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1. — Imagine a system that is first subject to conssaihat are expressible by
relations in finite terms between the coordinatethefvarious points. While taking those
constraints into account, lkt+ p be the number of independent parameggrsy, ..., G,
..., Qp that fix the position of the system.

Now suppose that one adds some new constraints to thelmgones that depend
upon time and are expressible pylifferential relations between thg, oo, ..., Gk, -,
Ok+p that have the form:

k k
(1)  daei =Y a,dq +a dt or Gi= 28, G+a (=12 ..p).
a=1 a=1

Let To andS denote the semiis vivaand the semi-energy of acceleration of the system,
resp., when calculated by taking into account only théeficonstraints that were
imposed upon the system.

On the other hand, I8t and S denote the analogous quantities when one also takes
into account the differential constraints that at gibg (1).

Finally, let T, denote the functiofip, when considered to be a function of oy,
.» O, p» @nd letS; denote the functio, when considered to be a function of onfy;,
.-, 0¢,» and of course, one must not forget that, ..., q,, ,are determined by (1) for
Ty, in the same way that,;, ..., g;,, are forS,.

One can then put the equations of motion of non-holanmystems into the
following form:

d 0T _9T ,aT, _doT, dS _

P, a =1,2,...K
@ dtoq dq 0q diog og 2 @=hZ-K
or
2) d.9%, 0%, , 03 =Qa (@=1,2, ...k,

dtoq, dq, od

in which Q. is the coefficient ofdg, in the expression for the sum of the virtual works
done by applied forces.
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We have obtained those results by following a metihad is analogous to that of
Lagrange for holonomic systent3.(
2.—The functionS, andS are constrained by the relation:

0§ _ d dT, _0dT,
oq. dtaos 0q

5=1,2, ... K ...K+p).

Indeed, we have:

(3) 2To = Zm(%2+ W+ ),
(4) ZS)ZZm(%Z+%2+ 2% .
One has:
, axo k+r 6)(0 , , ,

5 =— , =..., =...,
(5) %= Zlaqs q. Yo Z

n d axo K axo n S " "
6 = ..., = ...
©) " dt ot Z Zq‘ dtaqs Yo %

When one takes (5) and (6) into account, equation (4pivél
0
d 0% , d ox
= JRue S A — — Y 4.,
dt m[%ao; jz”{%dtaq j
4T sy dd6, )
dt oq, dtoq

SO upon observing thag ZXO ZXO , ..., one will infer from this that:
S e 8

aqs

05, _ d aT, _aT,

(7) n !
oq; dtoq dq

5=1,2, ... ...k+p).

3. — Upon taking the relation (7) into account, one willdia

() Iv. TZENOFF, J. Math. pures et appl., 1920.
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of, _d oT, , 0§ _ Zp: T, 09, _Z": 0T, 99, +20%0¢Li .
dq, dtad, dd 0dq. dq, =dd, 0d T=od o4

Upon appealing to the relations (7) ork + 1, ...,k + p, and the relation:

00k — 9%,

i=1,2 ..p)
o, oq (i P)

which one easily deduces from (1), the complementany vall take the form:

(8) aT d aT a% z aol'<+i _iaqui _ 615 aqﬂ
%, diad, od aqk+. oq, diad ) aq, aq |

It then follows that the complementary terms thia¢ must add to the left-hand side
of the Lagrange equations in order to obtain the equatibnstion of non-holonomic
material systemdo not contain second derivatives with respecine t

The equations of motion (2) are:

d oT _oT i{ﬁ” [aq;+i_ac£+ij_ 0T, aqH}Qa (@=12K),
©) dtaq, oq, <|oqd.\oq 04 ) agq, dg

k
G =28 G+ @ (i=12....p).
a=1

That shows us that in order to be able to write ¢fquations of motion of a non-
holonomic system, it will not be necessary to krfgppel’s S function or the functiors,
that we have introduced. That simplifies the claltons greatly, because the functi&n
is difficult to calculate.

4. — We shall nowdeduce Appell’'s equations from our own and convwerse
We start from the equation:

dor, 0T, 08 _,
diaq, dq, aq, !

(=1, 2, ...K.

Upon taking equation (7) into account far= 1, 2, ...,k the equation above will
become:

(10) 9% ,95 . g,

dq, 0q,
when one takes:

05 _ Zp: 0% 94,
oq, 5 0q:; o,
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Appell's Sfunction represents the energy of acceleration vamentakes into account

all of the finite and differential constraints. Oc@&n obtairs, upon taking the relations
(1) into account. One will then have:

S _ asuzp: 08 04, _ 05,08
dog, dq, “Foq, od, dg, Oq,

which is equal t®@, , from (10). Hence, one will have the Appell equations:

a—?:Qa (a=1,2,...K.
oq,
Conversely, since:
as:ashasi and 0S _ d dT, 0T,
dq, Od, 0d, dq, dtod, oq,
we will have:
49T, 0%, 08 _ @=1,2, .4 .
dtoq, 0q, 0d T

One easily infers equations (2) upon taking into accoenfaitt that:

or _oT, o, ., 9T _oT,  oT,
oq, od, 0d, oq, 0q, 0q,

5. — We shalbbtain the equations of moti@8) or (2') in another manneby starting
from the general equation of dynamics, which is writtethe form:

<(d T, aT, o.(d 9T, T, < N
——0_~015q. + —— 9 -_"90 15q, = oq, + i O0Q,
;(dta% a%j A ;{dtaqﬂ T j Qi = 2,Q0 00+, Qi 0q

+i a=1

If one now takes into account the differential coensitis (1):

k
G = 28,0, +a (=12 ..p
a=1
then

k
30k = D&, I, ,
a=1

and the general equation of dynamics will take the form:
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<[d o1, oT,.&(d aT, o7, c
b 13 |6g,=>Q, 4, .
Z:thaa,, aq, Z:(oltaq aq jq”} %= 2,2 %G,

=1 =1 +i
When one takes the relations (7) st k + 1, ...,k + p into account, and the fact that:

aQIZH
oq.

b (d aT, OT, ). _ & 0S od, _ 0
Z e B aia'_ z 1] - n’
=\ dtod,; 0q, = 00, 00,  0q,

o (doT, oT, 9 :
Z(— Fo— %j%ﬁg%é%,

Z\dtoq, oq, o

Aig =

SO

and we will have:

since thedq, are arbitrary, we will get equations )2

6. — We candeduce the vis viva theoreinom equations (2) or (2 The theorem,
which is deduced from d’Alembert’s principle, is stated thifisthe constraints are
independent of time then the differential of the semmivivawill be equal to the sum of
the elementary works done by the given forces. Simeeonstraints are independent of
time, the real displacements are found among the virtlisplacements that are
compatible with those constraints; that is why one regalacedys (s =1, 2, ...,k + p)
with dgs . In that case, equations (1) will be:

K k. og .. .
(11) 4= da,d = Z%q; (=12 .p)
a=1 a=1 o

since the coefficients, are functions ofy, ..., Qp -

Thevis vivatheorem is written:
k

:ZQH [

a=1

We now come down to deducing that equation from equations (2):

doaT _oT 6T _doT 6§ =Q
a

(=1, 2, ..K.
dtaq, aq, aq, dtaq aq

We multiply them byq, and add them. Upon supposing that equations (2) are
replaced with (9), we will then get:
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“d aT & 0T, dT, (0q,, dodg.
12 I ' — 1 0 o +i
2 gzld tog, - 6 ;a gaqﬂ[ g dtagjq’
Kk
0, =2.Q q
Zlaqkﬂ Hz qa z—l
Since the functioff is a quadratic form in thg, ..., g, , one will have:
z oT
a:laq
and consequently:
\ ga_Tq' = E \ a_Tq’ —i oT = dzT—i oT q'
Sdtag, 7 dtéZoq, ¢ 4=mod, dt 4=aq,

The second term in (12) is written:

« o, & 3T, . 0d,
Z_laqa Z Tt g 2aq &

Equation (12) will then take the form:

AT 0T, 0 L, 9T, k(aqﬂ ., dodg, j
—< +—
dt  Zoq ¥ Z_ ©25q. 2 4

or rather, when one takes equations (11) into account:

d,T _TRaT, o <PoT,
dt ;aqs ;a %= ZQ

finally:
k
dZT—ﬂ:d—T:ZQaa;,. Q. E. D.
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7. — We now seek the form that must be given to therdifitgal constraints that are
imposed upon the constraints in order the Lagrange equation to apply to one of the
parameters.

We shall consider the special case in which all ofcthestraints are independent of
time and the quantitieg-i , ..., Qwp dO nNot enter into the equation of motion. Equations
(1) will then have the form:

k
(13) dawi =Y a,dg, (=12 ...p),
a=1

in which thea;, depend upon only thg , gz, ..., Gk .
In that case, equations (9) take the form:

doT oT & 0T (dq., dod, ) ._ _
da.0T _oT_ G0 | — g, =1,2, ...K),
dtaq, dq, ;6%[ dtaqj ° @ )

k
G.=Ya,d (=12 ..p)
a=1

However:
a'+i da'+i a'+i kaa’ ! ka'ﬂ !
O« _- G — O __am Z lqj_ a qj
doq, dtod, 0dg, dt (= 00, = 00
— z aa1l _aam '
dq, 0q %

and the equations of motion:

daT _aT paTk{aqaj,
+ 0 -4 =Q, (a=12,... k),
(14) dt aqn aon |:16Cl+i I aq aq
q'k+i=2aadn (i=1,2...,p).
a=1
If one has:
(15) 6&2% I-:1,2,...,p
dq, Oq ]=1,2,... K

then the Lagrange equation with respect to the paramgtevrill give a differential
equation of motion for the non-holonomic system.
We shall defing functionsFy, Fa, ..., Fpof a1, 0o, ..., 0k by the conditions:

Fs:j:g”awdon (s=1,2,...p);
one then deduces that:
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Similarly:

aa , 08y
q a” dg, =[ 5o 40 =80~ &,

from (15) and upon letting denote the valuagfor q,= q_ .
Hence:

dF,

dt

= aslq1++am q7+...+ a, dk_ §$ g—...—o—...— &kq

Equation (13) gives us:

!

dF
dd.,= — =+ g+t dn 4ot ds gar+ 4G

Therefore, the differential constraints take the form

dq<+.—dF.+Zar dq+z g dg (i=1,2 ..p).

r=a+l

Consequentlythe Lagrange equation is applicable to the paramejg if the
constraints imposel3) can be put into the form of an exact total diffei@followed
by a differential expression that does not contgin

8. — One knows that the Lagrange equations can be put idiffeeent form that
Hamilton gave, and which one calls theanonical form. We propose to do that with
equations (9):

p ! U
d oT oT Z aTO aol<+i _aq(‘f'i _ 616 aq+i :Qa’ (a=1,2,...,k)
dtoq, dq, <|od,ldq aq ) dg, 04
(16) OL""=qz, (a=1,2,.. k)
dt
dq. < .
q< =Y a, (i=1,2...,p).
a=1
Those equations, which ark 2p in number, determingy, ..., Ok, ..., Qkrp » 5 --+» G

..., g, as functions of.
Take the quantities:
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oT oT oT
(17) Pr=—, p2=—, . P« = —
g 00, 00
to be the new variables, in place qf, ..., g.. Inversely, one infersy, ..., ¢, as

functions ofpy, p2, ..., p«, and equations (16) determigs, ..., Ok, ..., Qkp, P1, ..., Pc@S
functions oft. We seek the form that equations (16) take when onerperfa change of
variables.

The functionT depends upoq, ..., Gkp, G, ---, Q.. Fixtand give infinitely-small

incrementsa , ..., Ak, 1, ..., Pk to the variablesy; , ..., G, p1, ..., px that are
independent and arbitrary. One infers the incremémts, ..., Awp from the equations:

Kk
(18) X = .8, 00, (=12, ..p),
a=1
and the increment®q, , ..., g, from equations (17), which are assumed to have been

solved for theq, ..., q.
The variation ofl will be:

K oT
c)T:Zw 5%+Z 5

0q<

or rather, upon taking into account equations (17) and (18):

k k k p
or = , 00, , 0Q, +
Sn o= 3o 0+ 3 Te ST a Jou.
If one sets:
k
(19) K=>p,q-
a=1

then one will have:
oT & 0T 0q
d< pg5 k+|j
Z & Z[aqa Loa, oq 0%

We have then obtained an expression for the totadrdiftial K that replacesr.
We will have a new expression faK when we suppose thKtis expressed as a function
oft,qi, ..., Gk, -, Okp, P1, ---, Pk, @nd thaty, ..., Gk, Py, ..., P« are subjected to arbitrary

variationsdy, ..., Ok, P, ..., Pk - Hence:

koK (0K & 0K ag.,.
d<: _5 + + K+i 5
azzlapa b ;[6% ;6% Mj G"

Upon identifying those two expressions &, one will get:
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aT —i 0T gy, _ 6K+i oK 0q,,
aqa i:160k+i Gq, aq, izlaqﬂ aq | (=1, 2,..K.

20
(20) K
a apa
In those equations, the partial derivativesToére taken by considering to be a
function oft, qi, ..., O, @, .., G, WhileK is assumed to be a functiontoty, ..., g,
P ooy Px -

Therefore, from (20), when one notes that:

oT _ a7, +Zp: 0T, 00
aqk+i aQ|<+i j:laq«rj aC‘<+i
and

!

Zp: aTo aqm — Zp: aT aqkﬂ Zp: z q<+| aq’m
i=1 aQk+i aqa i=1 aQkﬂ 1 +' j= aq+1 aq

equations (16) will take the following form:

dp, N oK +Z”: oK ad,;
dt o0q, 4F0q, 0gq
° aq,<+ d ad<+ + % aclﬂ aqﬂ — —
2 2 =Q, (a=12,..k),
Zl{aqkﬂ{aq, doq  Zoq, 04 ( :
(21)
dg, _ 0K (@=12... k),
dt op,
dok P :
H —+ 1=1,2,...,p).
Z:;, “op * 2 ( P)

The fourth term in the first equation is a functmit, 1, Az, ..., Ok, ..., OQkeps PLs -2y P
by virtue of the second and third equations.

Equations (21), which ar&k2 p in number, are therefore of order one in thet
variablesqs, ..., Qk+p, ..., P1, ..., k. One can solve them and obtain the variableseabov
as functions of and X + p arbitrary constants.

Now suppose that the given forces derive fromretionU that depends upadnq; ,

02, ..., Q+p, DUt NOt uporpy, P2, ..., px; hencepu / dp, = 0. One has:

Q = (@=1,2,...K,
aq

a
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ouU

i=12 ..p),
aqk+i

0 -
Qk+i -

Q= QY ok (@=1,2, .1
q

a

Hence, upon setting:
H=K-U,
we will have:
OH _ oK oH _ oK oU

op, op,’ oq, 0q, 0q,

(a=1,2,..K),

oH _ oK _ou

= , i=12..p),
aQk+i aQk+i a0k+i

and equations (21) will take the form:

dp, , <~ oH 0d,,
a 4 l a=12... k),

+§{ T, {ao;ﬂ _3d 3 0d, aq’kﬂﬂz oH
(22) i=1 aquri aau aql j:16q+j aqr aq
dg, _oH

dt 6pa

dq .
Hio= _ :1,2,..., .
HZaaapaw (i p)

(@=1,2... k),

Those equations represent the canonical form for thetiegsiaof motion of non-
holonomic systems with a complementary term.

Particular case.— Suppose that the constraints are independent of tinvél, not
enter intoH and Ty then. Thea; will be zero. T will then be a quadratic form with

respect tog, ..., q., and consequently:

Zk‘, an P, =

a=1

K=>p,q-T=2T-T=T,
and

(23) H=K-U=T-U.
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Thevis vivatheorem, which is given by the equation:

= ZQHG’U’

will become:

= i( 4 Q<+| qgjqw z_q; z o q'<+i :c:j_Li

a=1 i= 1aq<+i

here, or rather, upon integrating:
T=U+h, SO H=h.
One can deduce that result from equations (22). IndezdinhtionH depends upon

di, -+, Ok+p » P1s ..., Px . During the motion, those quantities will be funci®f time, and
consequently:

aH _ oH dan+6H dp, Z”: OH dg.;
dt <=log, dt dp, dt) &aq, dt’

so when one takes (22) into account, along with thetifiatt = 0, that will become:

< $ 0 +i do +i 50 +i aq’""
_zqzaqk{%__quzCl kjj

a=l =1 600 dt 6q, = 0 q+j 0 q

7 00, | 5=1 00, 10 Q.
However, one has:

a—?{zp%q;—;a;%taaﬁ DNt j

" qk+| ' $ Ek aq«ti 4
q +HoT j !
“ a=1 aqa im0 a0 0d, “
and one the other hand:
" d d aq{(+ ] k aq "
.= E — KA + E — Kt .
qk+| et dt aq; qa e~ aq’ Gn

Upon comparing these, one infers:

ki + g = 1=1,2,...p),
2o, * zaqﬂ i Z:oltaq, i ( P)
SO:
aH or H=h

dt
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In the more special case for whi¢handT do not depend upon the parametgs,
..., Qwp, €quations (22) take the form:

p k oa.
%J,z 575 % _0g, |oH __ oH (@=1,2,..K,
dt 50q. = (09, 0q Jop  0q,
dg, _ oH dg. _ <_ OH :
—2 = — K+ = Ly 1=1, 2,..., .
dt  adp, dt ;a\ op, ( P

9. — One knows that in the case of holonomic systems,can obtain the Lagrange
equations by starting from the integral:

t k
[ [6T+ZQ[,50,J .
fo a=1
It is easy to show that in the case of non-holowogyistems, one must add the
functions —T; and T, to the semiis vivaT, whereT,” denotes the functiofp when it is

considered to be a function of onty,,, ..., q,,,, and consequently; is the function

T, when one takes into account the differential com#sdil). Hence, the equations of
motion of a non-holonomic system are deduced from thetiequa

d=[[aT-T+T)+> Qdq] di=0
on the condition that:
k
Xei = ».8,00, (=12 ...p),
a=1

where thedg, are arbitrary.




