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I. — On the energetic foundation of mechanics.

From the extraordinary importance of the energy poiean all questions of physical
mechanics, it is no wonder that one might seek toddsive it from the foundations of
theoretical mechanics themselves. In all of thossgdts, one deals with the problem of
arriving at d’Alembert’s principle, or any form of the equations of motion thst
equivalent to it, from the energy principle.

For the conception of mechanics that knows of only ewagive forces that depend
upon the coordinates of points, but are completely devéidonditions as, e.g.,
Boussinesq(*) developed in his lectures, that poses no difficuBy. differentiating the
equation:

E=T+Vv=C

with respect to time, in whichV is the potential energy, which depends upon only the
coordinates, y, z, andT is the kinetic energy, one will get:

v , vV , 4V ,%:0_

(1) dm(XX+y Y+ 2 ?)+Z(& ﬁa_y WE

If t were now assumed that the accelerations, pligd by the masses, are
completely independent of the velocities and the con&taénen it would follow from (1)
that:

m>{'+a—V= 0, m}{'+a—V:0, mz:’+a—V=0.
0x, oy, 0z

However, the conclusion can no longer be applied wteenditions between the
coordinates are assumed, since in that casemth& etc., actually depend upon the

() J. Boussinesg“Recherches sur les principes de la mécanique,” J. de. 2)18 (1873), pp. 315;
Lecons synthétiques de mécanique géngRads, 1889, pp. 23.
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velocities ¢). Helm (% then sought the assistance of variational procedures aedhgv
basic principle of energetics the forithe variation of the energy £T + V is equal to
zero in any possible directionHowever, at the same time, one must demand tkat th
concept of variation is introduced a consistent way into both typesenergy. Now, if
E were varied in a direction then one would have toaep|, y, z with the quantitiex +
e&y+en, z+ e, inwhiché n, { are arbitrary functions dfand¢ is a constant that
converges to zero. One understands the varia#onf an expressio® to mean the
coefficient ofe in the development & in powers ofe.

In fact, one then has:

ov . oV oV
V= —&+—n+—¢,
zaxg ay” azZ

but one finds the following value f@&T :
d U U n
5T=a2m(xf+ yn+ 20)=Y m &+ Y+ '4),
and that expression is in no way equal to:

2m(X &+ yn+24),

which would be necessary if one were to assert theitgexi this principle with that of
d’Alembert. Since the discussion betweBnltzmann andHelm on the derivation of
the equations of motion has not led to any completehclusive result ¥, it would
nonetheless not be superfluous to summarize those siel@l®nships, and all the more
so sinceHelm emphasized his viewpoint with particular vigor in Bisergetik and it has
also been assumed by others since tfjen (

| do not believe that | should go into the principletwd superpositiorof energy that
was expressed Wjlanck (°) andBoltzmann with a similar purpose. In fact, it is nothing
but an arbitrarily-chosen representation that fordes identity with d’Alembert’s
principle. By contrastSchiitz (°) presented a principle afbsolute conservation of
energyin order to avoidHelm’s variational process. It will generally achieve tesired

() See the remark oR. Lipschitz on Helmholtz’s conservation of forceQstwald's Klassiker-
Bibliothek, no. 1, pp. 55, and likewisg, Boltzmann, “Ein Wort der Mathematik an die Energetik,”
Wiedem. Ann57 (1896), pp. 39.

() Namely, cf.,G. Helm, Die Energetik in ihrer geschichtlichen Entwicklungipzig, 1898, pp. 220,
et seq.

() Cf., G. Helm, “Zur Energetik,” Wiedemann’s Anri7, pp. 646:L. Boltzmann, ibid. 58 (1896), pp.
595.

(%) Cf., P. Gruner, “Die neueren Ansichten {iber Materie und Energieitt.\d. naturforsch. Ges. zu
Bern, 1897.

() M. Planck, “Das Prinzip der Erhaltung der Energie,” Leipzig, 1887,14&; L. Boltzmann, Wied.
Ann. 57, pp. 3%t seq Cf., also the note Bg. Neumannin Helm’s Energetik pp. 229.

(®) J. Schiitz “Das Princip der absoluten Erhaltung der Energie,t.®éichr. (1897), pp. 110. | do not
quite understand a derivation of the equations of motmm the law of energy th&. Padovacarried out
[“Sulle equazioni della dinamica,” Atti Ist. Veneto (3)(1893), pp. 1641], due to the assumptions that
were made in it.
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purpose forone material point, but it does not admit an extensioa 8ystem and might
not be compatible, in and of itself, with the represgnteof the relativity of all states of
motion, either.

However, one can avoid the incorrectness that veippinted out by anore general
variational process. Namely, if one also vatiese, along with the coordinates y, z
such thatx, y, ztgotox + e§, y+en z++ e, t+ +¢r, inwhiché n, ¢ rare
arbitrary functions of thenx' will go to:

X’+£§(’
l+er

=X +eX —-1'X) + ...,

and that will imply that:
ov ov ov
O(V+T) = —+mX |+ —+mYy [+ —+ mz
W = X[ S emx Je (ay yjn (% mefe

¢ ST MKE Y0+ 20)-2Y WE ken §+¢ G-

One is now free to choosg in such a way that the right-hand side reduces to
d’Alembert’s formula, and that ialways possiblesinceT does not vanish. The desired
result will be achieveth that way However, one can hardly see anything but arradist
formalism in such an arbitrary representation. c8&imne also has th&stwald’s
principle of the maximum of energy exchange camused only for the case of relative
rest, but in general it must be replaced with atiray different consideration®, it
would seem that the attempts that have been nugdéo nowdo not suggest the
possibility of an unforced derivation dfAlembert’s principle, or that ofGauss from
the law of energy.

Il. — On Hamilton’s principle.

It was proved in nol that one can give rise #my arbitrary relationfor the varied
quantities by a suitably-generalized variationabgasss. Holder (°) employed such
general variations in order to prove that the ppiles ofHamilton andMaupertuis are
completely equivalent tal’Alembert’s principle. However, that viewpoint can be
expressed in a much more general form by the faligwheorem:

Under the assumption of a suitable variational @es, the variation of the integral:

3= [f@T+puyet,

() Cf.,A. Voss “Ueber ein energetisches Grundsetz der Mechanik,” thiesegSber. (1901), pp. 53.
(®) 0. Holder, “Ueber die Principien von Hamilton uMaupertuis,” Gétt. Nachrichten (1896), issue

2.
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in which a, S are two generally completely-arbitrary constants, will be equalet® z
because of the differential equations of motion, and conversely, ghgenment thaidd
should vanish for all allowable displacements will lead to the diffeakptjuations of
motion(%).

Ordinarily, one adds the condition that the variatiohthe coordinates, y, z should
vanish at the limits of the integral. That can generally ibethe best interests of a
mechanical interpretation, but in itself that furthendition is generally superfluous and
inessential

Therefore, one might next understafdito mean the virtual work done by the forces
X, ¥, zunder the displacement that correspond§ tp ¢, so one sets:

A = Z(XE+Y/7+ Z{).
Now, in order to vary the integr&)(

4
|’= jto F(x, X,1)dt,

one can, by the substitutiof):(
t=ku+ko,
where

reduce that to the integral betwemmstantimits 0 and 1.

,_ 1 dx
|’= jOF(x,Eaj,kw k) k di.

If one then letx, y, z ugotox+ e, y+en z+ 4 u+ ey, thenk vwill be the

arbitrary function that was denoted bin no.1. At the same timelg will go to (*):

k du

() Obviously, one can also substitabey arbitrary functionof x, y, z x’, y’, z’for the function under
the integral sign. However, the linear functiordodndT will lead to the forms that are essential from the
mechanical standpoint.

(®) For the sake of brevity, all differential quotientshwiespect to are denoted with a prime, such that
dx ,  d’x
dt’ dt*

(3) If to = 1 then one switchagwith ty or sets:
t=u(l—t1) +1; .
(") The symbolx’, & v’in brackets mean the differential quotients with resegthere.

X’=
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One will then get:

5l7= f{a_Fgﬁ_F[w}a_ka F(\/)} kdu,
ol ox " axX K ot

which, by means of the identities:

(&)_1dd _de_

K kdu ¢
(L’):E% :E:’
k kdu dt ’
dv _ kdv dr ,
V)y=—=—=— =T
du kdu dt
will once more go to:
1| OF oF oF
A ol’'=||—&+—(&-X1)+—r1+Fr' | du.
(A) jo[axf 2§ X+ }

Obviously, one can also deduce this formutanediatelyfrom the concept of a
variation (). In view of the misunderstanding that arisepriesenting the variation by
the use of thed sign, it seems to me that the above consideratinch is also
cumbersome, does not seem preferable for entiteflgentary purposes. If formula (A)
were addressed by the method of partial integratiothe well-known way then that
would produce the useful formuld(

oF " W (OF doF
Ol'=|—(F-X1TY+Fr| +| | ———— |[(£' -1 X) du.
‘ax'(‘( ) . j(ax dtGXj(g )

to
| shall now consider the integral:

J :jf(aT+ﬁU)dt

and set:

V= Z(XE+Y/7+ Z{),

to abbreviate, which it is equal to thetual work done by the given forgesnd:

() SeeHslder, loc. cit, §2, remark.
() It was assumed in that form in, e 8guth, Dynamik starrer Kérpertransl. byA. Schepp v. 2, pp.
327.
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S=Y>m(X&+ yn+ 2),
which is equal to theirtual moment of the quantities of motj@md:
W=y m(XE+yn+ 20,

which is equal to theirtual moment of the accelerations times the massésat will
then yield:

&= jf[(ﬁu —aT)r'+aS-aW+8\] d

or
0 Q=4[ (V-W) di+ ['(BU-a D' +(B-a)Wa § ¢,
(I d]zajf(v—W) dt+jf[(ﬁ U-ar'+(B-a)V+a g d.

If one then chooses the arbitrary functiom such a way that the second partial
integral in formulas (1), (l) vanishes then ondl\nave:

=4[ (V-W)dt,
& :ajf(v—W) dt

i.e., the demand thatJ = 0 will be completely equivalent to d’Alembert’s piiple.
Depending upon the choice of constamss, there can be variouspecial forms for the
general variational principle.

First: If one setsr = Sthen, from (1), that will demand the condition:

U-7r+s=0;

i.e., when the par$’is dropped by integration, as usual, and the tiana of thex, y, z
are equal to zero at the limits ther const. or 0, resp?)( In particular, ifU — T= const.
= hthen one can also seh + S= 0. That is Hamilton’s principle.

Secondly: If one takeg3 = 0 and one now sets, from (lI):

Trr+vV+S=0

() When one adds the variations at the limits, onkfinidl that the principle isrue without exception;
it is applicable even whdd — Tvanishes between the limits of integration.
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then one will have thextended form of the principle of least actidn SinceT is not
zero, that way of determining is always possiblewhich should be emphasized here
especially.

Third: By contrast, if one takes= 0 then, from (1), one sets:
Ur+w=0,
which means that a possible addition to the variatanghe limits would be entirely

superfluous to further simplification. However, it mbstassumed here thdtdoes not
vanish between the limits of the integf@l Under those circumstances, the expression:

5fum:o

will also lead to the differential equation of motion.

Fourth: Finally, one will get:
o Edt=0
)

for f=- a, with the conditonT+U) '+ 2V - S =0.

A generally useful form for the principle will arigmly in the first two cases. In the
last two, as well as in the general case, the appeaohtice symbolic expressidd will
already be a hindrance, even when one overlooks thehatalr fT — 8 U cannot vanish
insider the limits on the integral, which is generally possible for arbitrary values af
L. One can, however, avoid the symbolic expresslonompletely in a variational
concept that is this general.

Namely, if one varies the expression:

AzE}]XX+Yy+zzd,

which represents thetal work that is done by the effective forces frégo the variable
timet, so from formula (A), that will yield:

(B) 5A:v_w+f§]adn

in which:

() Cf.,Hélder, loc. cit, §2.

() Naturally, a similar assumption must always be malden one takes an arbitrary function under the
integral sign (cf., remark 1 on pp. 4). It will be fikfd by itself from the principle of least action and
Hamilton’s principle.
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z= {y’(%—:—%—?j+ z[‘;_i—%—jj—aa—ﬂ(f—r X)
5SS e
(o) e

and one only has to show that the arbitrary functiensubjected to the conditions that
arise when one employs the non-symbolic equation(B)a variation of the integral:

+

+

[ @T+pA

in place of the previous equatiotJ = V.
If one considers that’Alembert’s principle can be expressed in the forms:

5j(T+A)dt:o, 5det:o, 5ju@|t:o, 5jEdt:o,
5j(aT+ﬁA)dt:o

then this variational principle, in its general rfgr will prove to be acompletely
conventional rulethat no longer has anything to do with specialrespntations that
belong to the actual realm of mechanical intuitjdng are solely conceived for the sake
of expressing the differential equations of motiothe most condensed form possible. |
do not consider it trivial to once more repeat ttehark (which is obvious by itself),
which I already made on a previous occasidnsince very differing opinions seem to be
circulating at present in the conceptionHemilton’s principle, in principle. From the
abstract standpoint, one can even see how theasfecn of the principle that employs
the energy integral| E dtcan have an advantage. However, there seemsrio deubt
that theactual Hamilton integralis likewise recommended for its simplicity and gehe
validity. Therefore, it was also used byHelmholtz in all of his investigations (under
the name of the principle of least action).

lll. — On the principle of least constraint.

If one denotes the coordinates of the points mgerial system indifferently by (%)
then thevis vivawill be:

) A. Voss “Ueber die Differentialgleichungen der Mechanik,” Matinn. 25 (1884), pp. 267.
%) For the notation, sa€. Hertz, Ges. Werke, lll, pp. 62.

—~
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T=3>mx.

Now, if one introduces just as many new variabjes which are mutually-
independent functions of thethat can include timg as well, in place of the , then, by
assumption, the functional determinant:

% 0%
ay, ay,
A=
ay, ay,
will be non-zero, so:
m ... mA%=A

will also vanish, in whicl\ is the determinant of the elements (

_ 0x 0x
1 ,= i M
@ = 2, ay; 9y,

of the positive-definite quadratic form:
2
ox
Ya,u,u,= Zm[a—z%j -
If one denotes the sub-determinant of the elementsdlifdded byA, butAg, then:
> A8, = (0D,

in which (o 7) means the known sign. However, since one also has

z%a_x: (o7
0% 0y, ’
it will follow that:

or, sinceA # 0 ¢):

(™) Inall cases in which nothing further is said atmstummation, it will be extended over all indisgs
o, 1, ... that appeamore than oncérom 1 to 3.
() Informula (2), the summation ovieis obviouslynot performed.
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0
@ SA gem= .

If one now introduces the equations:

, 0X 0x%
=) Ay 4
s Z6yS Y: ot

into the expressiot then it will follow that:

T=1>a,VY,y,+D. & v.+a

if one sets:

0% 0%
%= Zm6yS ot

(3) Y
az%Zm(Ej :

T is then a function of second order in tife that is not generally homogeneous. At the
same time, one will have:

@ _Za oy a at o+ Ty

ay,

We employ the value (4) in order to calculatedbastraint Z:

_ X
(5) Z—Zm@ m)

in which we understand th§ to mean the components of the effective forcesomrFa
very simple calculation, we find from (4) that:

N E R EL E

ay, ay,) oy

in which we have set:

Y.= 3 X
Szays
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_ 0°x 0°x ’x X
== Ly +2 +—-—1,
° (OyS ay, s Yo aysatys it m

ox 0° ax 0°x . 0x 9%
QS_Zm X| X yy l_'m¥+z_x

m- Y
ay, 9y, dy, 0y, 0ty, %0
to abbreviate, while we have:
d(oT X . ax 0°x dx o
4 +2
dt(wj ay, Larnm aysayrayg Vg2 my 6y56t6y, oy d

One now sees immediately that the first suréd will cancel the last one. In order to
do that, one needs only to replace @avith their values again in:

W=>A,QQ.

If one also expressés in terms of theX; again then that will imply that:

w=Y X mazE,.

ays ayé

W=>m(ij)5 = =>m=
from (2).

It follows further by differentiation that:

which will go to:

2
25 m & ax  0°x _Z{ra}:aanraasr_aam,

0y, ayrayg s] 0y, 0y, Oy
2
2> m % IX o 5y =9, 08 058
dy, otay, ot dy, Oy,
ox 9° 9% da, oOa
= S =—-—
Zm dy, ot [ ] ot oy,

such that:
%{g;j oy, LAY 2{ }V % +[so] §+ §

With that, the following theorem is proved:
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If one replaces the variables x with just as many new variableg means of the
equations:

(6) X =1 (Y, Y2, -.., Yan, 1), Vi = @i (X1, X2, ..., Xan, 1),

which are mutually-independent relative to the y, thenGlessian constraint Z will be
expressed by the function:

_ya fdfom) o JafoT)_aT_
Z_z&”{a(a_%j oy, n}{dt(f’%j oy Y"}’

which is covariant in the vis viva T.

That is a generalization of result tHapschitz (*) derived in the case where the
functions f do not include time as a result of his general investigatiinto the
transformation ohomogeneoudifferential expressions. However, it is in the nataf
things that it cannot be restricted to the case ofraolgeneous fornt. In that case, it
would probably be simpler to derive the transformaticultedirectly.

An essentialcondition for that is, however, that the numbervafiablesy must be
just as large as that of thxe because only under that assumption the identity (2, upo
which the entire calculation is based, can be appfled (

Now one can choose the variabjem such a wayj that for a mechanical problem
with k condition equations:

& (X1, ..., %, 1) =0, 1=1,2,..k

when the firsk functionsy are set equal to zero, they will represent just ticosditions,
le.:
yi=a,

while the lash = 3n — k of them can be regarded as general coordimgtemn =1, ...,h.
Under that assumption, one will then have:

() R. Lipschitz, “Bemerkungen zu dem Prinzip des kleinsten Zwamges,” Jath\82 (1877), pp.
328.

() A. Wassmuth has [‘Ueber die Anwendung des Princips des kleinsten Zwarme die
Elektrodynamik,” these Sitzungsber. (1894), pp. 219] taken aatyarfLipschitz’s formula forZ for the
case in which the number of variablgds also smaller than that of the The fact that this is not
permissible could already be seen from the fact that uhdse circumstances, the constraint that he also
denoted by would be equal to zero, which only happens for free mstaf a system, while condition
equations were nonetheless assumed on pp. 220. Thedserthat are developed in the further course of
the paper must also be replaced with the ones that avedéater in the text, insofar as they do not refer to
free motions.

Incidentally, in Lipschitz, the fact that the number of variables cannot chasgenade an
assumption expresslio€. cit, pp. 316 and 328).

() Obviously, one can also drop some of the conditijuss as simply by introducing general

coordinates.
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y, =0, y, =0 forl=1, 2, ...k

Now, should the constraidtbe a minimum, one would get the equations:

d(oT) oT _ |
e ALY
Z%_dt{ay;j ays S— aSl

d(aT) oT _ |
| — |-—-Y =0
Z&,_dt(ayj ay, Vo] B

in the known way by means of the method.agrange multipliers, or:

@) A[oT) 9T vy, =1 ..k
dtl ay, ) ay,

(b) dfor | o .y _o m=1. ...
dt amerk ayrmk

One can drop equations (a) entirely, since they onhederdetermine the multipliers
A. Equations (b) imply the equations of motion, as lasg@ne sets:

Vi =0 for =1, ..k
Yk = 0m for m=1, ...,h

in them, and that will imply the value:

Z=YAAA, i,j=1, ..k

for the constrainZ .




