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On theinfinitey-small defor mations
of aflexible, inextensible surface.

By J. WEINGARTEN

Translated by D. H. Delphenich

The general theory of curved surfaces coincides withtlteery of simultaneous
transformations of binary quadratic forms that are cootd from the differentials of
two independent variable quantities and whose coefficiangs functions of those
variables themselves. When one continuously maps timespofi a curved surface to a
sphere of unit radius using GAUSS’s process, two quadratiosfof that sort will
emerge from the simplest geometric considerations. fifldteof them is the square of the
distance between two infinitely-close points of thdae considered. The second one is
represented by the product that one obtains when one legltipat distance times the
value of its image on the sphere and cosine of thke dhgt the connecting line between
two infinitely-close points on the surface makes with lihe that connects their images.
In place of the second form, one can also appeal tortbehat specifies the square of the
distance between the images of two infinitely-close pgoart the given surface. That
third quadratic form is connected with the first two bynadir homogeneous equation.

If a point on a curved surface is specified Xy, z, which are functions of two
independently-varying quantitigs g, and the cosines of the angles that the norméleto t
surface at that point on the surface makes with #mangular coordinate axes are
specified byX, Y, Z, resp. (i.e., the coordinates of the Gaussian imagi@abfpoint on the
sphere of unit radius with its center at the coordinatgimrithen the three
aforementioned quadratic forms will be the following ine

dxX +dy? + dZ =ay; dp” + 235, dp dg+ az, def,
dX dx+dY dy+ dZ dz = ¢;; dpf + 2c1, dp dg+ C0 A,
dX +d¥Y? + dZ? = by, dp? + 2by, dp dg+ by, dof,

and their coefficientsy , bi , cik will be given functions of the variablgs g for a given
surface.

Investigations that | carried out on the propertieshog¢ forms, and which will be
published in the next issue of the Journal fur Mathematike hed me to some results
that relate to the theory of deformations of curvedasess that | dare to submit below to
the Koniglichen Akademie der Wissenschaften.



Weingarten — On the infinitely-small deformations dkexible, inextensible surface 2

If one gives each pointx(y, 2 of a surface in question an infinitely-small
displacemento whose components along the coordinate axes are detdrrnynehe
equations:

X=UI, oy =V, aZ=Wi,

where thay, v, w in those equations are finite and continuous functionseofariable,

g, including their second derivatives, andenotes an infinitely-small constant, then the
square of the distance between two infinitely-closatsdx, y, 2) and & + dx, y + dy, z +

d2 on that surface will go to the value:

(dx +i du)® + (dy +i dv)? + (dz+i dw)?

under the displacement that took place. Should the ohaisplacement of the original
distance between two infinitely-close points not helwanged, so the surface in question
would have also changed without any change in its limreex¥ then when one neglects
guantities that have second order relative to the tefinsmall displacements, the
following equation must be valid:

du dx+ dv dy+ dw dz= 0.

Since the coefficients of the produdg’, dp dg anddd’ in that equation must vanish
separately, it will decompose into three other ones thptesent those simultaneous
partial differential equations that the functians/, w must satisfy when a displacement
of the points of a curved surface can be mediated by thainteads to an infinitely-close
surface that is developable onto the original one.

Now, it can be shown that ascertaining such functiprnsw can be made to depend
upon the discovery of a single functiamthat satisfies the linear partial differential
equation:

dp__ 09 dp_ 09
Cpo -~ Co ™ Gy~ Gy
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Theak , Ck in it denote the coefficients of the aforementioneddgatéc forms, and is
the determinangy; ax; — &, of the first of them. Furthermork,is the curvature of the
point (p, g) on the surface in question, which will be assumed histieonly at individual

point or lines on the surface.
The functiongitself is the invariant of the differential expression
udx+vdy+wdz=Pdp+Qdqg;

I.e., it is the quantity that is determined by the equation
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If any real-valued integrag of the differential equation (1) is known thenwiill
correspond to a displacement without extensiom@fgiven curved surface in such a way
that the displacemenit of a point on it along a fixed directigrcan be ascertain from the
equations:

dpR™ dpR*
o L, aq 2 g
Z = RZ q p ,
ap ka

Cz aqu‘l_Cl dpR*
U __ O 9q

oq kya

by quadrature. In those equatiof&,denotes the cosine of the angle that the fixed
directionr makes with the normal that is raised at the pgang

Any well-defined real-valued functiorp that satisfies equation (I) will then
correspond (up to an additive constant) to a welfingd displacement without extension
of the surface that we speak of, and conversebfryewell-defined displacement without
extension of it will correspond to a well-definagh€tion g that satisfies the differential
equation.

In what follows, such a functiogthat is intrinsically linked with an infinitely-satl
displacement without extension of a surface will green the name oflisplacement
function and the differential equation (1) will be refedr® as the differential equation of
the displacement function.

The following theorems will be true then:

Any linear homogeneous function:
aX+bY+cZz
of the cosinesX, Y, Z represents a displacement function, and the atgwhent of a
curved surface that is connected with that functonsists of an infinitely-small rotation
of the fixed surface around a line whose directaosines are proportional to the
constants a, b, ¢c and an infinitely-small advantthat surface in an arbitrary direction.

Conversely:

Any infinitely-small possible motion of the fixedirface corresponds to a
displacement functiogof the form:
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p=aX+bY+cZ

Any integral ¢ of the differential equation(l) that cannot be represented as a
homogeneous linear function of the quantities X, Y, Z corresponds to ateipfamall
deformation of the surface under consideration.

The foregoing theorems are easily obtained by conagléne changes that the values
of the given coefficientsi will have suffered at the corresponding point of theoed
surface that arises from an infinitely-small displaeat. If one denotes the variations of
those coefficient that correspond to the variations:

X=Ul, oy =V, AZ=Wi

by ook then after introducing the displacement functignthose variations can be
obtained in a simple form that is closely linked with forms that appear in the theory of
the transformations of quadratic differential exprassio

When one appeals to a notation that CHRISTOFFEL intrediudo the theory of the
transformations of quadratic differential expressidasB. CHRISTOFFEL, “Uber die
Transformation der homogenen Differentialausdricke temeiGrades,” Borchardt's
Journal, Bd70) and in relation to the quadratic form:

dX?+dY?+dz?=by, dp? + 2by, dp dg+ by, ddf,

one introduces the notation:
0?2 11| o 11 o
All:_f_ 22 _¢+b11¢’
p 1j0p |2]0dq
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to abbreviate, then one will find the following valuestioe variations of the coefficients
Ci1, Ci2, Cx2 Of the original surface under a displacement of at tis mediated by a
displacement functiop:

1

Jo

iy = (- cuu A%+ AMY i,

1 .
o op) :_b (- cuu A% + ¢ A,

Jo
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1 .
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in whichb means the determinabt; by, — by, .

If one chooses the parametarw of the curvature lines of the given surface to be the
variablesp, g, resp., then since;; = 0, b;, = 0 under that assumption, the foregoing
equations will be converted into the following ones:

iy = -1 cu1 AP, Cpp = -1 c11 A%,

Jo Jo

&12: i C22Alli, &22: i C22A12i .

Te Te

With their help, one can resolve the question thatdess touched upon many times of
the conditions under which a given surface will admitirgmitely-small deformation
without extension under which the lines of curvaturel, wil turn, go to lines of
curvature.

In order to go further into those conditions, it Bviously necessary that, + &2
should vanish for all points of the deformed surface, amcesone already has, = 0,
that &c;, itself should be equal to zero.

A displacement functio must then exist for the given surface that simultasbo
satisfies the equations:

AM =0, A*? =0,

while A'? remains non-zero. IA'? were likewise zero then that would yield a linear
homogeneous function of the cosing€sy, Z for the displacement function in question, so
its corresponding displacement would be one without deftion, and the conservation
of the lines of curvature would be obvious.

Since the quantitie&™’, A*2, A?? fulfill the equations:

O_ a A22 _a AlZ +All{22}_2A12{12}+A2{1A}
op dal /b)) Jbl1] bl1 bl 1]’

O_ a All _ a AlZ +All{22}_2A12{12}+A2{1A}
dal/b) ap(yb) Jbl2] "Jbl2) bl2]

Sl
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identically for every arbitrary functiop and any variablep, q (Cf., “Uber die Theorie
der aufeinander abwickelbaren Oberflachen,” Festschriftkéenglichen Technischen
Hochschule zu Berlin, 1884, pp. 35), the simultaneous vanisHidd'pA?* for non-
vanishingA' would require the fulfillment of the equations:

a A12 +2 AlZ {12} B O a A12 +2 AlZ {12}_ O
vl Jb) “Jol1f " aulyn) “Ybl2)
which would go directly to the following ones:

12 12,
iIog{A B, =0, %|09{A b”jzo,

ov

ik
corresponding to the definition of theh } It follows from them that:

bz _V 12 _
EZ_U’ A= [uv,
1

in which one understands to mean a function of only the variahleandV to mean a
function of only the variable. One must then be able to put the equation:

dX +d¥Y? + dZ” = by; AU + by AV
into the form:
dXC+d¥ +dZ? = %(u duf +V dv),
or the following one:
dX? +d¥Y? +dZ? = A (du? + dv’?),
in the latter of which, one defines:

du = /U du, dv'=\/V dv, A=bi U™

Under the assumption that the functieris/’ (which can, in turn, be referred to as the
parameters of the lines of curvature of the surfemesidered) were introduced as the
variablesu, v, the necessary conditions for the surface to admitinfinitely-small
deformation that preserves the lines of curvatutenaw read:

/]:bllzbzz, A12: 1.
However, as a result of the linear partial différ@nequations that the quantiti¥sy, Z

are subject to, those necessary conditions with alsmediately prove to be sufficient,
since one infers from the equations:
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dXC +dY +dZ? = A (df + dvP),
X2+Y2+72 =1

the conclusion that the following differential expressi:

1(a—xdu+a—x dvj =da,
Al ov ou
1(0Y oY
1 —| —du+—dv| =dg
ah )l(av Jdu j 2
1(a—zdu+a—z dvj =dy
Al ov ou

represent the total differentials of three funcsian S, yof the variables, v, from which
those functions can be obtained by quadratureter Abing that, the function:

p=aX+pY+yZ
will represent a function of the quantitiesv that does, in fact, satisfy the conditions:

A"=0 AP =0 A?=0
It will then follow that:

In order for a surface to admit an infinitely-smaléformation that is not coupled
with any extension, and under which its lines af/ature will go to lines of curvature in
the deformed surface, it is necessary and suftidiest under the map of its lines of
curvature to the GAUSSIian sphere, that sphere iimtda for being associated with
infinitely-small squares.

The family of surfaces that is characterized kg phoperty that was expressed in the
foregoing theorem possesses a feature that isgmaato the one that | exhibited in a
publication that | presented to the Koniglichen d&mie on 8 November 1883 for those
surfaces that can be associated with infinitelylsrsguares by way of their lines of
curvature.

When one understangsand p’to mean the radii of principal curvature of a @dv
surface at the poink(y, 2), that feature can be expressed in the followorgnf

In order for the map of the lines of curvature adlaface to the GAUSSian sphere to
be capable of being assigned squares in the iefingmall, it is necessary and sufficient
that the differential equation:

{_pp.(ma_wdma(p_w ay+ P72 d2j+ dpp’)}(p—p')’z
X ay 0z
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should be the total differential of a function of position on that surface.

Proving that theorem and exhibiting of tmrth-order partial differential equation
that the family of surfaces that we spoke of mussBagmerge from an almost direct
reproduction of the conclusions that were reached in fineeraentioned article on 8
November 1883.

If Q denotes the foregoing differential expression and osenass thaf) proves to
be the total differential of a function of positicr fa given surface then the sum:

dX? +dY? + dZ? = by dp? + 2by, dp dg+ by, dof

will always take on the form:

A (df +dVP)

by the introduction of suitable parameters for the limkesurvature of that surface, and
one will determine the functioA as a function of the original variablesq from the
equation:

Q=3dlogA

by quadrature without it being necessary to know the parasnete as functions of the
P, Q.

Equations (II) then give rise to a new consequencee dan easily convert the first
one into the form:

da = %{2 (Ydz—Zdy-(o+p’) ZdY—Y dp,
A(p-p)

from which the other two can be derived by cyclicaermutingX, Y, Z. The functiona,
and as a resulffandy; as well, can be obtained from that equation dgature without
having to ascertain the parametars.. The same thing will therefore be true for the
displacement function in question:

p=aX+pY+yZ.

In order to ascertain the displacement function that mediates the defonnwita
surface that preserves the lines of curvature, when the surfacetsadunch a
deformation, it is only necessary to perform quadratures of differestiaessions that
are given in terms of the original variables and their differentials.

Finally, the equation:
da dX+dgsdY+dydZ=2du dv

also shows that the parameters of the lines ofaturg in the surface that we speak of
can be determined by quadratures in their own right

When a surface admits an infinitely-small bendinagt takes its lines of curvature to
other ones on the bent surface, nothing will follvam that fact alone besides the fact
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that the second surface will, in turn, possess thae saoperty. Should the property in
guestion also remain true for that surface, and alsaifthier deformations, which would
then follow, then it would not be sufficient for tequare of the map of its line elements
to the GAUSSian sphere to be capable of being put ietéotim A (du? + dv?) in terms of
the parameters of the lines of curvature, but it would dxessary, in addition, that
should be a function of only the paramaier the other one.

The type of surface that corresponds to the lattedition, which belongs to the
general class that was defined above, can be givenleteiypand proves to belong to
MONGE’s moulure (milling) surfaces, to which one can also count surfacés
revolution. That remark agrees with a study by CODAZp showed in volume VII
of series 1 of TORTOLONI's Annali (1856) that the surfagesquestion and the
developables were the only ones that could be subjectedit® deformations that
preserved their lines of curvature.

The developable surfaces were expressly excluded frommalysés.




