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The principle of least constraint tHaguss gave in 1829%), which he himself called
a new general basic law of mechanics, has suffered ragstifate in its later evolution.
Although the importance of that principle was recognibgdmany ¢), not much has
been added to the presentation in the recent textbook&onanics than what was given
originally. The grounds for that might lie in the facattlbauss himself did not give an
“analytical” formulation of his principle. 1n1858chefler (°) already derived the general
expression for the constrai@t (GermanZwang, that is, the function that is to be
minimized, and found that:

=sef(x- (-]

in which the sum is extended over all mass-pamisith the accelerations’, y’, Z' and
the force component$, Y, Z. However, it was in 1877 thaipschitz (*)first confirmed
that one must regard the acceleratiofisy’, Z' as variable when one imposes the
minimum condition uporZ, but the coordinates y, z and the velocitieg, y, z must be
regarded as constantd ipschitz (°) also introduced general variables (i.e., ones that
fulfill the condition equations identically) in placétbe rectangular coordinates when he
exhibited a certain covariant that would be minimizedHgygdrinciple of least constraint.
However, the study of that very significant paper requipgite a bit of effort, time, and
foreknowledge, since it assumes that one is familitin two papers by the same author
on his investigations into homogeneous functionsnadifferentials £). That only
explains the conspicuous fact that the physical liteeatas not pursued the concept any
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further. The excessively short derivation of the ti@msation equation that is given
below, which is based entirely upon physical foundatiomghimot be unwelcome then.

The problem at hand is to introduce the mutually-independeigblesps, pz, ..., P«
that fulfill the condition equations identically in p&of the rectangular coordinates
Vi, Z for then points into the expression for the constraint:

2] (2]

in which one sets, sax, = f' (p1, P2, ..., P, ¥i = T, (P, P2, -.., ), @ndz = f, (pu, P2,

X _ . Oy _ .,
..., px). Ifone setsa)q =1, 6:)/ =, -
U

.., to abbreviate, then the variations will be:
U

o =, 0%y + 1,000, + ... +f O, H=..  &=..

and analogously, the velocities will be:
X=fip +..+f p.,

but only when the conditions do not contain time exghficand thevis vivawill be:
L=>L=4%>a,p,n wv=12 ..K
i=1

If one now considers the variation of a functldr(in the case of a force function, it
will coincide with energy) that is given by:

H=YIm ¥~ X)&x+]

then when one introduces the values aboveXor dyi, dz , and inverts the sequence of
summations, one will get:

H=Y op, Y[(m X X) 1,41

As is known, whet®; , = X; fy, + Y fo, + Z; f3,,, one will have the identity:

J i " i [ i aLI 6 _
(m ){_x) L’+(m - iY) ;ﬂ+( m;z- iZ 3;t: %ﬁ_i_Piy—Qiy,
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such that when one sets:

0 doL, a, ¢
= 1 —-_ 1 P = ,
;Q"‘ dtop, ap, Z_: = Qu

immediately after one has performed the summatioavat have the known equation:
k
lo g 225[')# E(Dﬂ =Qi o1+ ... +Qk Xk -
H=1

Now one can arrive a&notherexpression fodH when one introduces the constraint
Z. The possibility is based upon the fact that one has:

which is why:

=300, I(m = X) 4,41 = 288, 3 [(m A= X) 35+

so it follows that:

K 0Z 10z 10Z
m:Qld)l-l_"'-l_de)k:%zépﬂ = 5 + + -

0 _ 102 2% 50
= ap;', 20p;, P 20p; P

It follows from this that:

If H = Ois true —i.e., if d’Alembert’s principle is truethen due to the independence
of thedp, one will get:
0Z 0Z
—": O, ceey - =V,
op; ap;

i.e., Gauss's principle, and the former statement will follow from that étctonversely.
Hence, both principles are completely equivalent.

In addition, one will get:

10z
Qr'zap;"
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Now, it is known {) that:

a& = a = ar
ap;r or P
and therefore:
0Z 0Z 0Q, 0Z 0Z
n: n+"':air_+”.q«_:2Q .
op  0Q op 0Q Q

If one sets =1, 2, ... kin this, in succession, then one will obt&ilinear equations
whose determinar® = (a,,) does not vanish. A, = 0D / da,, is a sub-determinant
then that will give the solution:

10z 1
——=_1TA + A + ... +A e
200, D [A11 Q1 +A12 Q2 1k Qul

from which, one concludes that the constraint is:

= ZY AL Q QAR i By B

The function @, which includes only thg and theirfirst differential quotients with
respect to time, must be added to that, since thep” were regarded as variable in the
previous differentiation. fAe transformation of the constraint Z into genezabrdinates

is performedusing that formula, which is required fdhe application ofGauss's
principle. The determination of (which is not necessary in that) will not introéuany
complications either.

Now, as far as the importance Gfauss's principle is concerned, it might be
reiterated 2() that when the virtual work and theés vivaare given for a physical problem,
the minimum property of the constraidt expresses law for the system That will
become all the more valid as one strives to desailseries of theories by mechanical
analogies, a¥Vv. Voigt called them. | have already applied that lawlézteodynamics,
and have likewise already presented it for thermadyics.

Since the constraird combinesall of Lagrange's equations: @ = 0, ...,Qx = 0,
within it, Gauss's principle will then prefer those equations whene strives for
precisely thaunification of them; for example, in the case of a string tha imagines to
be composed of discrete points.

The value of that principle as a fundamental lavpriobably best shown by the fact
thatHertz (%) constructed all of his mechanics from that ppteiand the law of inertia.

() Wassmuth, “Uber die Anwendung des Principes des kleinsten Zwangedi@lektrodynamik,”
Wied. Ann.54, pp. 166 [or Sitz. Kon. Bayer. Akad. (1894), pp. 226 and 222].

() Wassmuth, loc. cit, pp. 167.

() Hertz, Principien der Mechanikpp. 185, no. 391.



