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Monge and general line congruences

By Corrado SEGRE

Translated by D. H. Delphenich

The paper “Mémoire sur la théorie des déblais et des agsr(iMemoir on the theory
of cutting and filling)” (1781) by MONGEY contains the first propositions @eneral
line congruences, in addition to ones that relateotonal congruences, in particular.

It is divided into two parts that correspond to the prold of transport in a given
plane and space, respectively.

Before entering into the subject, the second parbksitas, as the author says (pp.
685), some propositions from geometry upon which the fotigwetudy is founded.

First of all, he states the following propositiorain. XIX (pp. 685-687):

“If one imagines three lines drawn in space at epeiyt of a plane, and one considers one of these
lines then | say that of all of them in its enviromthat are infinitely close to it, there are generaiiyy
two of them that intersect and are consequently in the gdane as it.”

MONGE'’s proof coincides with one that one also fredlyeiinds stated nowadays.
A line of the given system can be represented by equatidhe coordinate variables of
the pointx, y, z
X—X +Az=0, y—-y +Bz=0.

A andB are functions ok’ andy' that are determined by the law that the lines in space
obey. In order for the line to meet the infinitelps® line (at the poirk, y, 2) that
corresponds to the valugs+ dx, y +dy of the parameters, one must have:

dx =zdA dy =zdB
It will then follow that:
dx dB=dy dA

Now, if one substitutes given functions x¥fandy for A and B then one will get a
second-degree equationdyl / dX; one then deduces the stated theorem.

() Histoire de 'académie royale des sciencAsnée 1781. Avec les Mémoires de mathématique et
de physique, pour la méme année, Paris 1784. The main cohteptpaper is summarized on pp. 34-38
of Histoire. It is then found on pp. 666-704NMémoires.
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Art. XX (pp. 687). “It follows from this that in the ggsn of lines under scrutiny one can always pass
any of those lines through another infinitely-close d¢imat is in the same plane as it, and in two different
ways. Having said that, let any of those lines in feds through one of the lines that intersect it, agd, th
in the same sense, intersect it with one that cetselcond one, and then intersect it with one thattleats
third in the same sense. It is obvious that if wetiooe in that way then we will traverse a developable
surface. By the same reason, upon continually using pipesde sense, we will traverse another
developable surface that will obviously have to cuts tfs¢ éine along the original line that we considered.
Moreover, since there are no other lines upon whictcangerform the same operation, it will then follow
that all of the lines are nothing but the lines @éisection of two sequences of developable surfaces, such
that each surface of the first sequence will cut alihef surfaces in the second sequence along straight
lines, and conversely.”

After this study of the general systems of lines, onegsasn to the normal systems.

Art. XXI (pp. 687-689): “If one imagines all of the possiltlormals to an arbitrary curved surface then
| say that they are all intersections of two sequeri@evelopable surfaces, such that each surface of the
first sequence will cut all of the surfaces in the secsequence along straight lines and right angles, and
conversely.”

In order to prove that, take the system of normals:
X=X +p (z-2 =0, y-y+q@z-2=0

to the surface that is the locus of poik§ ¢, Z), and one will recover directly the
second-degree equationsdyi / dX for that system that was already adopted in Art. XIX.
Then, suppose that theaxis is taken to be parallel to the normal ¥t ¥, Z), and
observe that the resulting equation will have the prodiits roots equal to — 1. It will
then follow that two planes that we now daltal are at a right angle.

Art. XXII and the following ones develop a series ohsiderations and studies that
have now become classical and are concerned with tiaataue of a surface, the lines of
curvature, loci of centers, etc. It is found much latethe treatisd-euilles d’analyse
appliqué a la géométri€). However, it appeared for the first time in the papafe note
only that in the brief Art. XXIII (pp. 690), MONGE, whileonsidering the edge of
regression of a surface, certainly obtained two susfacavhich all of the lines will be
tangent. Now, since it is established in Art. XX that tsystems of developables exist
for any congruence, so MONGE’s consideration will also be vdéd a general
congruence, one will have, in fact, the tiwoal surfaces?).

() 1%ed., Paris, 1795. As one knows, tffeedl. (1807) and successive ones were entitfgulication
de I'analyse & la géométridt is interesting to observe that tHeed. (1809) is preceded by an index of the
papers that were published by MONGE in whiomé will find...several questions that were not treated in
that work} and among which, “sur les déblais et remblais” ietiswith the following advertisementn"
it, one finds the theory of lines of curvature of a surface angribhaf of that remarkable proposition in full
generality..” (What then follows is the statement of the fundamahtorem that is contained in Art. XIX
that was cited above.)

() Perhaps it will not be pointless to make anotheenlagion. On pp. 698 (Art. XXXII) okMémoire
if one has an elementary bush of normals and caémutae area of one of its cross sections at thahlari
distanceu from the point of the given surface then one wiltfem expression that is proportional to{R
(u - R), whereR, R are the radii of curvature. This anticipates ttsaits of MALUS, HAMILTON, and
KUMMER in regard to the luminoustensity(clarté) or densityof a system of rays.
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Finally (Art. XXXIV, pp. 699, et seqg), he returns to the problems déblais et
remblais:

“Suppose one is given two equal volumes in space and eadhiatf is bounded by one or more given
curved surfaces. Find the point in the second volume tohwémach molecule of the first one must be
transported in order for the sum of the products of thieentes, each multiplied by the space traversed, to
be aminimum”

MONGE supposed essentially that in order to make thasport, one must travel
along rectilinear paths. It then results that all of the lines tha eonjugate to the
corresponding elements in the two volumes must focongruencgand not a complex).
Consequently, from Art. XIX, XX, those lines will bee intersections of two systems of
developables, such that any surface of the first systdnowtithe surfaces of the second
system along straight lines. However, in order to etaforementionechinimum one
sees that the developables must cut at a right angkence, by applying Art. XXI,
MONGE concluded that the desired paths must follow thenal lines to one of those
surfaces).

| believe that it is worth the pain to exhibit theogeetric content of the paper of
MONGE for those who have not consulted it, since #sdaot seem to be sufficiently
well-known {).

In fact, the majority of writers on line geometrylibee that MONGE considered only
normal congruence of lines and tineore generakonsideration was found for the first
time in the well-known work of MALUS %, who was an old disciple of MONGE.
Consequently, the decomposition of that congruence wboslstems of developables,
and therefore the existence of two focal surfacegtribiated to MALUS.

HAMILTON already did that 9. Among the moderns, one has MANNHEIR), (
DARBOUX (), LIE (*9, ZINDLER (%), and others.

() As you know, after MONGE, DUPIN and other addresbedquestion ofiéblais et remblaisyhile
introducing hypotheses that were more conformabled@ractical cases.

() The Mémoire of MONGE is mentioned in th&orlesungen (iber Geschichte der Mathematik
herausgeben vomM. CANTOR, v. 4, Leipzig, 1908, in the article by V. KOMERELL, pp. 451et seq
Perhaps that is because the author assumed that its geosnéBtance was all found in tlireuilles
d’analyse in which one found that only minutely (pp. 588seq. However, MONGE said nothing about
general line congruences there. (Cf., the note o823h)

() Optique Journ. de | ‘éc. polyt7 (= 14" letter) (1808). In addition to a host of other notewprth
original ideas, one will find the results of MONGE tharercited above recalled with no citations.

() “Theory of systems of rays,” Trans. Irish Acdd (1828). “First supplement to an essay on the
theory...”ibid. 16 (1830). Cf., especially, the bottom of pp. 22, in the sgeaork.

KUMMER, “Allgemeine Theorie der geradlinigen Strahleeyse,” Journal fur Mathb7 (1859). In
the introduction, he cites MONGE only in regard to ndrooagruences.

() “Mémoires sur les pinceaux de droites et les normaliesirnal de math. (27 (1872). (Cf., the
bottom of pp. 121).

() Lecons sur la théorie générale des surfaé®sPartie, Paris 1889; cf., the note on pp. 280.

(**) Geometrie der Beriihrunstransformationeiargestelellt vorLIE und SCHEFFERS, Leipzig 1896.
Cf., the historical notes on pp. 268seq. The third note at the bottom of pp. 271, which relatestmal
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From what | have said, the opinion above must be ciead"?).

congruences, is characteristiAs' was mentioned above, this special case was already considered by
MONGE. Some other authors have probably attributed the general consideratiM@NGSE incorrectly,

which were presented BWALUS.” (The citation “Cf., also the Mémoires dé\Eadémie 1781, pp. 684,”
which is found on pp. 268, seems to have been removedainother memoir of MONGE that is also cited
there, and which already contains the tamoorrectly, pp. 684.)

() “Die Entwicklung und der gegenwértige Stand der differeetielliniengeometrie,” Jahresber. der
Deutschen Math.-Vereih5 (1906). Cf., the contrast between MALUS and MONGE tleairtakes in the
note €) on pp. 186. It is found in the early part of the bhistory on pp. 128 of the treatise by the same
author:Liniengeometrie mit AnwendungdhBd., Leipzig 1906.

(** Permit me to add another small historical obséwmatn line geometry:

The law by which the planes that are tangent to a neel@able ruling vary at the points of one of its
rectilinear generators is commonly attributed to CHASLBVIiémoire sur les surfaces engendrées par une
ligne droite,” Correspondance mathém. et physique3 (2838)]. However, HAMILTON already studied
that law on pp. 108-109 of the “Theory of systems of rapst was cited above and established the
equation in the formdtan P = u, which is now well-known. The constant which is now called the
parameter was given the more expressive term “coefficientimdievelopability” by HAMILTON. One

should also compare the expresston /u*+9* O, which gives the distance from a moving point on a

generator to the successive generator (which makesfed® with it). In particular, one infers that it is
equal to the minimum distance between the two linegjetivby the angle between them.



