ o oL _ rol” ol
Ty Vit~ Vs = T~ T3 = ¥ — P~ -
or, o, o, or, op oy

If one substitutes those values then one will find that the additional term is:

(C-B)xp,
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with which, the incorrect equations (108) will, in fact, go to the correct Euler equations (109).
Q.E.D.



§ 11.

The Holder transformation ().

In order to prove the complete equivalence of the principle of stationary action with
d’Alembert’s, in § 8, we started from the expression on the left-hand side of d’Alembert’s
principle:

SIX, —m, %)%, +(Y, —m, §,) 8y, +(Z,-m, 2,)5z,]
v=l

in which 6x., oY, ozvare not initially virtual displacements, so the expression itself needs to be
non-zero. The variations that enter into it would all be characterized by the symbol ¢, i.e., time
would not be varied along with everything else.

We would now like to transform that expression, but apply the A process everywhere, instead
of 6.

: . o dx dox

That first requires a prefatory remark. Whereas we have proved that e = 4 the
commutability of 6and d / dt, which is based upon the fact that time is not varied, will no longer
be true for A and d / dt, which we already pointed out at that time. We will then be dealing with

d (Ax)

. : dx S :
the relationship between A (Ej and . In order to answer that question, it is appropriate

to introduce a new independent variable ®, which we will make depend upon both x and t; it
shall also not be varied under the A process. We shall then reduce the presently-complicated case

. . . . dx
to the previously-simpler one by that parametric representation of x and t. We have to set: pm =

!

X' _— . . dx
o when we denote the derivatives with respect to the parameter ® by a prime [%: X',

ﬂ:t'j.
de

We find, in succession, that:

(x’) t'AX —=X'At"  AX X At
A _r = 12 =

t t

or

(Y) O. Holder, “Uber die Prinzipien von Hamilton und Maupertuis,” Nachr. kgl. Ges. Wiss. Géttingen, math.-
phys. Klasse (1896), pp. 122, et seq.
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(X A(%j_(%jA(m
TEHEE

or, since A(s—;j = %Ax, etc., since O is not varied in that, one will have:

A dat
A(dxj A[ij:d_(a_(%j, do _ dax_ dAt
dt v)" dt at) dt T d oot
doe de
We ultimately find that:
dx o dat
110 Al )= 9 B .
o (dt) ( ) dt

Moreover, one can also derive that equation from (67) directly.
With that preliminary remark, we go on to derive the transformation of the d’Alembert
expression. Let the kinetic energy of a system of n mass-points be:

n
L= Yam (& 4y +20)
v=l

We then form AL :

(111) AL= A Am, (X2 +Y2+22) = D om, (%, A%, +Y, Ay, +2,A2,),
v=l v=l

or from (110):

AL = Zm d Ax, XVdAt +y, dAyV_yvdAt ‘2, dAzV_Z,vdAt
dt dt dt dt dt dt

. dAxv y day, , dAz, > o .o .o dAL
= m +Z — =M + +Z7Z)——,
Z [ V dt 14 dt J ;2 V(XV yv v) dt

or if one observes the value of L :

(112) AL+ 2098 s (g d8% g dAy, , daz
dt dt dt dt

v=1l

The right-hand side of that can be further treated — term-by-term — according to the following
rule:
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d AX,
Yoodt

X = i(xv AX,)—%, AX,, etc.
dt

It will then follow that:

AL + 20 94t i[
dt

" Zn:mv(xv AX, +Y, Ay, +2, sz)}—imv(xv AX, +Y, Ay, +7,Az,)
v=l

v=l
or

% . . N d At n
(113) =D m (X, Ax, +V, Ay, +7,Az,) = AL + ZLT_ %{Zm(x AX, +Y, Ay, +12, sz)} :
v=1 v=1

That suggests an integration over time. If we simultaneously determine the Ax,, Ay, Az, (as
in Hamilton’s principle) such that they will vanish at the limits of the integral at the times to and
t: then the term that emerges from the integral will drop out, and what will remain:

t n b
(114) _ jdthv(xv AX, + 9, Ay, +7,Az,) = I(AHZL%}H '

v=1

) )

If we further denote the expression D" (X, Ax, +Y, Ay, +Z, Az,) by A’A and integrate over

v=1

time from to to t1 then we will have:

Y n 4
(115) [t (X, Ax, +Y, Ay, +2,Az,) = [AAdt.

v=1

) )

Adding (114) and (115) to the left-hand side of the d’Alembert expression, integrating over t,
will then yield the desired transformation of the right-hand side:

4 n b
(116) [dtD (X, —m, &,)AX, +(Y, =m, §,) Ay, +(Z, —m, 2,)Az,] = jdt(AL+AfA+2L%j .
ty o

v=1

We would like to call this equation the Holder transformation. It represents a generalization
of equation (88) and differs from it only by the fact that the more general A process was applied
in it. If we then set At = 0 in equation (116), the Ax,, ... will become identical to the o Xy, ..., and
(1126) will go to (88), from which the principle of stationary action will then follow.

The meaning of the Holder transformation lies in the following fact:

Naturally, the variation that appears in (116) is much more general than the previous one, due
to the appearance of At. We can then prescribe any sort of relation between the quantities Ax.,
Ayv, Azy, and At, i.e., suitably restrict the most-general variations that enter into (116). For every
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chosen restriction, we will get a new dynamical principle from (116). The most radical restriction
would be At = 0, and that would then imply just Hamilton’s principle of stationary action.

In the next section, we shall discuss those constraints that will make (116) lead to the so-
called principle of least action that was first presented by Euler and Maupertuis but formulated
precisely by Lagrange.
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The various forms of the principle of least action.

We would next like to treat equation (116) further without introducing any specialization into
it.
We first set:
AXv=0Xv+ X At, etc.,

in the left-hand side of it and obtain:

t n
jdtz [(X,—m, %)X, +(Y,—m ¥ )3y +(Z,—m, 7,)5z,]
to v=1

L’} n
(117) +[dtd[X, 0%, +Y, 5y, +Z,51,]

to v=l

| n # _’
e m 8¢9, 5,2 2 1ot far] L wa 2L 225
tp, vl o

Now, any sort of constraints — say, m of them — might be prescribed, perhaps non-holonomic,
rheonomic ones, in order to remain as general as possible:

(118) > (ay, dx, +by, dy, +c;, dz,+a/dt) =0 (k=1,2,...,m).

v=l

If we subject the ox., 5y, 2y, which were completely-free up to now, to the constraints that
are valid for virtual displacements:

> (&, 6%, +b;, Sy, +¢;, 62,) =0 k=1,2,...,m)
=1

then the first term on the right-hand side of (117) will vanish, according to d’Alembert’s
principle. Moreover, the square bracket in the second term obviously represents the work done
per unit time d’A/dt, and the one in the third term represents the change in kinetic energy per
unit time dL / dt. If we introduce that into (117) then we will find the following expression for
the virtual displacements, which is completely equivalent to d’Alembert’s principle, so to the
equations of motion:

tl !
(119) J‘dt{AL+A'A+2L%—dAAt+d—LAt} =0.
! dt  dt dt
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That equation, in turn, represents a very general principle of dynamics from which the equations
of motion can be obtained by purely-formal process.

From what we said before, we can now restrict the variations that enter into (119) in a more
suitable way. Every such auxiliary condition will then produce a special dynamical principle.

Now, Lagrange (*) has shown that one will arrive at the principle of least action that Euler
first expressed in some special cases when one demands the validity of the energy principle for
the transitional path that is composed of virtual displacements, i.e., when one demands that one
should have:

(120) SL= §'A.

That does not say, by any means, that the energy principle should be valid for the true or varied
path, which is indeed not the case for rheonomic constraints.
If we now assume, for the sake of simplicity, that the constraints are scleronomic (whether

!

holonomic or non-holonomic) then it will follow that the energy equation ((jj_t = d—tA is, in fact,

true for the true motion, and (119) will simplify to:

t1
(121) jdt[AL+A'A+ ZL%} 0.
f

If we introduce the Lagrange “transition condition” (120) into that, which we can also write
in the following form, in which &is expressed as A [according to equation (67)]:

(120.a) AL— 95 At = aa 9B A
dt dt

then (121) will imply that:
L'
jdt[ZAL+2L%} = 2[[ALdt+Ld At =0.
f
However, AL dt + L d At is equal to A (L dt), so one can drop the factor of 2 and write:

b
jA(Ldt) =0,
f

or after switching the integral sign with A:

(Y Cf., also the presentation by H. von Helmholtz, “Zur Geschichte des Prinzips der kleinsten Aktion,” Ges.
Abhandl., Bd. 111, pp. 249.
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L'
(122) Af Ldt=0.

fo

That equation is called the principle of least action, and we shall return to its formulation in more
detailed words.
Up to now, it was derived under the assumption that the constraints were scleronomic. If we

!

now drop that restricting assumption then the law of energy ((jj—lt‘ = Z—:\ will no longer be

fulfilled for the true motion, and we must once more start from the general equation (119):

ty ’
(119) Idt[AL+A’A+2L%—dAAt+d—LAt} =0,
: dt  dt t

into which we have again introduced the Lagrange transition condition in the form (120.a). It
will then follow that:

tl ! !
Idt{ZAL—%Ater—AAtJrZL%—dAAter—LAt} =0,
! dt dt dt  dt dt
or
[[ALdt+Ldat] =0,
or.
b
(122) Aj Ldt =0,

fo

as above, i.e., the principle of least action, which is now proved under the most general

assumptions.
4

Except for an irrelevant constant factor, '[ Ldt is the temporal mean value of the kinetic
f

energy. We can then say:

For the true motion, the temporal mean value of the kinetic energy is stationary, i.e., a
maximum, minimum, or saddle-point value.

The true path is then compared to those varied paths that have the same starting point and
end point as the former has at time to and t1, and in addition satisfy the condition that the energy
principle should be true under the transition from the true to the varied motion.

The first statement would be meaningless without that additional condition.

More precisely, we would like to refer to (122) as the broader form of the principle of least
action. We once more stress that it is not assumed in it that the energy principle is valid for the
true (and varied) path, but its validity is required of only the transitional motion.
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We will get a narrower form for the aforementioned principle when we also assume the
energy principle for the true motion, and indeed in the form (as an energy integral):

(123) L+®=h.

According to Jacobi (%), one can proceed as follows: Time t and the time differential dt are
eliminated from equation (122). For the sake of generality, we then set L equal to:

N N dg. dq
124 2L = a, —i—k
(124) 2.2 B dt dt

i=1 k=1

in terms of generalized coordinates gk and velocities ¢, (namely, as a homogeneous quadratic
form in the latter) then that will imply dt* in the form:

Y &, dg; dg,
dt2 — ik

2L
or from (123):

(125) it = /M
2(h—®)

Since @ depends upon only gk, dt is then expressed in terms of purely geometrical quantities.
We likewise replace L with (h— ®) in (122) and get:

(126) Al P22 T dadg, =0,

instead of (122). Naturally, geometric data is substituted at the limits of the integral at times to
and t1, namely, one gives the configuration of the system at those times.

Equation (126) is the Jacobi form of the principle of least action, and from the above, it is
valid only when the energy integral is valid for the true path, i.e., only for the so-called complete
systems. However, it is precisely in mechanics that one must chiefly deal with incomplete
systems, and the applicability of (126) will then be restricted. Jacobi’s mistake, if one might call
it that, consisted of the fact that he believed that this was the only form that was valid, while in
reality, (122) is valid much more generally.

Now, the fact that the Jacobi principle assumes the energy principle for the true path
demands that the energy principle must also be fulfilled for the Lagrange transition condition
(120). That is because energy has the value L + ® = h for each point P of the true path, i.e., it is
equal to a constant. If | go to the associated point P’ of the varied path then sh = 0, according to

(M) C.G. J. Jacobi, Vorlesungen tiber Dynamik, Werke, Supplementband, 1884. Lecture 6.
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Lagrange, i.e., the point P" will correspond to the same value of energy as P. One can then
arrange for that to be true for every point of the true and varied path, and since all points of the
true path have the same value of h, that will also be true for the varied path. That is the same line
of reasoning by which we previously proved that when a holonomic equation of constraint is
fulfilled by the true path, that will also be the case for the varied path since that is the case for the
transitional path.

The equations of motion are implied by the broader form (122) when one goes through the
line of reasoning that was used to derive it in reverse order. We shall not go into that. Rather, we
would like to show that the Jacobi form (126) does, in fact, lead to the equations of motion for a
complete system. Indeed, we would like to implement that for Cartesian coordinates, which we
would like to denote here, not by Xu, y1, 1, ..., Xn, Yn, Zn, but in general by xi, which runs through
X1, X2, X3, X4, Xs, ..., for the sake of convenience. L will then have the following form:

dx \
L= m|—|,
ZZ I(dt]

and it will follow from (126) that:

(127) Af /h_TCDJZmidxi =0.

Here, it would be convenient to regard the x; as functions of a parameter @ that is not affected
by the variation. We therefore write (127) as:

(127.a) Atj,/h_Tq) /Zmi(j—xéj de =0.

If we denote the derivatives by a prime, as before, then that will give the general form of the
variational principle that is included in (127.a)

(128) A f F(x,x)do,

in which we have set:

(129) F(x,X) = /h_Tq) /iZmix;z.

Upon developing (128), it will follow that:

b B oF oF |
(130) [doaF = {d@[z a—XiAxi+Z&Axi} =0.

)
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The second term with Ax; can be converted by partial integration:

Y

| ' 0,
oo = [ Setvo= [T o[

ty i ty i

)Axid(ﬁ).

The term outside the integral drops out since the Ax; should vanish at the limits, as before.
Therefore, (130) will become:

(131) j d@Z {&—%(ZZH Ax =0.

If we take the simplest case in which no constraints exist, then it will follow by the argument
that has already been applied frequently that:

(132) oF _d [oF aF
ox. do

for all values of i.
One will see that those are actually the equations of motion for a complete system when one
performs the differentiations on the F in (129). One will initially get:

, 0D
P ILLE
(133) — =
axi \/h_q) 12
2 ’ i N
2

However, one had:

wesn() (2] - Tel ]

12_ dt dt
D> mx 2L(d®j = 2(h- @)( @j

When that is substituted in (133), that will give:

(134 L]

Moreover, from (129):

hence:
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h-o
i N 1 —
oF _\ 2 _ ih-o)

o Xm 2(h—c1>)(;t)] -

so one will finally have:
d (oF)_, d (dXij
— =Im——].
do | ox/ de \ dt

When (134) and (135) are substituted in (132), that will yield:

oD dt d (dxi}

__+m|_ JR—
ox, dO doe \ dt
or
oD d (dXijdG _
—+m—| — |— =0,
OX; de\ dt ) dt
or finally:
d’x _  od
m, == —,
dt? oX;

which was to be proved.

One can put the principle of least action into yet another form. If one takes the velocity of the

i" mass-point to be vi = dsi / dt, in which dsj means the path element of that mass-point, then

equation (122) can be written:
_ ds, . _ _
A_[Ldt —%AJ‘ > miviadt —%A'[ > mvds, =0,

or after cancelling the constant factor:
(136) Aj D myvds =0.

That equation gave the principle its name, since one cares to refer to the expression m; vi ds;
as the “action.” Of course, it is by no means the case that the total action I Z m, v; ds, must be a
minimum, as the epithet “least” action might suggest. However, such questions, which are

interesting in the calculus of variations, play no role in dynamics.
In the special case of one mass-point, it will then follow that:

S
(137) AImvds:O,

So
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and if it is also force-free then since its velocity v would be constant then, it will follow that:

(139) Af ds =0.

So

That equation admits a simple physical interpretation:

5

j ds is the length of the path that is laid through the force-free particles between the points

So
So and s1 . From (138), the length shall always have an extremal value, and in the simplest case
(which will always occur when the points so and s lie close enough to each other), it will be a
minimum. However, the shortest path between two points is a straight line. Thus, (138)
immediately implies the statement that a force-free mass-point moves rectilinearly.

In the foregoing, it was tacitly assumed that the force-free mass-point is subject to no
kinematical constraints. However, if such a thing is prescribed then, in general, the mass-point
will naturally no longer describe a straight line on the surface that it prescribes. However, it is
natural that the curve on the surface that is described between two sufficiently-close points so and
s1 will also have the “minimal property” that is expressed by equation (138). Such curves are
called geodetic or, according to Hertz, straightest. It is easy to obtain their equation. We regard
the x; in (138) as functions of a parameter ® in terms of which that equation can be written, and

since ds® = dx? +dx +dx’, we will have:
0,

(138.a) A X7 +x?+%°de =0.
S0

If we further multiply the prescribed constraint equation ¢ = 0 by d ® and integrate between

two limits, as in (138.a), then we will get:
0,

(138.h) [pdo =0.

S0

That equation is fulfilled at the same time as (138.a). We multiply that equation by an unknown
factor A and add it to the integral in (138.a). The variation of the new integral that thus arises
must vanish then. That will then give:

0, 6,
A {a/xl’2+x;2+x§2 +z¢} d0 = A [ F(x,%)d® =0.
O

Sl

We will then have an integral of the form (128), and performing the variation will produce the
equation:
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oF _ d|oF
o, delex )

Evaluating that for, e.g., x¢ will then yield:

A a_¢ = i Xi'
ox dO| [x? 4+ X2+ %2
If we now choose the parameter ® to be the arc-length s then we will obviously have

J X2+ x2+ x> =1, and the equation above will go to:

d_ZX:ﬂ,a_¢

ds’ ox,

to which two corresponding ones must be added for x> and x3. They will be the equations for the
geodetic line on the surface ¢ = 0 that the mass-point describes.
The form (138) can also be obtained for a force-free system. To that end, we start from the

Jacobi equation (127), in which the factor «/ (h—®)/2 will be constant, due to the assumed
absence of forces, so it can be dropped. What will remain is:

A'HZ m dx> =0.

Now, Heinrich Hertz (*) defined:
(139) ds? > m = m dx?

in his theory of mechanics.

ds® is then a quadratic mean value that Hertz referred to as the square of the path-element of
the system. With that, the Jacobi form will again become:

(140) Afds =0.

Hertz called that formula (140), in conjunction with his definition of ds that is included in
(139), the principle of the straightest path.

Now, it is interesting that one can also impose that same form when conservative forces are
at work. To that end, one must extend Hertz’s definition (139) to:

(Y H. Hertz, Die Prinzipien der Mechanik, pp. 69.
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(141) do? > m = (h_T(Dj > mdx’ .

Since one interprets do as the path-element of the system (of course, the manner by which it
is composed from the dx; will no longer be the Euclidian form that comes from the Pythagorean
theorem), that will obviously give, in turn:

(142) Ajda:o.

One can then reduce the motion of a system in Euclidian space under the influence of
conservative forces to the motion of a force-free system in a general Euclidian manifold in a
purely-formal way.

That viewpoint has a strong similarity to the appearance of non-Euclidian geometry in
Einstein’s general theory of relativity.
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Hamilton’s canonical equations.

Hamilton transformed the Lagrange equations in a convenient way and thus obtained a
particularly-symmetric system that has been confirmed in all more-detailed investigations in
dynamics, electrodynamics, and statistical mechanics, and in particular, at the hands of Maxwell,
Boltzmann, and Gibbs. We shall now move on to the derivation of those equations.

The Lagrange equations read:

d|( oL oL
95 S & E -
) dt(ﬁqu aq, )

One now assumes the existence of a potential ®, which will make Qx go to — 6 ® / gk . One

can then write (95) as:
42 _gy=0,
dt\ aq, ) 0q,

or also, since ® depends upon only the gk, but not upon the ¢, , when one adds the vanishing
term —o0®/oq, :

A=) o\ 4 g
dtl  ad, od, ’

or when one introduces the notation H for the difference L — ®, which was previously called the
kinetic potential:

(143) d 8_H _oH =0 k=1,2,...,N).
dt\ og, ) 0o,

The expressions oH /oq, have a simple physical meaning that we can clarify by a

dimensional consideration. H has the dimensions of an energy [M L*T ?]. If we assume, for the
moment, that g« has the dimension of length, which is indeed the case for, e.g., Cartesian
coordinates, then ¢, will have the dimension of a velocity [LT ], oH /g, will have the
dimension [M LT™], i.e., the dimension of an impulse. In fact, for Cartesian coordinates,
oH /0g, will coincide with the impulse components, which one can confirm by calculation.
Now, in just the same way that we referred to gx and 4, as generalized coordinates and

generalized velocities, even when they did not have the dimensions of length and velocity, and
just as we further referred to the quantities Qx as the generalized force components, we will call
the quantities oH /04, the generalized impulse components and denote them by px :
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oH
(144) — =k (k=1,2,...,N).
aa,
The Lagrange equations will then read:
(145) oH _dp
oq, dt

We now consider a variation o of H (q,,d,), which will read:

when written out in detail, or from (144) and (145):

d .
(146) sH=Y %5% +3 b, 56,
k

k
If one further forms:

52 Py i :Z pkaqk+zqk5pk
K k K

then it will follow that:

(147) Z pké‘qk:5z pqu_ZQk5pk ,
k k k

and when that is substituted in (146), that will give:

d . .

SH= Y 50,46 P-4 P,
k k k

or

. d d
(148) S(H-2pa) = X o0, -3 ~kop,.
k k

If we now consider the function H —Z P, 0. = R to depend upon the quantities px and gk then

we can further write the variation of R, which is considered to be a function of just those
variables, as:

OR OR
(149) sR=Y Lsp +5 Bsq,
Zk: op, ‘ Zk: o0, ‘

and a comparison of that with (148) will yield the double system of equations:
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dp, _ ©R dg, _ JR

(150) =, ,
dt g, dt g,
whose distinctive symmetry is apparent.

Equations (150) are Hamilton s equations of dynamics. They are equivalent to the Lagrange
equations in the form (143). Under some circumstances, one can further simplify Hamilton’s
equations when the function R, viz., the modified kinetic potential, takes on a fundamental
physical meaning, namely, that of minus the total energy. That will be the case if and only if the
kinetic energy L is a homogeneous quadratic form in the velocity components g, , which does

not always need to be the case. One calls the cases in which that requirement is fulfilled
“natural” problems. If we now assume that we are dealing with such a thing then, from (144), we

will have:
) OH .
z P = Z aqk ,

or, since H =L — @, in which ® does not depend upon ¢, :

. oL .
zkak:Z_qk-

aq,

Moreover, since L is now a homogeneous quadratic form, from Euler’s theorem on
homogeneous functions:

oL
T o=2L.
Zk:@qk ‘

Thus, one has Z P, 0. =2 L, and R will become equal to:

(151) R=H-> p g =L-®-2L=—(L+®)=-E,
k

in succession, when one lets E denote the total energy, which is regarded as a function of the so-
called canonical variables px and g« . Equations (150) will then become:

(152) 9 _, B dg _, OE

dt aq, dt op,

That is the form of Hamilton’s equations that is ordinarily employed, namely, the so-called
canonical form of the equations of dynamics. However, the domain of their validity is restricted
by the demand that one must be dealing with a “natural” problem.

It would be useful to clarify the meaning of the canonical equations in the example of
Cartesian coordinates. We take, say, a mass-point that is pulled back to its rest position by an
elastic force. For it, we will have:
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L=1im( +y*+2%), O=1K(X*+y*+z
The impulses are:
p1= mX, p2=my, ps=mz,

so E will be a function of the impulses and coordinates:

2
E= i(p2+ p® + p2)+k—(x2+y2+zz).
2m 2

From (152), one will then have:

O s B gy
dt X
etc., and likewise:
dg, _dx _ p,
dt dt m

The second equation in (152) then defines the impulse, while the first one yields the actual
equations of motion.
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General variation of Hamilton’s principal function.

Previously, in the principle of stationary action, one was led to the integral:

(153) S:]'(L—CD)dt :tle dt

fo f

under the assumption that a potential energy ® existed. The principle of stationary action, in turn,
indeed consisted of saying that o process would produce the value zero when it is applied to that
integral under certain assumptions about the behavior at the limits.

Hamilton had varied the function S, which he called the principal function, in a general
manner without prescribing any conditions on the limits. At the same time, the variation of time
was also permitted. In brief, he had then applied the A process to S and achieved some results
that were important to dynamics in that way.

I’}
We thus form AS = A I H dt. It will then follow that:

f

t t t,
or when we consider H to be a function of the g« and ¢, (we can drop the summation signs up to
the conclusion of the calculation, for the sake of clarity):

AS = j—Aqk dt+I%Aqk dt+J.H dAt.
k

However, from equation (110), one will have:

. dq d . dAt
AQ, = k1= —(Aq)-G, —
d, = (dtj Olt( dc) — G, "

since the independent variable t is varied along with the others under the A process, and it will
further follow that:

AS= j_Aqkd jaHquk quH 6,4 At+ [Hd AL,
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or, after combining the third and fourth terms:

(154) AS = j —Aqk dt + j oH

quk dt + j[H ——qkjd At

The second, and then the third, integrals are now converted by partial integration:

tl
oH d Aq oH d (éH
155 — Kdt = | —A Ag, dt,
(159) oG, dt [aqk qkl J dt(&q j o
as well as:
'
oH oH d oH
156 H-——gq |dAt=||H-——¢q, |At| —| —| H-——0, | Atdt.
(199 I( Ot qk} K Ot qkj L J. dt[ O qkj

If one substitutes both results in equation (154) then one will get:

oH d (oH d oH
AS = J'aAqk dt— | E[ﬁjmk dt—Ia[H ‘ﬁ*}“dt

(157)

The differentiation with respect to t is performed in the third term:

d oH oH .~ d (éH
158 — | H-Z2¢, |==q,-
(158) " ( , qkj 2 % (ﬁqk]qk

When combined with (157), that will give:

oH oH
dt— | —q, Atdt
[Haq o] 5 & a5

k

4
d [ oH oH oH
+ g, Atdt+ [H——_q JAH—_Aq .
Idt(qjk |: aqkk oq, ‘

)

(159)

When we now reinsert the summation sign everywhere, a suitable combination of that will
further imply that:
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oH d (oH . oH oH |
AS = jz{__a[_ﬂ{mk—qk At}dt+KH —Zaqkjm+zaAqk} :

k 8Qk aqk k k

)

Now, since Agk — ¢, At= ok, that can now be written more simply as:

4

oH d (oH oH oH
(160) AS = ———(—} oq, dt + (H— —'qut+ —AQ, | .
I;{ dt{og, )| oG, ;aqk ‘

2, k .

That is Hamilton’s fundamental formula, upon which his further conclusions were based.

67



§ 15.

Hamilton’s differential equation for the principal function
and the integrals of the equation of motion.

We would now like to assume that the coordinates gk are mutually independent. Obviously,
that means that the system is holonomic, because for such a thing, that can always be achieved
by a suitable choice of coordinates. Lagrange’s equations are then valid, and the first integral in
(160) will vanish. What will remain is:

4
(161) AS:KH —Zg—l__lqijt+Z%Aqk} :
ty

H- Z% g, =H —Z P, G, is nothing but the function R that was introduced in § 13. If we
k k k

then assume that we are dealing with a “natural” problem then R = — E, in which E means the
total energy. With that, (161) will become:

(162) AS = Eo Ato— E1 Ati— > pp AGe — > pr AGy

when written out in detail. In that, we have denoted the values of the impulse components at
times to and t; by p? and p;, resp., and the indices on the other quantities mean something

analogous.

Naturally, we again associate the true path with a varied path by way of the A symbol, which
has not been restricted in any way up to now. However, following Hamilton, we would now like
to establish the following:

1. The neighboring path shall likewise begin at the time-point t = to, i.e., we shall always set
Ato = 0 in what follows.

2. The neighboring paths shall be generated only by varying the initial conditions ¢ and
p, on the true path, i.e., we imagine that a family of varied paths exists that are subject to the
same forces and constraints as the true path, except that the initial values are not g, and p,, but
g, + Ag. and p. +Apy , resp.

When we now drop the upper index of 1, for simplicity’s sake, (162) will then become:
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(163) AS=—EAt+> p,Aq - py Ay .
k

We would now like to express AS in a certain way. The integrals of our system of N degrees
of freedom exhibit the coordinates gk and velocities ¢, as functions of time t, the initial

coordinates ¢, and the initial velocities ¢ (the initial impulses p, resp.):

(164) Ok = 0 (G P 1),
(165) de = G (a7, p,t).

The true motion will be determined completely by that. From the above, the varied motions
will emerge from that when we substitute the values g + Aqg; and pJ +Ap;, in place of g and

p,, resp. With those equations, we can express the g« and d, as functions of time, the initial
coordinates g, and the initial impulse p_, and substitute those functions in the principal

function, which was naturally considered to be a function of gk and ¢, up to now. By means of

the integrals, which are assumed to be known, we will then get S as a function of the initial
coordinates and impulses, as well as time t. Finally, we once more eliminate the initial impulses
from S, and likewise by means of the integral (164). Indeed, they represent N relations between

the (3N + 1) quantities g, g_, Py, t. We can then obtain the N quantities p; as functions of the
quantities gk, g7, t, i.e., the instantaneous and initial coordinates and time, with the help of those
equations, substitute that in S, and ultimately eliminate the p, from S in that way. After those

operations, S will be represented as something that depends upon the quantities g, the initial

coordinates, the gk, the instantaneous coordinates, and time t. Following Boltzmann, we would
like to call the function S, when it is represented in that way, the principal function, as
represented in the “Hamiltonian way,” and denote it by the index H:

(166) S(qk, a7, 1) =SH.

E will be represented similarly, and that is why we will also assign it the index H
accordingly.

If we now go from the true path to the varied path in the manner that was described above
then S will go to S + AS, since the ¢ will be converted into g + Ag. and the p?, into p_ +Ap?,

while the upper limit t will be converted into t + At.
From (166), ASH can obviously be written:

oS 0S 0S
(167) ASH= —HAt+ HAQ, + HAQ, .
o L o 2 o
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A comparison of that with (163) will then imply the following three equations:

(168) Sy 4 E=0,
ot
85
(169) a_H = P
agk k=12, ... N).
(170) =Py
od,

From the foregoing, the partial derivatives of Sy are understood as follows: oS / ot formed
with constant values of gk and g . In that case, (ASH)q o is non-zero only due to the fact that the

upper limit t has been converted into t + At. The same is true of the remaining partial derivatives.
What do equations (168) to (170) mean then?
Equations (168) is a partial differential equation for Sy, namely, the so-called Hamilton
differential equation. It will be satisfied identically by the function S that we have constructed
from the integrals of the equations of motion, which we have assumed to be known. Sy includes

the N arbitrary, non-additive constants g,, and an additive constant can be added to it, in
addition, such that we will have (N + 1) independent constants in all, which is exactly as many as

the independent variables in (qk, t). Due to that property, one calls Su a complete integral of the
partial differential equation.

The derivatives 6Sh / oqx and S /g, include no differential quotients with respect to time.
By contrast, pk is a linear combination of the general velocity components ¢, , so it will then

include the first derivatives with respect to t ; the p_ are constants. We can then characterize

equations (169) as follows:
They are N equations that express the velocities ¢, in terms of constants and time: They are

then the N first (“intermediate”) integrals of the equations of motion. Likewise, equations (170)
are N relations that express the general coordinates gk in terms of constants and time: They are N
second integrals of motion.

It might be good for us to explain the type of substitutions and constructions that have
occurred here by the simplest-possible example. We deal with the free case. In that case, the
integrals are known to read:

=%, —gt,
(171) L
X=X, +%t-1gt°

The kinetic and potential energy will then be:

L=3mx* = 3m(% +Yp +2)
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d=mgx=mg(x+Xxt—1gt?),

while the total energy E and the kinetic potential @ are:

E=L+®d=imx’+mgx,,
(172) { 2o °

H=L-®=(im¥-mgXx,)-2mgxt+mgt’,

Finally, when we set the lower limit to = 0, for simplicity, S = jH dt will become:

S=(imx;-mgx,)t-mgxt*+img*t’.

(173)

However, neither E nor S have been expressed in the Hamiltonian way up to now. To that
end, we must represent the X, in terms of x and t by using the second equation in (171):

1 2
X=X, +350t

Xy = "

(a74)
With that, we will then get:
_ 1 2\2
o X Xo:["zzgt) Mg,
(x—x0+%gt2)2—mgxot—mgt(x—xo+%gt2)+§mgzt2.

N

En=

SH=

N3

Those values of Sy and Ex must fulfill Hamilton’s partial differential equation (168). It is:

0S m 2
= - m(x—x0+%gt2)g—ﬁ(x—xo+%gt2) —mgx,—mg(x—x,)—2 mg’? +mg?>.

If one now forms equation (168) with the value of En above then one will find that:

m 2
{mg(x—xo+%gt2)—2—t2(x—xo+%gt2) —mgX,—Mmgx+mgx, - mgztz}

+ {%(x—xo+%gt2)2+m gxo} =0,

and that equation will be fulfilled identically since the terms on the left-hand side cancel

pairwise.
Similarly, one will have, e.g., with equation (170): %i“

=—mx,.
0
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One will find that:
oS,
0X,

- ?(X—XO+%gt2),

and from (174), that is, in fact, equal to — mX,, which was to be proved.



§ 16.

Jacobi’s converse of Hamilton’s theorem on the actual
determination of the integrals.

How can one apply those arguments then? If we have only Hamilton’s theorem, which is
included in equations (168) to (170), then its usefulness would be very limited in terms of
obtaining the integrals of the equations of motion, since we had to assume they existed in order
to arrive at the theorem.

We would like to see what we can exhibit when we do not possess those integrals.

We know the expression for the kinetic energy as a function of the gx and d, , or gk and p,

respectively, since we have oL /04, = pk; we likewise know @ as a function of the gx . We can

then construct the total energy E = L + @, as well as the kinetic potential H = L — @ as a function
of the gk . However, we can eliminate the px from E by employing equation (169), i.e., we can set
px = 0S/0oq,. We will then get E as a function of the gk and &S /dq, , which we would like to

suggest by E(qk,(g—sj.

k
Hamilton’s partial differential equation (168) for S will then read:

0S 0S
175 —+E|q,— | =0.
i S o)

We shall drop the index H from now on.
Up to now, we could calculate only one solution that satisfied that equation identically from
the known integrals of the equations of motion, and indeed a complete solution with N

independent constants g_. Now, when the integrals are unknown, the same will be true for S, and
we must employ the differential equation (175) precisely in order to determine S.

Now, Jacobi (}) proved the following theorem:

If an arbitrary complete integral of equation (175) is known, i.e., a solution with N
independent, arbitrary, multiplicative constants a1, ez, ..., an (which do not, by any means, need
to be identical to the g ), then one will get the integrals of the motion when one forms equations
(169) and (170) with that arbitrary solution, i.e., one determines the impulses px by means of the
equations:

(176) B o k=1,2,....,N)

B

(®) C. G.J. Jacobi, Vorlesungen tiber Dynamik, Lecture 20.
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(they are the N first or intermediate integrals), and one further sets the derivatives of S with
respect to the constants ax equal to N new arbitrary constants S :

(177) 5 = f k=1,2,....N).
oa,

Those are the N second integrals of the motion.
In the cases that occur quite frequently in which E does not depend upon time explicitly, one
can simplify that result when one “separates” the time variable t from S. In that case, one sets:

S=—at+W(gk, a2, a3, ..., an) ,

in which a1 is one of the constants, and W now includes only (N — 1) of the independent
constants a1, a2, ..., an. One will then have:

= =, = , = (k=2,...,N),
ot oq, 00, oa, O«

0S oW

= - _t+=

o, oo,

With that, Hamilton’s partial differential equation (175) for S will go to the following one for
W:

oW
178 E — | =,
(178) (Qk aqk] 1

and Jacobi’s integral equations (176) and (177) will then become:

(179) UL Pk (N equations),
a9,

(180) W L (N — 1 equations),
oa,

(181) w =t+ /.
oa,

Before we go on to prove Jacobi’s theorem, we would like to clarify its meaning in an
example that is as simple as possible.

We shall treat the linear oscillation of a mass-point about a rest position under the influence
of an elastic force. We are then given at the outset:
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2

p ’

—
1

N[~
3
x
1

1
2m

S/
1
N
=~
N
>
N

1 2 2 2
= —p +ikx°.
omP T2

m
1
—
+

Since E does not depend upon t, we can use the function W everywhere, instead of S, and

write:
2
E:ip2+lk2X2 — 1 (dwj

= —| — | +1k*%%.
2m\ dx

2

Thus, from equation (178), the differential equation for W will read:

2
1 (dw
L) RN
2m\ dx
Here, we need an integral with only one arbitrary multiplicative constant, and that constant is
already given by a1 . An additive constant will no longer need to be added then. We will then get:

2 2
(dﬂj =2me 1—k—x2 ,
dx 2a

SO

Integration will yield:

we adm
k

arcsin K + kx_ 1—k—2x2
«/20!1 «/2061 2a '

If we correspondingly differentiate (181) with respect to the constant a1 and set oW / 0 —t
equal to a new constant 1 then it will follow from (181) that:

m .
Att= \/_arcsm

K X
or
k

_ .k
ﬁ(ﬂﬁt) = arcsm—\/z_alx,

or
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which is, in fact, the desired integral.

Naturally, in such a simple case, one would not appeal to the Hamilton-Jacobi method in
order to find the integrals of the equation. That example should serve only to make it easier to
understand the theory.

We now move on to the proof of Jacobi’s theorem!

We have to show that the due to the equations:

0S 0S
— =Pk and _—_
oq, oa,

= K k=2,...,N),
in which S is a complete integral of Hamilton’s partial differential equation with N arbitrary

independent constants o, the equations of motion, which we would like to take in, say,
Hamilton’s canonical form:

oE . OE .
(182) — = Ui, - = = P
P, 0a,
will be satisfied.
We start from equation (177): aa_S = Sk and form the complete temporal derivative
Oy

%LS—S] , whose value is zero, for all values of k (=1, ..., N). Since S is a function t, gk, and a,
@

we will then have the following system of equations:

o’s_, % q + %S G ot %S g =
doy ot ey dq, T oy dq, day gy
(183) e
%S ’s . &S 7S
+ g + O, +--+ dy =0.
Oay ot Oay 00, Oay, 04, Oay, 0q,

We have to calculate the ¢, from those equations and substitute that in the first canonical

equation in (182): % = q,, which must then be satisfied identically. However, we can also,

k

: E : . .
conversely, substitute the values % for g, that come from the canonical equation (182) in
k

(183) and show that (183) will be satisfied in that way. We write the system (183) more simply
as:
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2 2
(184) OS .y 95 4 =0 k=1.2. ..N),
otoa, S Oa, 0q;

and when we make the stated substitution for g, , we will have:

2 2
0°S Z 0°S GE:O

(185) + —
oo, ot 57 Oa, 00, Op,

k=1,2,...,N).

Since that equation is an identity, the following can be shown: S is a solution of Hamilton’s

partial differential equation:
@ —+ E qk , é = 0 ,
ot 00,

which is satisfied identically for arbitrary values of the constants ox. If we differentiate with
respect to o« then it will follow that:
0°S  OE
+

—=0.
otoa, O«

Now, the o« are found in the expressions oS / dgk that are included in E. thus:

2
oE _ z oE 0°S _0.
oa, 5 5 0S| 0q; Oy
aq,
However, since one has oS / oq; = pi, according to Jacobi, that can also be written:

2 2
0°S +z 0°S -EEO
otoa, T 0Q Oc, Op;

which is satisfied identically and agrees with (185).

One can proceed similarly with the other system of equations. One starts from % = px and
k

dt\ oq,

can be combined with the second canonical equation (182) in the same way. Those calculations
are entirely analogous to the ones that were just represented and will be omitted here.

With that, Jacobi’s theorem is proved, and we shall now address the question of how the
integration of the partial differential equation for S is to be achieved in practice.

forms i[ﬁj . That will produce a system for the p, that is analogous to equation (183) and
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On the integration of Hamilton’s partial differential equation.

The integration of Hamilton’s partial differential equation encounters difficulties that can be
overcome in only special cases. Namely, under certain conditions, one can separate all variables,
just as we could previously separate the time variable t, i.e., one can decompose the function W
that remains after separating the time variable from S and is a function of all gk into a sum of
functions, each of which depends upon only one variable. The partial differential equation will
then go to a series of ordinary ones. Under those suitable conditions, one can then set:

(186) W (e, 02, ..., On) =W (Q1) + W (g2) +... T W (QOn) .

The question of when a Hamiltonian equation admits a separation of variables as in (186)
has not been solved. However, Stackel (1), supported by previous work by Liouville and Staude,

has succeeded in solving the problem under the assumption that the function E[qk,ZﬂJ , Which
k

is indeed of degree two in the % includes only the squares of those quantities, but not their
k

double products. Stackel’s assumption was then that E, which we would like to split into L and
® for the moment, can be written:

AN
(187) Equ’E] = E;'AX(Qk) Lﬁqu +@(q,) -

As Stackel showed, one can then write out the general solution to the mechanical problem
immediately. The problems in which a separation of variables is possible on the basis of
Stackel’s theorem have had a fundamental significance in recent times in the so-called quantum
theory through the work of Schwarzschild (%) and Epstein (3).

For that reason, we would like to discuss at least one example of the separation of variables.

We again deal with a mass-point that performs elastic oscillations about its rest position in
the xy-plane. It is therefore a generalization of the problem that we treated in the previous
section. Now, for that case, we have:

1 1
L=1imx*+imy* = — p/+— p?,
2 2 MY = o By Pe

(Y P. Stackel, Uber die Integration der Hamilton-Jacobischen Differentialgleichung mittels Separation der
Variabeln, Habilitationsschrift, Halle, 1891; one might also, cf., the very clear and simple presentation in Charlier,
Mechanik des Himmels, Bd. I, pp. 77, et seq.

(® K. Schwarzschild, Sitz.-Ber. d. Berl. Akad. d. Wiss. (1916), pp. 548.

(® P.S. Epstein, Phys. Zeit. 17 (1916), pp. 148; Ann. Phys. (Leipzig) 50 (1916), pp. 489; ibid., (1916), pp. 815;
ibid., 51 (1916), pp. 168.
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For the total energy, it will follow that:
E (P G = o P2+ P2 +3 KO+ Y2,
2m 2m

and since that does not include t explicitly, we can use the simplified differential equation for the
function W that is in equation (178). For our problem, it will read:

2 2
e
m X m

From the above, the following Ansatz is possible here with no further analysis:
(189) W (X, y) = Wi (x) + W2 (y) ,

which will make (188) go to:

2 2
(190) zi (d(;’vlj +2i (d(\j’VZJ LI 1KY o
m \_ dx m{ dy
and we can perhaps set:
2
(191) i (%) 1 k?x? = 0‘_22
2m \ dx ? 2m’

in which e is a new constant. What will then remain is the differential equation for W5 :

2 2
(192) L .
2m \ dy m

We now have only the two ordinary differential equations (191) and (192) to deal with then.
We find immediately from (191) that:

2
aw, _ a, 1—mk2 X2,
dx a,

which can be integrated with no further assumptions:
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a, a 2

2 k / k / 2
(193) Wi (x) = —22—| arcsin ALV VALLE 1—%% .
2k ym ) a

It likewise follows from (192) that:

2,,2

W _ ﬁzmaz_a;.Jl _mklyt

y _2m051—042

and the integration likewise yields:

—? k 2 2
(194) Wz(x)=M[arcsin k/m Jm_, Jl_u],

2k /m \/Zmal—azz y+\/2ma1—a22 2ma, —a;

It will then follow that W is:

2 2
W(x,y) = Larcsink\/ﬁwrk\/ﬁx 1—%%
2k fm ;

a, a, a,

(195)

2
2ma, —a,

_ km kym k®my?
- 72 1- .
" 2k /m {arCSInJZmal—azz y+w/2mal—a22 y\/ 2ma, —a;? ]

We will now find the integrals from equations (180) and (181) when we differentiate the
constants a1 and «» and set the results equal to t + £ and /%, resp., where 1 and S, are two new
constants. We will then find, by a simple, but somewhat tedious, calculation, that:

W =ptt= \/kﬁarcsin k\/ﬁ

oa,

2ma, — o

or

_J2ma,—a? .k
(196) y= k\/ﬁ sm\/a(tjtﬂl),

with which one of the integrals has been found, and it actually includes two arbitrary constants
(viz., an amplitude constant and a phase constant), as it must.
Likewise, one will have:

k . k
W % arcsinﬂx—arcsm¢y =B,
oa, k\/ﬁ a, 2ma, —a;
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from which the following relation between x and y will arise by a simple calculation, which is
then the equation of the path:

2 2 2
(197) kr2nX2+ Zkm XY+ K'm 2y = sin? k\/ﬁﬁz ,
, N 2Ma, —a, 2ma, — a,

i.e., the path is an ellipse, as is known. One also finds x as a function of t directly upon
combining that with (196), which is the ordinary representation of the second integral:

@+A m@],

(198) X = i
"
which likewise includes arbitrary constants. The fact that equation (179) is also fulfilled by the
impulses is easy to see.
One finds other examples of the separation of variables in the cited papers by Epstein, as
well as in Debye (*) and Scherrer (%), and they merit special interest due to the fact that they

point to the significance of Hamilton-Jacobi theory for one of the burning questions of modern
physics, as was mentioned before.

(Y P. Debye, Nachr. kgl. Ges. Wiss. zu Géttingen, math.-phys. Klasse (1916), pp. 142.
(®» P. Scherrer, ibid. (1916), pp. 154.
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Gauss’s principle of least constraint.

Gauss () has added a new principle to dynamics that serves to achieve the same thing as
d’Alembert’s and the principles that are equivalent to it that we have treated already.
th

We can characterize the true motion by giving the coordinates x., y,, zv of the v" mass-
points as functions of time:

Xv= Wy (t), Yv= v (t), Zy= v (t)

Those expressions constitute the true path. The true velocities and accelerations are:

x =y, V=40, 2=a0),
%, =00, §=50, 2 =a0.

We now associate the true path with a varied one for which the coordinates and velocities
remain unchanged, i.e., we take:

OXv=0Yv=0Zv= 0%, = 0y, =01, =0.
Only the acceleration components should suffer small variations:

5%, o5Y,, o1 (#0).

14

We call such a variation that affects only the acceleration a Gaussian variation (%) and denote

that by putting the index g in the symbol 6 when a more precise characterization is desirable.
Now let m constraint equations exist, say non-holonomic-rheonomic ones, to remain as
general as possible:

(199) 3 (a), dx, +by, dy, +c, dz, +a, dt) =0 (k=1,2,...,m),

v=l

in which the coefficients a;,, b;,, c,, , a, are functions of the coordinates and time t. The true
velocity components will then obey the equations:

() C. F. Gauss, “Uber ein neues allgemeines Grundgesetz der Mechanik,” J. reine angew. Math. 4 (1829); also
Werke, Bd. V, pp. 23, et seq., 1877.
(®» That terminology goes back to Boltzmann (Vorl. tber d. Prinzipe der Mechanik, Bd. I, pp. 209.)
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(200) > (ay, X, +by, ¥, +c, 2, +a;) =0 k=1,2,...,m).
=1

Upon differentiating that with respect to t, we will get the relations that the true accelerations
must satisfy:

n

(201) > (A, %, +b, ¥, +c, 2)+ D (X, Y,. 2%, Y,,2,,1) =0 (k=1,2,...,m),

kv v kv “v
v=l

in which we have combined all of the terms that do not contain second derivatives with respect
to time in ®dx. ®k will then depend upon only time, the coordinates, and the velocities.

If we now impose the demand that Gauss did, namely, that the varied motion should likewise
satisfy equations (201), which are true for the true accelerations, when the quantities X,, V, , Z,

are replaced with the varied ones X, +6X,, Y, +0V,, Z, +07Z,:

Z [a], (X, +5KX)+b., (§, +5Y,)+c, (Z, +62)+D, (X,,Y,,2,,%,Y,,2,,t) =0,

v=1

and we subtract equation (201) from that then it will then follow that the quantities 6%, , oV, ,
0%, are subject to the constraints:

(202) > (a, 6%, +b;, &Y, +c;, 67,) =0 k=1,2,...,m).

v=l

The quantities 6X,, 0Vy,, 6Z, then fulfill the constraint equations in the same sense as was

previously required of the virtual displacements & Xy, Y., 6 zv. The conclusions that could be
inferred from that property at the time must now be true for the 6%, 0y,, 0Z, then.

From equation (41), the equations of motion for our system will then read:

m
X, -m % +> Aay, =0,
k=1

(203) Y, -m, ¥y, +> Ab;, =0,
k=1

m
Z,-m, 2, +Z A.¢c,, =0.
k=1

If we successively extend those equations by 6X,, 0y,, dZ, and sum over the entire system
then we will get:
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Z [(mv Xv - Xv)é‘xv +(mv yv _Yv)éyv +(mv Zv _Zv)ézv]
=1

K=

1 v=l

However, since the 6X,, dy,, dZ, must obey equations (202), in complete analogy with the
virtual displacements, they will annul the right-hand side, and the result will be:

(204) Z [(m, %X —X,)o% +(m, ¥, -Y,)6y, +(m Z -2)62] =0,
v=1

which are equivalent to the equations of motion, and obviously d’Alembert’s principle, as well.
Now, Gauss defined the following expression:

(205) z=y mi[(mv X, = X,)2+(m, ¥, Y0 +(m, 2, ~Z,)°]

v=l v

to be the constraint (we will explain the rationale for that terminology later), and remarked that

applying the operation ¢ to (205) and setting the result equal to zero would produce precisely
equation (204), so the equations of motion:

(206) &Z= Y [(m %, -X,)'+-1=0,

such that the statement that & Z = 0 will be equivalent to the equations of motion. Indeed, the

constraint is always a minimum, since &°Z > 0, which one can convince oneself of by
calculation. We then have Gauss’s principle:

For the true motion, the constraint is a minimum

for a given position and velocity.
By

Now, how does one come to call the expression
(205) the ‘“constraint”? Following Gauss, we
consider the v" mass-particle at two successive C.
moments in time t and t + dt, and indeed for the time
being, we assume that the equations of constraint
have been suspended and only the explicit forces X.,
Yy, Zy are in effect. We then assume that the mass-

Ay

Figure 6.
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particle is under the simultaneous effect of the explicit forces and the equations of constraint
(which resolve into forces of constraint), i.e., we then consider the true motion of the mass-
particle (%).

At time t, let the particle in question by at the point A, with the coordinates x., Yy, zv in the
first way of considering the situation, and at time t + dt, let it be at B, with the coordinates x, +
x,dt + 1% dt?, ..., zv+ 2, dt + 1Z dt*. That motion will be performed under the common
action of the explicit forces and the equations of constraint, and under their combined influence,
the true accelerations X,, ¥,, Z, will occur.

Now, the three line segments A B,, A C,, and B,C, obviously have the following
components:

A B, : X, dt+1&dt2, y, dt+ 1Y dt?, 2, dt+15dt2,
2m, 2m, 2m,
AC,: X, dt+1 X dt?, y, dt+1 y dt?, 2, dt+1 7 dt?,

so B,C, which is the vectorial difference of the two segments that were just considered, will
have the components:

B,C,: 1 xv—& dt?, 1 yv—Yv dt?, 1 'z'v—ﬁ dt?.
2 m 2 m 2 m,

v v

The magnitude of the segment B, C, then measures the deviation from the true motion of the
free one (as Gauss called it), i.e., the one that would be followed in the absence of constraint

n ——\2
equations. Now, Gauss’s principle demands that the sum va (BV Cv) should be a minimum
=1

for the true motion, i.e., that the mass m, multiplied by the square of that deviation should be as
small as possible. One also sees that it is just that expression that one can use as a measure of the
“constraint” (in the sense of the method of least-squares, which obviously guided Gauss’s
reasoning in presenting the principle). In a certain sense, the mass factors represent the “weight”

—\2
of the deviation from the “free” motion in each case. If we form Z m, (BV Cv) then will find

that:

v=l v

n mvhxv—x”j +] = Zn:mi[(mvxv_xv)2+...]

() On this, one can confer, say: Boltzmann, Vorlesungen tber die Prinzipe der Mechanik, Bd. 1, 1897, pp. 212.
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when we omit the constants factors %dt“, i.e., we will find just the expression (205), which

defines the constraint.
Furthermore, one can easily get back to Hertz’s principle of the straightest path from
Gauss’s principle of least constraint, although we will not go into the details of that here.



§ 19.

The Gibbs-Appell form of the equations of motion.

The analytical formulation of Gauss’s principle of least constraint that is included in
equation (204) leads to a new form of the equations of motion that goes back to Gibbs (*) and
Appell (%) and is suited to non-holonomic constraints, unlike the Lagrange equations.

Once more, we would like to consider our system of m mass-points whose freedom is,
however, restricted by m holonomic equations of constraint, such that the number of degrees of
freedom will amount to 3n—m = N.

In any event, we can then express the differentials of the coordinates dx,, dy., dz, as linear
functions of N independent differentials dq, dgs, ..., dgn . If the equations are integrable then the
coordinates X, Yy, zvare themselves representable as functions of N independent parameters qs,
..., On that are then referred to as the true coordinates. However, if the integrability conditions
are not fulfilled then the N quantities dgx will represent non-holonomic differentials, which we
previously denoted by dzx . For the sake of generality, we would like to leave undecided which
of the cases we are dealing with, and for that reason, we will pose the relations as follows:

dXv =q, dq1+a2v dq2+"'+an qu’
(207) dy, =b, dq, +b,, dqg, +---+by, day, (v=1,2,...,n)
dzv :CIV dql +C2v dq2 +...+CNV qu

We will then obtain the velocities x,, y,, z, upon dividing that by dt :

Xv =q, ql+a2v q2+"'+an qN’
(208) yvzblvql"'bzv%"'”""br\lvqw (v=1,2,....n)
z,=¢, CI1+C2V qz +o+Cy, qN'

Upon differentiating that with respect to t, we will ultimately obtain the following relations
between the Cartesian components of the acceleration X,, ¥,, Z, and the general ones ¢, :

5(.v :alv q1+a2v q2+"'+an qN +CD1V (Xv’yv'zv’xv’yv’zv’t)’
(209) yv:blvql+b2vq2+...+vaqN+q)2v’
Z,=0C, G +C,, G, +---+Cy, Gy + Dy,

() J. W. Gibbs, “On the fundamental formulae of Dynamics,” Am. J. Math. 2 (1879), pp. 49, et seq.; Scientific
Papers, vol. 11, pp. 1, et seq.

(® P. Appell, “Sur une forme générale des équations de la dynamique,” C. R. Acad. Sci. Paris 129 (1899), pp.
317; also Traité de mécanique rationelle, 2™ ed., t. 11, 1904, pp. 292.
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in which we have combined all of the terms that do not include second derivatives with respect
to t into the @. If we form the Gaussian variation & of the acceleration components, i.e., a
variation that leaves x., yv, zv, X,, V,, Z,, t unchanged while affecting only the acceleration, then
it will follow that:

oX, =&, 64, +a,, o, +---+ay, 54y,
(210) oy, =b, oG, +b,, oG, +---+by, 54y, (v=1,2,...,n)

6%, =c, 64, +C,, 6§, +---+Cy, Oly.

The coefficients azv, bay, cav will then have the following meanings accordingly:

(211) ai = 6#1 bav= %, Cav = 8.Z.V :
d a4,

We would like to introduce the expressions for 6X,, dy,, 6Z, into equation (204) for the

principle of least constraint. We first split that equation into two parts that correspond to the
explicit forces and the inertial forces:

DX, 0% +Y,6Y,+Z,62,]1 =D m[X 5% +V, 06V, +Z,5%] .

v=1 v=1

If we perform the stated substitution here then we will get:

n N N N
z |:Xv Zaﬂ.v 5qﬁ. +Yv Zbﬂ.v 5qﬂ. +Zv zcﬂ,v 5ql:|
A=1 =1

v=l A=1
n N N N
= z mv |:Xv zaﬂv 5q/1 + YV Zb/lv §q/1 + Zv ZC/IV é‘Qi:| '
v=1 =1 A=1 =1

or when rearranged:

2

N
A=1

n N n
|:Z(Xv aﬁv +Yv blv + Zv C/‘Lv):|5q.i = z |: mv (Xv a/iv + yv biv + Zv Cﬂv):|5q'l )
v=l 1

A=l [ v=

However, due to the independence of the 5¢,, that equation will decompose into N individual
equations:

(212) d.(X,a,, +Y, b, +Z,c,)=>m(Xa, +¥b,+Zc,) (A=12,...,N).
v=1 v=l

The expression on the left has a simple mechanical meaning: Namely, it is the general force
component Q2 that strives to vary the coordinate g.. One will see that most simply when one
introduces the values of 6x, oYy, 6zvfrom (207) into the expression for the work X [Xy dx, +
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Y, oy, + Zy dzy] and arranges the result in terms of the g4 . The factor of 5. is then just Qa.

One likewise introduces the values of the coefficients az, bay, civ from (211) into the right-hand
side of the last equation. One will then get:

. L OX .oy . 0L

(213) Q.= mVLXV ~+y —+7 __V] A=12,...,N),
21: aq, aq, aq,

or finally:

(214) Q= D im (¢ 45 +20) (=12, ....N).
Q}L v=l

Here, the forces Q. are expressed as the partial derivatives of a function that is formed in the
same way as kinetic energy, except with the components of acceleration, instead of velocity
components. We would like to introduce a special terminology for that function: We shall refer
to:

n
(215) T=24m (X +y:+2)

v=1
as the Gibbs-Appell function. The equations of motion will then read:

(216) Q.= ﬂ :
ad,

It is clear from the derivation that this will also be true when the coordinates are non-
holonomic.

We would like to make an application of precisely that formula to the Euler equations of a
rigid body that is fixed at a point. We have already treated that problem before with the help of
the general Lagrange equations (8§ 10).

The following equations in the form of (207) are true in this case:

dx, =z, dy-y, dp,
(217) dy, =x,dp—-2z, dx,
dz, =y dzr—x dy.

The xy, yv, zv in that mean the coordinates of a mass-point in the rigid body in a coordinate
system that is fixed in the body and whose origin coincides with the fixed point. We will impose
further specializations later. Furthermore, dz, dy, dp are the infinitesimal angles of rotation
around the axes of that system. The velocities will follow upon dividing by dt :
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Xv:ZvZ_yvp’
(218) Y, =X, p—-12, 7,
2, =Y, =X, %

In order to remain true to our previous notations, we shall not actually write 7, y, o, but

rather 7z, y, p, since there are no such quantities as r, y, p whose derivatives are the 7, 7, p.

Nonetheless, we would like to preserve the dot in the following calculations, for the sake of
simplicity of notation, since hopefully no misunderstanding should arise.
We find that the acceleration components are:

>
1

14 Zvj_yvﬁ_'_z.vl._yvp’
yv = va_zvjz:-i-).(vp_zvﬁ"

Zv - yvﬂ._xvl_‘_yvﬂ’-_xvl

If we once more substitute the value of x,, y, , z, from (218) in that then that will yield:

X =2, =Y, Pp+Y, A y—X 7 =X p°+1,7p,
(219) V=X, =2, +2, yp=Y, P =Y, A +X, ¥ 7,
L, =Y, =X F+X pr-2,7" -2, 7" +Y, p 7.

If we now form T then it would greatly simplify the calculations if we were to drop all terms
in which no double dots appear, because those terms would make no contribution under
Gaussian variation. We would then get, e.g., for X’:

K= LAV 22, kP22 A 2% 2 E =22, P K
* 2L APF-2Y A Y PH2XRY, X PH2XRY, P P2y, 2, Pk

The remaining components of the acceleration follow from that by cyclic permutation of the
symbols x, y, z, as well as 7, z, p.

If we now form > 'm (X’+¥2+27) then terms with the factors D> m x2, >'m, y?Z,

> m, z2, and ones with the factors > m, x,y,, > m y,z,, > m, z, x, will appear. However,

the latter are known to be the so-called moments of deviation about the axes, and we will succeed
in making them drop out when we let the coordinate system that is used in the derivation of the

Euler equations coincide with the principal axes of inertia through the fixed point. We will then
have, quite simply:
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2T=#2) m (Y2 +22)+ 72D m (2 +X2)+ 52> m, (y2+x%)

+ 27 (2 X+ 25 PR M, (YD) 2 i 3 m, (= x)

Now, when the principal moments of inertia are denoted by A, B, C, as usual:
A= m (y;+2), B=3m (z+x), C=23m (¥ +x),
and one makes suitable subtractions of them:
B-A=> m(-y), C-B=)m(y-z), A-C=3 m(z-x),
the expression for T will become (naturally, except for terms that carry no double dots):

(220) T=1A#+iBp*+iCp*+(A-C)zpy+(B-A) y7ip+(C-B)pyit.

N

If we now denote the generalized force components by I1, X, P, as before, in the sense that
IT oz + X oy + P dp means the work done under the infinitesimal rotation oz, Jdy, dp then we
will have from (216) and (220) that:

=T - ArrC-Pip,
orn

x= - Byi(A-C)pi,
oy

=T —ChrB-Ns
op

i.e., the Euler equations. It is remarkable that the Gibbs-Appell form of the equations of motion
allows one to achieve that result with significantly less computational work that one expends
with the extended Lagrange equations for non-holonomic coordinates.



