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On the formal analogy between the basic electromagtic
equations and Einstein’s gravitational equations
in the first approximation

By Hans Thirring

Translated by D. H. Delphenich

In what follows, some formal developments shall besped somewhat further that
found their place in a prior papel) (merely in a footnote. One is dealing with the
analogy between thklaxwell-Lorentz equations, on the one hand, and the equations
that determine the motion of a point in a weak gravimaiofield in the first
approximation, on the other.Einstein himself had already spoken of that analogy
occasionally in the Wiener Naturforschertag in 1938 (However, since his field
equations have experienced an essential modificatiore gmen, it would not seem
inappropriate to develop the formulas in question for thienate conception of the
theory.

Let us remark from the outset that in what followswi always employ a system of
measurement in which the speed of light is equal to 1 atdvéh shall choose:

X1=X, X=Y, Xz=z Xg=it
as coordinates.

We now consider an entirely special case of poiotion in a quasi-stationary
gravitational field. A mass-point moves so slowly he tfield that the squares and
products of its velocity components can be neglectedomparison to 1. Let the
gravitational field itself be weak [such that the dewiasi of theg,, from the classical
values — 1 (0, resp.) can be considered to be smallsbfofider], and let it be generated
by incoherent (i.e., stress-free) masses whose velare somewhat larger than those of
the mass-point being examined such that we must condidesquares and binary
products. If we denote the velocity of the mass-poinb land that of the mass that

generates the field by then the calculations will include expressions wité orders of
magnitude ofp, v, v'%, andv b’
As is known, the equations of motion read:
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() H. Thirring , this Zeit.19 (1918), 33.
() A. Einstein, this Zeit.14 (1913), 1261.
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The components of the velocity of the mass-point arethe right-hand side; if we
neglect their squares and products, from our assumptiersite equations will go to:

d2 - T d T dX T d T

In what follows, we shall consider the spatial comgnts of the equations of motion;
then letr=1, 2, 3. For weak fields, the three-index sylslame:

rr - — 04 - 04 - E aga‘r +agr4_aga4 (3)
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The derivative9g,; / 0x4 (0% 4, T# 4) have order of magnitude?, as we shall show
shortly; they are multiplied bgix, / dt (order of magnitude) in (2) and thus drop out in
our approximation. Only the derivatives g andgass enter intol"},; for what follows,

we will then need only those coefficierdg, that include the index 4 at least once. In
order to calculate them, we emplBinstein’s approximate solutiort:

1 u=v,
v:_a_v"' Vs 5v: )
Ou v * Vu J { 0 u#v,

(4)

k T,X,y,Zt'-R)
Viwv= V,uv _%5pvzycm’ V,uv:__ : dVO’

277J R

in which T, refers to the energy tensof, y, Z, to the coordinates of the integration
space R, to the distance from the integration elementht® reference point, ardl, is
the naturally-measured volume element. The enemgor for incoherent matter is given
by:

Py dx,

TW=TH= 2
H ® ds ds

(5)

The four coefficientg)s that come under consideration will then read:

() A. Einstein, Berl. Ber. (1916), pp. 688.
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2
Oy = I Bo? ( dv;,
2
Oz4 = p° y( dv;,
) (6)
g34 .['00 Z( dVO’
g, = -1+ p“(d—t'jzdv
“ 4! R\ds) °

The field components that appear in eq. (2) can nowalwellated from they,, as
follows, while neglecting the terms that were discdsssove:

1(dg, 0g 1(dg,, dg 1 10g
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o 109, s 109, r4 = 1094 r4 =0
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Equations (2), (6), and (7) correspond completely to thsicbelectrodynamical
equations, up to a numerical factor. In order to let thislaiity emerge better, we set:

. . . +1
lezlglm myzlgzm mzzlgsm q):gAAT’
ﬁxZZir;__ngm ﬁy:2r134__2ri4’ 9, = 2ri4__ 2r124’ (8)
sz:ril__rim ny:ri‘:—r;, sz:r?’44:_r434
k——
8mr
With these notations, equations (6), (7), and (2) go to:
N2
Pob'( dt P, [ dt
A = 4kj (dsj dv,, ®= kj ( T dv,, (6)
$H =rotk, ¢ =-grado _a_Ql, (7a)

ot
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5§ =—¢€¢—-[o 9] (2a)
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Except for the facto(%j , Which deviates from unity only by quantities of order
v'?, equations (6a), (7a), and (2a) differ from the correspgnelectrodynamical ones
only by the inverted sign on the right-hand side of (2d)the appearance of the factor 4
in (6a). The analogue of the magnetic field in thethef gravitation is therefore four
times as large as it is in electrodynamics.

Let us add a remark of a fundamental nature to this foamalogy: It seems very
unlikely from the outset that the same mathematioak léhat represent approximate
formulas for certain special cases in one domain oh@mena should describe a
different domain of phenomerexactly. For that reason, one suspects that (apart from
physical necessity, on formal grounds) Maxwell-Lorentz equations are likewise only
approximate formulas that are indeed sufficiently peeds the fields that can be
produced in engineering practice, but for much stronger fiesldsh as the ones that
would appear at atomic and electronic dimensions, onddwequire a corresponding
generalization, whiclHilbert and Mie have already made of first draft of (but while
starting from a much different viewpoint).
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